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Cartesian Product (Review)

"letA={a; a,, ..,a,andB={b;, b, ... b}

* The Cartesian Product A x B is defined by a set of pairs { (a;, b,), (a;, b,), ...,
(all bm)l cee) (akl bm) }

= Cartesian Product defines a product set, or a set of all ordered
arrangements of elements in sets in the Cartesian Product.



Relations

" |f we want to describe a relationship between elements of two sets A and
B, we can use ordered pairs with their first element taken from A and their
second element taken from B.

= Since this is a relation between two sets, it is called a binary relation.

= Definition: Let A and B be sets. A binary relation from A to B is a subset of
AxB

= |n other words, for a binary relation R we have Rc A x B

= \We use the notation a R b to denote that (a, b)eR and a& b to denote that
(a, b)gR



Binary Relation

= Example:
mletA={a,b,cltandB={1,2, 3}
=" |IsR={(a, 1), (b, 2), (c, 2) } arelation from Ato B ? Yes
=" |sQ={(1, a), (2, b) } arelation from A to B? No

=" IsP={(a, a),(b, c),(b, a) } a relation from A to A? Yes



Representing Binary Relations

= \We can graphically represent a binary relation R as follows:
=" [faR b thendraw an arrow fromatob

=a—>b

=" Example:

"letA={0,1,2},B={u,viandR={(0, u), (0, v), (1,v), (2, u)}
= Note: RS AxB
= Graph

= See the figure at right.




Representing Binary Relations

* We can represent a binary relation R by a table showing (marking)
the ordered pairs of R.

= Example:

=letA={0,1,2},B={u,viandR={(0, u), (0, v), (1, V), (2, u) }

R u Y R u Y
0 X X OR 0 1 1
1 X 1 0 1
2 X 2 1 0




Relations

= When (a, b) belongs to R, “a” is said to be related to “b” by R.

= Example: Let P be a set of people, C be a set of cars, and D be the relation
describing which person drives which car(s).

= P ={ Carl, Suzanne, Peter, Carla }
= C ={ Mercedes, BMW, tricycle}

= D = {(Carl, Mercedes), (Suzanne, Mercedes),
(Suzanne, BMW), (Peter, tricycle) }

® This means that:
= Carl drives a Mercedes,
= Suzanne drives a Mercedes and a BMW,
= Peter drives a tricycle, and
= Carla does not drive any of these vehicles.



Functions as Relations

" You might remember that a function f from a set Ato a
set B assigns a unique element of B to each element of A

» The graph of f is the set of ordered pairs (a, b) such that
b = f(a)

= Since the graph of fis a subset of A x B, it is a relation
fromAtoB

= Moreover, for each element a of A, there is exactly one
ordered pair in the graph that has a as its first element.

= However, relations represent one-to-many relationships
between elements in A and B

= Example:
= See the figure at the right.
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Functions as Relations

= Conversely, if R is a relation from A to B such that every
element in A is the first element of exactly one ordered
pair of R, then a function can be defined with R as its
graph.

" This is done by assigning to an element ac€A the unique
element beB such that (a, b)eR

= \WWhat is the difference between a relation and a function

* Relations are more

general than
functions. A
functionis a
relation where
exactly one
element of B is
related to each
element of A.

from A to B?

= A function defined on sets A and B (A — B) assigns to each
element in the domain set A exactly one element from B.

= So, a function is a special relation.

a—1
2

b
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Relations on a Set

= Definition: A relation on the set A is a relation from A to A
" [n other words, a relation on the set A is a subset of AXA
=" Example:
"letA={1, 2, 3, 4}

= Which ordered pairs are in the relationR={(a,b) | a<b}?

= Solution:

"R=1{(1,2),(1,3),(3,4),(23),(2,4),3,4) }
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Relations on a Set
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Relations on a Set

= Example:
"letA={1,2,3,4}and R, =1{(a, b) | adivides b}
* What does R, consist of ?

= Solution:

"Ry, =1(1,1),(1,2), (1, 3), (3, 4),(2,2),(2,4), (3,3), (4,4) }

AW ([IN|[F |2
b
x
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Relations on a Set

=" Example:

"letA={1,23,4)

" DefineaR,bifandonlyifazb
= Solution:

*R.={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),3,1), (3, 2), (3, 4), (4, 1), (4, 2), (4, 3) }

1 2 3 4

H w N = X
x
x
x
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Relations on a Set

" How many different relations can we define on a set A with n elements?
" A relation on a set A is a subset of AXA
= How many elements are in AXA ?

» There are n? elements in AxA, so how many subsets (= relations on A) does
AxA have? Where |A|=n

= The number of subsets that we can form out of a set with m elements is 2™

= Therefore, 2" subsets can be formed out of AxA

. 9 IAXAl _ 2n2
= Answer: We can define 2" different relations on A
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Properties of Relations: Reflexive

= We will now look at some useful ways to classify relations.

= Definition: A relation R on a set A is called reflexive if (a, a)eR for every
element acA

* IfA=0 thenthe
= Example 1: Are the following relations on {1, 2, 3, 4} reflexive? empty relation is
reriexive
— Y ly. Th
R=1(1,1),(1,2),(23),(3,3),(44)} No e ompy
R={(1,1),(2,2),(23),(3,3),(4,4)} Yes e
R = { (1’ 1)’ (2, 2)’ (3’ 3) } No reflexive!

= Definition: A relation on a set A is called irreflexive if (a, a) R for every
element acA

= See Example 3
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Properties of Relations: Reflexive

= Example 2:
= Assume relation Ry, ={ (a, b), ifalb}onA={1,2,3, 4}
" |s Ry;, reflexive?
= Solution:
"Rag=1{(1,1),(1,2), (1,3), (1, 4),(2,2), (2,4), (3,3),(4,4))
= Answer: Yes

= Because (1, 1), (2, 2), (3, 3),and (4, 4) € Ry,
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Properties of Relations: Reflexive

= A relation R is reflexive if and only if MR has 1 in every position on its main
diagonal.

=" Example:
"Ryy={(ab)ifalb}onA={123, 4}
"Ryiv=1{(1,1),(1,2),(1,3),(1,4),(2,2),(2,4),(3,3), (4,4) }

1
MR, = 1
0
1
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Properties of Relations: Irreflexive

= Example 3:
" Assume relation R, on A=1{1, 2, 3,4}, suchthataR,bifandonlyifa#b
" |s R, irreflexive?
= Solution:
"R.=1{(1,2),(1,3),(1,4),(2,1),(23),(2,4),(3,1),(3,2), (3, 4),(4,1),(4,2),(4,3) }
= Answer: Yes

" Because (1,1),(2,2),(3,3)and (4,4) ¢ R,
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Properties of Relations: Irreflexive

= A relation R is irreflexive if and only if MR has 0 in every position on its
main diagonal.

= Example:
"R.={(1,2),(31,3),(1,4),(2,1),(23),(2,4),(3,1),(3,2), (3,4), (4, 1), (4,2), (4, 3) }

MR

I
[— [— [— .::)
[S— [— |:j [E—
[S— C) [E— [U—
Q [— [— [—
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Properties of Relations: Symmetric, Antisymmetric & Asymmetric

= Definitions:

= A relation R on a set A is called symmetric if (b, a)R whenever (a, b)eR for
alla, beA (i.e., Va,beA (a, b)eR — (b, a)eR)

= A relation R on a set A is called antisymmetric if a = b whenever (a, b)eR
and (b, a)eR, i.e,, [(a,b) e RA(b,a) e Rl >a=bwherea,be A

= A relation R on a set A is called asymmetric if (a, b)eR implies that (b, a)¢R
foralla, beA
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Properties of Relations: Symmetric, Antisymmetric & Asymmetric

=" Example:

= Are the following relations on {1, 2, 3, 4} Symmetric, Antisymmetric, or
Asymmetric?

R={(1,1),(3,2),(21),(3,3),(4,4)} Symmetric
R={(1,1)} Symmetric & Antisymmetric
R={(1,3),(3 2),(2,1)} Antisymmetric & Asymmetric

R={(4,4),(3,63),(1,4)} Antisymmetric
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Properties of Relations: Symmetric

= Example 1:
= Assume relation Ry, ={(ab),ifalb}onA={1,2,3,4}
" |s Ry, Symmetric?

= Solution:
"Rawv=1(1,1),(1,2),(1,3),(1,4),(2,2),(2,4),(3,3), (4,4) }
= Answer: No

" Because (1, 2) € Ry, but (2, 1) ¢ R,
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Properties of Relations: Symmetric

= Example 2:
" Assume relation R,on A={1, 2, 3,4}, suchthataR,bifandonlyifa#b
" |s R, Symmetric?
= Solution:
"R.=1{(1,2),(1,3),(1,4),(2,1),(23),(2,4),(3,1),(3,2),(3,4), (4,1), (4,2), (4,3) }
= Answer: Yes

" Because If (a, b) € R, — (b, a) € R,

25



Properties of Relations: Symmetric

= A relation R is symmetric if and only if m; = m; for all i,

= Example:

"R.=1{(1,2),(1,3),(1,4),(2,1),(23),(2,4),(3,1),(3,2),(3,4), (4,1), (4, 2), (4, 3) }
0 1
1 0
1 1
1 1

1 1
1 1
0 1
| 0
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Properties of Relations: Antisymmetric

= Example:

= Relation R;,,on A={1, 2, 3, 4}
defined as:

" Rfun = { (11 2)1 (21 2)1 (31 3) }
" |s R;,, @antisymmetric ?

= Solution: MR, =

= = 9o O
e s B B

[ T e B I

= Yes. It is antisymmetric

= A relation is antisymmetric if and only
ifmij=1—>mji=0fori¢j

e R e I e R
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Properties of Relations: Transitive

= Definition: A relation R on a set A is called transitive if whenever (a, b)eR
and (b, c)eR, then (a, c)eR for a, b, ceA

=jie,[(a,b) e RA(b,c) e R] > (a,c) eRforalla,b,cec A
= Example:

= Are the following relations on {1, 2, 3, 4} transitive?
R={(1,1),(1,2),(2,2),(2,1),(3,3)} VYes
R={(1,3),(3,2),(2,1)} No
R={(2,4),(4,3),(2,3),(4,1)} No
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Properties of Relations: Transitive

= Example 1:
= Assume relation Ry, ={ (a, b),ifalb}onA={1,2,3,4}
" |s Ry;, Transitive?
= Solution:
"Rg=1{(L,1),(1,2), (1,3), (1, 4),(2,2), (2,4), (3,3),(4,4))

= Answer: Yes
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Properties of Relations: Transitive

= Example 2:
" Assume relation R,on A={1, 2, 3,4}, suchthataR,bifandonlyifa#b
" |s R, Transitive?
= Solution:
"R.=1{(1,2),(1,3),(1,4),(2,1),(23),(2,4),(3,1),(3,2), (3,4), (4,1), (4, 2), (4,3) }
= Answer: No
" |t is not transitive since (1, 2) e Rand (2, 1) € R but (1, 1) is not an element

of R,
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Properties of Relations: Transitive

= Example 3:
= Relation Rg,,on A=1{1, 2, 3, 4} defined as:
"R ={(1,2),(2,2),(3,3)}
" |s Ry, Transitive ?
= Solution:

= Yes. It is Transitive
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Counting Relations

= Example: How many different reflexive relations can be defined on a set A
containing n elements?
= Solution: Relations on R are subsets of AxA, which contains n? elements.

= Therefore, different relations on A can be generated by choosing different
subsets out of these n? elements, so there are 2% relations.

= A reflexive relation, however, must contain the n elements (a, a) for every
acA

= Consequently, we can only choose among n2—n = n(n — 1) elements to
generate reflexive relations, so there are 2""~Y of them.
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Combining Relations

= Relations are sets, and therefore, we can apply the usual set operations
to them.

" |f we have two relations R; and R,, and both of them are from aset Ato a
set B, then we can combine them to:

“R, UR,
“R, MR,
"R;—R,
"R,—-R,

= In each case, the result will be another relation from A to B

33



Combining Relations

= .. and there is another important way to combine relations.

= Definition: Let R be a relation from a set A to a set B and S a relation from
B to a set C. The composite of R and S is the relation consisting of ordered
pairs (a, c), where aeA, ceC, and for which there exists an element beB
such that (a, b)eR and (b, c)S. We denote the composite of R and S by

S°R

" |n other words, if relation R contains a pair (a, b) and relation S contains a
pair (b, c), then S ° R contains a pair (a, c)
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Combining Relations

" Example: Let D and S be relationson A={1, 2, 3, 4}

“D={(a,b)| b=5-a} “bequals(5—-a)”

=S={(a,b)|a<b} “a is smaller than b”
"D={(1,4),(2,3),(3,2),(41)}

=5={(1,2),(1,3),(1,4),(2,3),(2,4),(3,4) }
=S°D={(2,4),(3,3),(3,4),(4,2),(4,3),(4,4) }

= D maps an element a to the element (5 — a), and afterwards S maps (5 — a)

to all elements larger than (5 —a), resultinginS°D={(a,b) | b>5-a}or
S°D={(a,b)|a+b>5}
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Combining Relations

* We already know that functions are just special cases of relations (namely
those that map each element in the domain onto exactly one element in
the codomain).

" |f we formally convert two functions into relations, that is, write them
down as sets of ordered pairs, the composite of these relations will be
exactly the same as the composite of the functions (as defined earlier).
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Combining Relations

= Definition: Let R be a relation on the set A. The powersR", n=1, 2, 3, ...,
are defined inductively by

"R'=R
'Rn+1=Rn°R

= |n other words:

=R"=R°R°..°R (ntimes the letter R)
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Combining Relations

=" Theorem: The relation R on a set A is transitive if and only if R" — R for all
positive integers n

= Remember the definition of transitivity:

= Definition: A relation R on a set A is called transitive if whenever (a, b)eR
and (b, c)eR, then (a, c)eR for a, b, ceA

" The composite of R with itself contains exactly these pairs (a, c)

= Therefore, for a transitive relation R, R ° R does not contain any pairs that
arenotinR,soR°RcR

= Since R ° R does not introduce any pairs that are not already in R, it must
also be true that (R°R)°R — R, and so on, so that R" = R
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Any Questions?

Have a look at the “Extra Examples” on the textbook’s website.

Keep reviewing this lecture reqularly, as well as other lectures.

Have a look at the exercises at the end of the sections we covered in this
lecture in Chapter 9 and do your best with those ones similar to what we
presented in this lecture.

* You should get more examples and exercises in the tutorials.
Ask me or ask your peers if you have any questions.

* Please, do not wait until the end of the semester or even right before
exams.

All the best!
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