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Graphs [y
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=Definition: A graph G = (V, E) consists of a nonempty set V of
vertices (or nodes) and a set E of edges. Each edge has either one or
two vertices associated with it, called its endpoints. An edge is said
to connect its endpoints.
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Example:
This i |s ag racJoh W|th four
vertices and five edges.
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Some Terminology

In a simple graph each edge connects two different vertices, and no two edges
connect the same pair of vertices.

Multigraphs may have multiple edges connecting the same two vertices. When m
different edges connect the vertices u and v, we say that {u, v} is an edge of
multiplicity m.

An edge that connects a vertex to itself is called a loop.

A pseudograph may include loops, as well as multiple edges connecting the same
pair of vertices.

a b
Example: Remark: There is no standard
. ) terminology for graph theory. So, it is
:\-h'sbpstthdOgI?plh crucial that you understand the
35 o énul Ipie terminology being used whenever you
€dges and a 1oop. read material about graphs.




Directed Graphs Ly
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= Definition: A directed graph (or digraph) G = (V, E) consists of a nonempty
set V of vertices (or nodes) and a set E of directed edges (or arcs). Each
edge is associated with an ordered pair of vertices. The directed edge
associated with the ordered pair (u, v) is said to start at u and end at v.

= Remark:

—Graphs where the end points of an edge are not ordered are said to be
undirected graphs.




Some Terminology (continved)
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= A simple directed graph has no loops and no multiple edges.

a b
Example:
This is a directed graph with
three vertices and three edges.

= A directed multigraph may have multiple directedcedges. When there
are m directed edges from the vertex u to the vertex v, we say that
(u, v) is an edge of multiplicity m.

b

Example:
In this directed multigraph the multiplicity of

(a, b) is 1 and the multiplicity of (b, c) is 2.
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Graph Terminology: Summary

= To understand the structure of a graph and to build a graph model, we ask these
questions:

= Are the edges of the graph undirected or directed (or both)?

= |f the edges are undirected, are multiple edges present that connect the same pair
of vertices? If the edges are directed, are multiple-directed edges present?

= Are loops present?

TABLE 1 Graph Terminology.
Type Edges Multiple Edges Allowed? Loops Allowed?

Simple graph Undirected No No
Multigraph Undirected Yes No
Pseudograph Undirected Yes Yes
Simple directed graph Directed No No
Directed multigraph Directed Yes Yes
Mixed graph Directed and undirected Yes Yes




Some Applicatons of Graph Theory Y
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Graph theory can be used in models of:
— Social networks
— Communications networks
— Information networks
— Software design
— Transportation networks

— Biological networks

It is a challenge to find a subject to which graph theory has not yet been
applied. Can you find an area without applications of graph theory?




Graph Terminology
&

Special Types of Graphs



Basic Graph Terminology

UUUUUUUUUUUUUUUUUUUU

= Definition 1: Two vertices u, vin an undirected graph G are called adjacent (or
neighbors) in G if there is an edge e between u and v. Such an edge e is called
incident with the vertices u and v and e is said to connect u and v.

= Definition 2: The set of all neighbors of a vertex v of G = (V, E), denoted by N(v),
is called the neighborhood of v. If A is a subset of V, we denote by N(A) the set
of all vertices in G that are adjacent to at least one vertex in A. So,

N(A) = UveA N(v).

= Definition 3: The degree of a vertex in an undirected graph is the number of
edges incident with it, except that a loop at a vertex contributes two to the
degree of that vertex. The degree of the vertex v is denoted by deg(v).

11



Degrees and Neighborhoods of Vertices
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Example: What are the degrees and neighborhoods of the vertices in the
graphs G and H?

b ' d a b ¢
® °
°
a f e g e d
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Degrees and Neighborhoods of Vertices

Solution:

G: deg(a) =2, deg(b) = deg(c) = deg(f ) = 4, deg(d)=1, deg(e) = 3, deg(g) = 0.
N(a)=1{b, 1}, N(b) ={a, c, e, f}, N(c) = {b, d, e, f}, N(d) = {c},
N(e)=1{b, c, f}, N(f)={a, b, c e}, N(g) =D .

H: deg(a) =4, deg(b) = deg(e) = 6, deg(c) =1, deg(d) = 5.
N(a) =1{b, d, e}, N(b)={a, b, c, d, e}, N(c) = {b},
N(d) ={a, b, e}, N(e) ={a, b,d}.

13
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Degrees of Vertices: Handshaking Theorem
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Theorem 1 (Handshaking Theorem): If G =(V, E) is an undirected graph with m

edges, then
2m = z deg(v)
vev

14



Handshaking Theorem
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Example: How many edges are there in a graph with 10 vertices of
degree six?

Solution: Because the sum of the degrees of the verticesis 6 - 10 =
60, the handshaking theorem tells us that 2m = 60. So, the number of
edges m = 30.

Example: If a graph has 5 vertices, can each vertex have degree 37

Solution: This is not possible by the handshaking theorem, because
the sum of the degrees of the vertices3 - 5=15 is odd.

15



Directed Graphs
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Definition: A directed graph G = (V, E) consists of V, a nonempty set of
vertices (or nodes), and E, a set of directed edges or arcs. Each edge is
an ordered pair of vertices. The directed edge (u, v) is said to start at
u and end at v.

Definition: Let (u, v) be an edge in G. Then u is the initial vertex of this
edge and is adjacent to v and v is the terminal (or end) vertex of this
edge and is adjacent from u. The initial and terminal vertices of a loop
are the same.

16



Directed Graphs
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Definition: The in-degree of a vertex v, denoted deg~(v), is the number of edges
which terminate at v. The out-degree of v, denoted deg*(v), is the number of
edges with v as their initial vertex. Note that a loop at a vertex contributes 1 to
both the in-degree and the out-degree of the vertex.

Example: In the graph G we have

deg~(a) = 2, deg(b) = 2, deg~(c) = 3, deg~(d) = 2,
deg—(e) =3, deg—(f) = 0.

deg*(a) = 4, deg*(b) = 1, deg™(c) = 2, deg™*(d) = 2,
deg* (e) = 3, deg™(f) = 0.

17




Directed Graphs (continved)

Theorem 3: Let G = (V, E) be a graph with directed edges. Then:

Bl =) deg~(v) = > deg™(v).

veV veV

18
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Complete Graphs Y
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A complete graph on n vertices, denoted by K, is the simple graph that
contains exactly one edge between each pair of distinct vertices.

] oo A % @
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Special Types of Simple Graphs: Cycles and Wheels Qmﬂ
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= Acycle C, for n 23 consists of n vertices v, v,, -+, v, and edges {v,, v,}, {v,, v3}
R’ {Vn-ll vn}l {an Vl}'

AT O

= A wheel W, is obtained by adding an additional vertex to a cycle C, for n 2 3 and
connecting this new vertex to each of the n vertices in C, by new edges.

W, W, Ws Wi

20
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Bipartite Graphs

Definition: A simple graph G is bipartite if its vertex set V can be partitioned into two
disjoint subsets V, and V, such that every edge connects a vertex in V, and a vertexin V,.
In other words, there are no edges which connect two vertices in V, orin V,. When this
condition holds, we call the pair (V,, V,) a bipartition of the vertex set V of G.

Example:

C, is bipartite because its vertex set can be partitioned into the two sets V, = {v1,
v3, v5}and V, = {v2, v4, v6}, and every edge of C, connects a vertex in V; and a

vertex in V..
Ly L&}
N V2
W ¥y
Vg W Vi
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Bipartite Graphs (continuved)
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Example:

K; is not bipartite. To verify this, note that if we divide the vertex set of K; into two
disjoint sets, one of the two sets must contain two vertices. If the graph were
bipartite, these two vertices could not be connected by an edge, but in K; each
vertex is connected to every other vertex by an edge.

22
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"G is bipartite because its vertex set is the union of two disjoint sets, {a, b, d} and {c, e, f,
g},band each edge connects a vertex in one of these subsets to a vertex in the other
subset.

" (Note that for G to be bipartite it is not necessary that every vertex in {a, b, d} be adjacent
to every vertexin {c, e, f, g}. For instance, b and g are not adjacent.)

" H is not bipartite because its vertex set cannot be partitioned into two subsets so that
edgefs )do not connect two vertices from the same subset. (considering the vertices a, b,
and f.

23



Complete Bipartite Graphs Y
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Definition: A complete bipartite graph K,, , is a graph that has its vertex set
partitioned into two subsets V; of size m and V, of size n such that there is an
edge from every vertex in V, to every vertex in V,,.

Example: We display four complete bipartite graphs here.

K35 K;3

24
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New Graphs from Old Y
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Definition: A subgraph of a graph G = (V, E) is a graph (W,F), where W € Vand F
C E. A subgraph H of G is a proper subgraph of G if H # G.

Example: Here we show K; and one of its subgraphs. e@b %b

Definition: Let G = (V, E) be a simple graph. The subgraph induced by a subset W
of the vertex set V is the graph (W,F), where the edge set F contains an edge in E
if and only if both endpoints are in W.

Example: Here we show K and the subgraph induced by W ={g, b, c, e}.

25
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New Graphs from Old (continved) iy
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Definition: The union of two simple graphs G, = (V,, E;) and G, = (V,,
E,) is the simple graph with vertex set V; U V, and edge set E, U E,.
The union of G, and G, is denoted by G, U G,.

Example: ) . ) . , )
d e d f d e f
G, C G UG

(a) (b)

26




Represent&ng Graphs

Graph Isomorphism
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Representing Graphs: Adjacency Lists

Definition: An adjacency list can be used to represent a graph with
no multiple edges by specifying the vertices that are adjacent to each

vertex of the graph.

b . : :
TABLE 1 An Adjacency List b T}.\ BLE 2 An Adjacency List for a
for a Simple Graph. Directed Graph.

5 Vertex Adjacent Vertices a c Initial Vertex Terminal Vertices
a b.c.e a b.c.d, e
b a b b.d
c a,d, e c a.c,e
e d d c, € d
e a,c,d o q e b.e,d

Example 1 Example 2

28




Representing Graphs: Adjacency Matrices
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Definition: Suppose that G = (V, E) is a simple graph where |V|=n.
Arbitrarily list the vertices of Gas vy, v,, ..., v,. The adjacency matrix A
of G, with respect to the listing of vertices, is the n x n zero-one matrix
with 1 as its (/, j)* entry when v, and v; are adjacent, and 0 as its (i, J)
entry when they are not adjacent.

" In other words, if the graphs adjacency matrix is Ag = [g;], then

S 1 if {v;,v;} is an edge of G,
1 0 otherwise.

29
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ExampIE: When a graph is sparse, that
. ; is, it has few edges relatively
_ - to the total number of
0O 1 1 1 ible ed - h
101 0 The ordering of possible edges, it is muc
1 10 0 verticesis a, b, ¢, d. more efficient to represent
1.0 0 0 the graph using an adjacency
& d list than an adjacency matrix.
a b i i But for a dense graph, which
0O 1 1 0 ; ;
, includes a high percentage of
L The ordering of ossible ed is I:m ad'acgnc
1 001 verticesisa, b, c, d. P o ges, J Y
001 1 0 matrix is preferable.
d ¢

Note: The adjacency matrix of a simple graph is symmetric, i.e., a;=a;
Also, since there are no loops, each diagonal entry a; fori=1,2,3,..,n,is0.

30
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= Adjacency matrices can also be used to represent graphs with loops and multiple edges.
= A loop at the vertex v, is represented by a 1 at the (i, j)t position of the matrix.

" When multiple edges connect the same pair of vertices v; and v;, (or if multiple loops are
present at the same vertex), the (i, j)t entry equals the number of edges connecting the
pair of vertices.

Example: We give the adjacency matrix of the pseudograph shown here using the
ordering of vertices a, b, ¢, d.

a b - -

N O WO
—_—_= O W
N = = O

N =N

31
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Adjacency Matrices (continued)

* Adjacency matrices can also be used to represent directed graphs. The matrix for

a directed graph G = (V, E) has a 1 in its (i, /)" position if there is an edge from v,
to v, where vy, v,, ... v, is a list of the vertices.
" In other words, if the graphs adjacency matrix is A; = [a], then

S if {v;,v;} is an edge of G,
1 0 otherwise.

= The adjacency matrix for a directed graph does not have to be symmetric, because
there may not be an edge from v; to v;, when there is an edge from v; to v,.

= To represent directed multigraphs, the value of g is the number of edges connecting
v; to v,

32



Isomorphism of Graphs Ly
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" [somorphic simple graphs must have the same number of vertices
and edges. In addition, the degrees of the vertices in isomorphic
simple graphs must be the same.

= Definition : The simple graphs G, = (V,, E;) and G, = (V,, E,) are
isomorphic if there is a one-to-one and onto function f from V, to V,
with the property that a and b are adjacent in G, if and only if f(a) and
f(b) are adjacent in G, , forall aand b in V. Such a function fis called
an isomorphism.

= Two simple graphs that are not isomorphic are called nonisomorphic.

33



Isomorphism of Graphs (continued)
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= Example 1: Show that the graphs G =(V, E) and H = (W, F) are isomorphic.

U Uy
= Solution:
= The function f with f(u,) = v, flu,) = v,, flu;) = v, and f(u,) = v,
= is aone-to-one correspondence between Vand W.
= Adjacency:
= G:{ul, u2}, {ul, u3}, {u2, u4} and {u3, u4} % g M
= H:each of the pairs consists of two adjacent vertices. v, v

f(ul)=v1 and f(u2)=v4
f(ul)=v1 and f(u3)=v3
f(u2)=v4 and f(ud)=v2
f(u3)=v3 and f(u4d)=v2

= |t follows that G and H are isomorphic. B Va

34




Isomorphism of Graphs (continued)
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=" Example 2: Determine whether these two graphs are isomorphic.

Solution:

Both G and H have five vertices and six edges.

However, H has a vertex of degree one, namely, e,

whereas G has no vertices of degree one.

It follows that G and H are not isomorphic.

35




Isomorphism of Graphs (continued) Ly
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= Example 3: Determine whether these two graphs are isomorphic.
= Solution:

= Both G and H have six vertices and seven edges. Both have four vertices of degree
two and two vertices of degree three.

" deg(u,)= 2 and because u, is not adjacent to any other vertex of degree two, the
image of u; must be either v, or v,, the only vertices of degree two in H not adjacent
to a vertex of degree two.

" f(u,)=vg. [If we found that this choice did not lead to isomorphism, we would then
try f(uy) = v,.]

" u,is adjacent to u,, the possible images of u, are v; and v..

" f(u2)= V3' g Vg

" f(us) =v,, f(u,) =ve, f(us)=v,, and flug)=v,.

iy U Vi V3

Uy Us Vs Vy

36




What is Next? Ll
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= Read Sections 10.1, 10.2 and 10.3 from Rosen’s Book (8t" Ed).

= Solve the Tutorial Exercises sheet on BlackBoard (practical section)
before the practical session.
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