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From one random variable to two
random variables

= Why we study two variables together

Joint probability distributions

= Joint PMF for discrete random
variables

= Joint PDF for continuous random
variables

Marginal distributions

= Reducing a joint distribution to one
variable

= Marginal PMFs and marginal PDFs

Conditional probability from a joint
distribution

* Probability of one variable value
when another variable value is known

. Independence of two random

variables
= When knowing X does not change
what we know about Y

. Covariance and correlation

= Measuring how two variables
move together

. Multinomial distribution

= Extension of binomial distribution
to more than two categories

. Bivariate normal distribution

= A joint PDF for two normally
distributed continuous variables



Learning Objectives for Unit 5

By the end of this unit, students should be able to:

1.
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Explain why we sometimes study two random variables together
instead of one variable only.

Define a joint probability distribution for two random variables.
Use a joint PMF to describe two discrete random variables.

Use a joint PDF to describe two continuous random variables.
Find marginal distributions from a joint distribution.

Explain conditional probability from a joint distribution.
Determine whether two random variables are independent.

Interpret covariance and correlation as measures of relationship
between two variables.

Recognize and apply the multinomial distribution for outcomes with
more than two categories.

10.Recognize the bivariate normal distribution as a model for two

normally distributed continuous variables.



Main ldea

= |n Unit 4, we asked questions about one variable. Example:
X = battery usage (%) in one hour
P(20 < X < 40)
What is the probability that battery usage is between 20% and 40%?

= |n Unit 5, we ask questions about two variables at the same time.
Example:
X = number of opened apps
Y = battery usage (%) in one hour
P(X>5andY > 40)
What is the probability that more than 5 apps are open and battery usage
is more than 40%?

= Sometimes two variables are related.

= For example, opening more apps may be associated with higher
battery usage.

= Joint probability helps us describe and analyze this relationship.



Main ldea

Other questions can be answered by joint probability distribution:

= What is the probability that a user has 2 failed attempts and logs in
within 10 seconds?

= What is the probability that a server has high CPU usage and high
memory usage at the same time?

= Are download size and download time related?

= Can knowing one variable help us understand another?

Examples of 2 related variables on computing:

Number of active users vs. number of server requests per minute
Number of opened apps vs. battery consumption

Number of browser tabs open vs. memory consumption

User session duration vs. number of clicks

Number of detected errors vs. system recovery time

Number of running processes vs. processor temperature
Message length vs. transmission time



From Unit 4 to Unit 5

Unit 4

One Continuous Random Variable

Unit5

Two Random Variables Together

Study one variable (X)

Study two variables (X) and (Y)

Example: battery usage in one hour

Example: opened apps and battery usage

Uses PMF p(x) for discrete variables or
PDF f(x) for continuous variables

Uses joint PMF p(x, y) for discrete
variables or joint PDF f(x, y) for
continuous variables

Probability is sum for discrete variables or
area for continuous variables

Probability is double sum for discrete
variables or volume over a region for
continuous variables

Compute
P(X =x)
P(a < X < b)

Compute
PX=xandY =y)
Pla<X<bandc<Y <d)

Mean and variance describe one variable

Covariance and correlation describe the
relationship between two variables

Python Applications (in application
sessions): plot one distribution

Python Applications: scatter plots,
heatmaps, and 3D surfaces




Joint PMF for Two Discrete Random Variables

A joint probability mass function, or joint PMF, is used when both random variables
are discrete. Suppose:

X = Wi-Fi signal level
Y = video call quality

where Y = 1, 2, & 3 represents poor, acceptable, and clear video call quality,
respectively

The joint PMF gives the joint probability that two variable values occur together,
and it is written as:

p(x,y)=P(X =xand Y =y)

Example Joint PMF Table:

X = 1weak signal

X = 2 medium signal

X = 3 strong signal

Y = 1poor call 0.18 0.07 0.02
Y = 2 acceptable call 0.1 0.2 0.08
Y = 3clear call 0.03 0.12 0.2

Each cell gives a joint probability for one combination of X and Y. For example:
P(X=1andY = 3) = 0.03

The joint probability that the Wi-Fi signal is weak and the video call quality is clear is

0.03 (3%).



Joint PMF for Two Discrete Random Variables

The joint probability connects two pieces of information:

= the Wi-Fi signal is weak
= the video call quality is clear

This is useful because one variable alone does not give the full situation.

For example:
P(X=1)
only tells us how often the Wi-Fi signal is weak.
P(Y =3)

only tells us how often the call quality is clear.

But:
P(X=1andY = 3)

tells us how often weak signal and clear video call quality happen together.



Conditions of a Joint PMF

A joint PMF must satisfy two conditions:

1. p(x,y) =0, forall possible values of xand y

2. and
ZZp(x,y) =1
X Yy

= No probability can be negative.

That means:

" The total of all individual joint probabilities must equal 1.

X =1 X =2 X =3 Total
Y =1 0.18 0.07 0.02 0.27
Y =2 0.1 0.2 0.08 0.38
Y =3 0.03 0.12 0.2 0.35
Total 0.31 0.39 0.3 1

= Row totals and column totals should also lead to the same overall total.
* Therefore, this table is a valid joint PMF.



Discrete Marginal Distributions

A joint PMF gives joint probabilities for combinations of X and Y:

p(x,y) =P(X =xandY =y)
However, sometimes we want to study one variable only.
From the previous example, we may want to know P(X = 1), the probability that
the Wi-Fi signal is weak, regardless of call quality.
Or P(Y = 1), the probability that the video call quality is poor, regardless of Wi-Fi
signal level.
A marginal distribution is the probability distribution of one random variable
obtained by summing the joint probabilities over the other variable.
Basically, a marginal distribution reduces the joint distribution into a single-
variable distribution.
To find the marginal distribution of X, add the joint probabilities over all values of Y:

px(x) = z p(x,y)
y
To find the marginal distribution of Y, add the joint probabilities over all values of X:

py(y) = Z p(x,y)

It is called marginal because these probabilities appear in the margins of the joint
PMF table, as row totals and column totals.




Example: Finding Discrete Marginal Distributions

Using the same previous Wi-Fi Signal and Video Call Quality Example. The joint
PMF table is:

X =1 X =2 X =3 Total
Y =1 0.18 0.07 0.02 0.27
Y =2 0.1 0.2 0.08 0.38
Y =3 0.03 0.12 0.2 0.35
Total 0.31 0.39 0.3 1
Marginal Distribution of X: Marginal Distribution of Y:
px(1) = 0.18 + 0.10 + 0.03 = 0.31 py(1) = 0.18 + 0.07 + 0.02 = 0.27
px(2) = 0.07 + 0.20 + 0.12 = 0.39 py(2) = 0.10 + 0.20 + 0.08 = 0.38
px(3) = 0.02 + 0.08 + 0.20 = 0.30 py(3) = 0.03 + 0.12 + 0.20 = 0.35

1. What is the probability that the video call quality level is less than or equal to 2?
P(Y <2)=py(1) +py(2) =0.27 + 0.38 = 0.65

2. What is the probability that the Wi-Fi signal level is equal to 37?
P(X =3) =px(3) =0.30
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Conditional Probability from a Joint PMF

= A conditional probability from a joint PMF tells us how likely one variable value is
when another variable value is already known.

PY=y|X=x)
= |n Unit 2, conditional probability was given as:
P(A N B)

P(B|A) = P00

Note that:
 We first know that event A happened.

e Then we ask how likely event B is.
* N=and
= Fortwo discrete random variables Xand Y, we use the same idea:

P(X=xandY =vy)

PY=ylX=x)=

P(X = x)
or:
Pyix(y | x) = pix )
e px(x)
where:

p(x,y) =P(X =xandY =y)
px(x) = P(X = x)



Example: Conditional Probability from a Joint PMF

Using also the same previous Wi-Fi Signal and Video Call Quality Example.

X =1 X =2 X =3 Total
Y =1 0.18 0.07 0.02 0.27
Y =2 0.1 0.2 0.08 0.38
Y =3 0.03 0.12 0.2 0.35
Total 0.31 0.39 0.3 1

= Whatis the probability that the video call quality is poor, given that the Wi-Fi
signal is weak?
PY=11X=1)

Use:
PX=1andY =1)

P(X=1)

PY=11X=1)=

From the table:
PX=1andY =1) =0.18
P(X=1)=0.31
Therefore:

0.18
P(Y=1|X=1)=m=0581

Among weak-signal cases, about 58.1% result in poor video call quality.
13



Independence of Two Discrete Random Variables

= Two discrete random variables Xand Yare independent if knowing the value of one
variable does not change the probabilities of the other variable.
" From Unit 2, two events Aand B were independent if:

P(AnB) =P(A)P(B)
= For two discrete random variables X and Y, we use the check:
PX=xandY =y)=PX =x) P(Y =y)
or,

p(x,y) = px(x) py(¥)
for all possible values of x and y.

Example: Using the Wi-Fi Signal and Video Call Quality Example, are Wi-Fi signal level X
and video call quality Y independent?

Check one combination (X =1andY = 1):
p(1,1) = 0.18, px(1) = 0.31, py(1) = 0.27
px(1) py(1) =0.31 xX0.27 = 0.0837 + p(1,1)

Therefore, X and Yare NOT independent. Wi-Fi signal level and video call quality are
related.



Covariance Between Two Discrete Random Variables

= After studying whether two variables are independent, we may want to know
how they move together.
= Covariance helps us answer questions such as:
— When Wi-Fi signal level increases, does video call quality usually improve?
— When the number of running apps increases, does battery usage usually
increase?
— When the number of active users increases, does response time usually
increase?
= Covariance Cov(X,Y) gives us the direction of the relationship between
variables X and Y
- If Cov(X,Y) > 0 : they increase together
- If Cov(X,Y) < 0:they move in opposite directions
- If Cov(X,Y) = 0: thereis little or no linear relationship

For two discrete random variables X and Y:

Cov(X,Y) = E(XY) — E(X)E(Y)
where:

EQn) =) Y ayp(ey),  EQ =) xp) . EW =) y O
x y y

X



Correlation Between Two Discrete Random Variables

Covariance is useful, but its value depends on the scale of the variables.
For example, measuring time in seconds or milliseconds can change the
covariance value.
Correlation gives a clearer and easier-to-compare measure of relationship.
It tells us:

= the direction of the relationship

= the strength of the relationship
Unlike covariance, correlation is always between —1 and 1. So, it is easier to

interpret.
Formula:
_ Cov(X,)Y)
Pxy = Gy Oy
where:

oy =+Var(X) and oy =+/Var(Y)

If pxy > 0, then X and Y increase together.
If px y < 0, they move in opposite directions.
If pxy = 0, there is no linear relationship.



Example: Covariance and Correlation from a Joint PMF

Using the Wi-Fi Signal and Video Call Quality Example, find the covariance and
correlation between X and Y.

X =1 X =2 X =3 Total
Y =1 0.18 0.07 0.02 0.27
Y =2 0.1 0.2 0.08 0.38
Y =3 0.03 0.12 0.2 0.35
Total 0.31 0.39 0.3 1

Step 1: Find E(X) , E(Y), E(X?), E(Y?), and E(XY)
EX)=Yx p(x) =1.99, E(X?) = > x? p(x) = 4.57

EY) =Yy p(y) =208, E(Y?) =) y* p(y) = 494

E(XY) = Z ny p(x,y) = 4.47
x ¥
Step 2: Find Covariance

Cov(X,Y) = E(XY) — E(X)E(Y) = 4.47 — (1.99)(2.08) = 0.331

Step 3: Find Correlation
Oy = \/E(XZ) — E(X)2 =~ 0.781 , oy = \/E(YZ) —E(Y)? ~ 0.784

CCov(X,Y) 0331
Pxy = o, (0.781)(0.784)

This indicates a moderate positive relationship between X and Y.

~ 0.541




Joint PDF for Two Continuous Random Variables

= So far, we studied two discrete random variables using a joint PMF. Now we move to
two continuous random variables.

= A joint probability density function, or joint PDF, is used when both random
variables are continuous.

= Example: X = network delay in milliseconds

Y = server processing time in milliseconds

Both X and Ycan take any value in an interval, so they are continuous random
variables.

= Joint PDF describes how probability is distributed over pairs of values (x, y). It is
written as:

foy) or fxy(xy)

» f(x,y)#P(X =xandY =y) because P(X =xandY =y) =0
= f(x,y) is a density value that helps us calculate probability over a region.

b
P(a<X<bandc<Y<d):j fcdf(x,y)dydx
a

» Joint PMF: probability is found by adding table values.
» Joint PDF: probability is found by area/volume over a region.



Joint PDF for Two Continuous Random Variables

= Ajoint PDF f(x,y) must satisfy two conditions.
1. f(x,y) = 0 for all possible values of xand y.

2. [C % fydydx =1

Example: Probability from a Joint PDF
Let: X = processing time of a computing task in seconds
Y = energy used to complete the same task in joules

Suppose X and Y have the following joint PDF, find P(0 < X < 1and 0 <Y < 2).

Xty 0 2,0 4
feoy)={"24 @ "TXSHUSYS
0, otherwise
1
2
x+y 1, . 3
PO<X<1land0<Y <2)= Tdydx=ﬁ[x +2x]0=ﬁ=0.125
0
0

There is a 12.5% probability that the task takes between 0 and 1 seconds and uses
between 0 and 2 joules of energy.



Marginal PDFs for Continuous Random Variables

For a joint PDF f(x’y), we may want to study one continuous random

variable alone.
This is similar to marginal distributions from a joint PMF, but now we use

integration instead of summation.

Marginal PDF of X :
To get the PDF of X alone, integrate the joint PDF over all possible values of

Y:

fe () = j f (6,y) dy

Marginal PDF of Y:
To get the PDF of Y alone, integrate the joint PDF over all possible values of
X:

) = f f (6, y) dx



Example: Marginal PDFs from a Joint PDF

Using the same previous example:

X = processing time of a computing task in seconds
Y = energy used to complete the same task in joules

Y 0<x<2,0<y<4
) x )
floy) =1 24 Y
0, otherwise

Marginal PDF of X:

()_j4x+yd _4x+8 x+2 0<x<?
KX =) o = T *
Marginal PDF of Y:
‘x+y 242y 1+y
= dx = = ) O<y<4
) jo L= = y



Independence of Two Continuous Random Variables

= Two continuous random variables X and Yare independent if knowing one variable
does not change the distribution of the other.
= For continuous random variables, independence means:

f(xy) = fx@f )

for all possible values of xand y.

Using the Processing Time and Energy Usage Example:

From the previous slide:

x+y x+ 2 1+y

flx,y) = o4 fx(x) = 6’ fry) = EEE

Atx = 0.5,y =1:
£(0.5,1) = 1.5/24 = 0.0625
fx(0.5) = 2.5/6 = 0.4167
fr(1) =2/12 = 0.1667
fx(0.5)f,(1) ~ 0.0695 = £(0.5,1)

Therefore, X and Yare not independent.



Covariance and Correlation for Continuous Random Variables

Similar to the joint PMF case, covariance and correlation can also be computed for
two continuous random variables. The main difference is that we use integration
instead of summation.

EX)= [T xfx()dx and oy = E(X?) - [E(X)]?

EWN) =[,yfrMdy and oy =EY?) - [E()]?
E(XY) =j fxyf(x,y)dydx

Cov(X'Y) = E(XY) — E(X)E(Y)

Cov(X'Y)
Ox Oy

Pxy =



Multinomial Distribution

= The multinomial distribution is an extension of the binomial distribution.

® |n the binomial distribution, each trial has only two possible outcomes
(success or failure).

" |n the multinomial distribution, each trial can have more than two possible
outcomes.

Example:
Suppose a cloud storage system receives uploaded files. Each uploaded file is
classified into one of three types:
1 = image file 2 = document file 3 = video file

If we observe n uploaded files, we can define:

X1 = number of image files ,

X, = number of document files
X3 = number of video files
Then X; +X, +X3=n
Assume p1,p2, and p3 are the probabilities of each category of uploaded file and
are given as:
p; = 0.50, p, = 0.30, p3= 0.20

If n = 10 files are uploaded, we can for example find P(X; = 5,X, = 3, X5 = 2)



Multinomial Distribution Formula

= Suppose there are k possible categories. Let pq, p,, ..., Py be the probabilities
of the categories, where:
pP1tp2+ - tp =1
Let:
X1, X5, ..., Xy
be the number of outcomes in each category, where:
X1 t+Xp+ o+ X,=n

=  Formula:

I
n X1 _ X2

Xk
xk!p1 pz pk

P X{=x1,X>,=Xx9,...,.X;, = X3,) =
(X1 =x1,X2 = x k= Xk) PPN

= |f k = 2, the multinomial distribution becomes the binomial distribution covered
in unit 3.

nt X Xz

P(X1 =x1,X; =%3) = 1 P1 P2

1!.'X'2!

Since p; = p,p, =1 —p, and x; + x, = n, this probability becomes:

n!
p*(1—p)"*

PIX =x) =x!(n—x)! .



Example: Multinomial Distribution

Using the cloud storage file type example given earlier:
P1 = 0.50, P2 = 0.30, D3 = 0.20, n=10

0!

513121
= 2520(0.50)%(0.30)3(0.20)2

P(X;,=5X,=3,X3=2) = (0.50)°(0.30)3(0.20)?

= 2520(0.03125)(0.027)(0.04)
~ 0.0851

There is approximately an 8.51% probability that among 10 uploaded files:
= 5 are images
= 3 are documents
= 2 are videos



Bivariate Normal Distribution

In Unit 4, we studied the normal distribution for one continuous random
variable.

In Unit 5, we study two continuous random variables together through the
joint PDF.

A bivariate normal distribution is a joint PDF for two normally distributed
continuous random variables.

X is normally distributed variable with uy, oy

Y is normally distributed variable with uy, oy
Together, they are described by one joint density f(x,y)
The two variables may be related or not related.

The relationship between Xand Y is described by the correlation p :

= If p > 0, they tend to increase together (positive relationship).
= |f p <0, they move in opposite directions (negative relationship).
= |fp =0, thereisno linear relationship.

A bivariate normal distribution is like a 3D bell shape for two variables and is
determined by the five parameters uy, iy, oy, oy, p.



Unit 5 Summary

In this unit, we studied how to describe and analyze two random variables
together.

A joint distribution describes X and Y together.
For discrete variables, we use a joint PMF: p(x,y) = P(X = xandY = y)

For continuous variables, we use a joint PDF f(x, y) and probabilities are found
over a region using integration.

A marginal distribution studies one variable alone by summing or integrating over
the other variable:
" px(x) =2yp(x,y)

- fX(x) — f_oof(X,)’)dy
Independence means the joint distribution equals the product of the marginal
distributions:

= p(x,y) = px()py ()
= f(x,y) =fx)fy)

Covariance tells the direction of the relationship.
Correlation tells the direction and strength of the relationship.
Multinomial distribution extends binomial distribution to more than two categories.

Bivariate normal distribution is a joint PDF for two normally distributed continuous
variables.
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