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Chapter 1 

Introduction to Vectors 
The heart of linear algebra is in two operations-both with vectors. We add vectors to get
v + w. We multiply them by numbers c and d to get cv and dw. Combining those two
operations (adding cv to dw) gives the linear combination cv + dw. 

Linear combination 

Example v + w = [ � ] + [ � ] [ ! ] is the combination with c = d = l

Linear combinations are all-important in this subject! Sometimes we want one partic­
ular combination, the specific choice c = 2 and d = l that produces cv + dw = ( 4, 5).
Other times we want all the combinations of v and w (coming from all c and d). 

The vectors cv lie along a line. When w is not on that line, the combinations cv + dw
fill the whole two-dimensional plane. Starting from four vectors u, v, w, z in four­
dimensional space, their combinations cu + dv + ew + f z are likely to fill the space­
but not always. The vectors and their combinations could lie in a plane or on a line.

Chapter 1 explains these central ideas, on which everything builds. We start with two­
dimensional vectors and three-dimensional vectors, which are reasonable to draw. Then
we move into higher dimensions. The really impressive feature of linear algebra is how
smoothly it takes that step into n-dimensional space. Your mental picture stays completely
correct, even if drawing a ten-dimensional vector is impossible. 

This is where the book is going (into n-dimensional space). The first steps are the
operations in Sections 1.1 and 1.2. Then Section 1.3 outlines three fundamental ideas. 

1.1 Vector addition v + w and linear combinations cv + dw.

1.2 The dot product v · w of two vectors and the length 11 v 11 = �-
1.3 Matrices A, linear equations Ax = b, solutions x = A - I b. 

1 
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1.1 Vectors and Linear Combinations 

1 3v + 5w is a typical linear combination cv + dw of the vectors v and w. 

2 For v = [ � ] and w = [ � ] that combination is 3 [ � ] + 5 [ � ] = [ � ! �� ] = [ �� ] .

3 The vector [ � ] = [ � ] + [ � ] goes across to x = 2 and up to y = 3 in the xy plane.

4 The combinations c [ � ] + d [ � ] fill the whole xy plane. They produce every [ : ] .

5 The comb;nations c [ t ] +d [ ! ] fill a plane ill xyz space. Same plan doc [ t l · [ ! ] · 
C + 2d = 16 But c+ 3d = 0 
c+4d = 0 has no solut;on because ;,s rights;de [ � ] ;, not on that plane. 

"You can't add apples and oranges." In a strange way, this is the reason for vectors. We have two separate numbers v1 and v2. That pair produces a two-dimensional vector v: 
Column vector v v1 = first component of v v2 = second component of v 

We write v as a column, not as a row. The main point so far is to have a single letter v (in boldface italic) for this pair of numbers v1 and v2 (in lightface italic).Even if we don't add v1 to v2, we do add vectors. The first components of v and w stay separate from the second components: 
VECTOR 
ADDITION v = [ �� ] and w = [ :� ] [ V1 + W1 ] add to v + w = +V2 W2 

Subtraction follows the same idea: The components of v -ware v1 - w1 and v2 - w2. The other basic operation is scalar multiplication. Vectors can be multiplied by 2 or by -1 or by any number c. To find 2v, multiply each component of v by 2:
SCALAR 
MULTIPLICATION 2v = = V + V -V = [ 2v1 ] [ -vi ]2v2 -v2 

The components of cv are cv1 and cv2. The number c is called a "scalar". Notice that the sum of -v and v is the zero vector. This is 0, which is not the same as the number zero! The vector O has components O and 0. Forgive me for hammering away at the difference between a vector and its components. Linear algebra is built on these operations v + w and cv and dw-adding vectors and multiplying by scalars.



1.1. Vectors and Linear Combinations 3 Linear Combinations 
Now we combine addition with scalar multiplication to produce a "linear combination"
of v and w. Multiply v by c and multiply w by d. Then add cv + dw. 

The sum of cv and dw is a linear combination cv + dw. 

Four special linear combinations are: sum, difference, zero, and a scalar multiple cv:

lv + lw
lv- lw
0v+0w 
cv+0w 

sum of vectors in Figure 1.1 a 
difference of vectors in Figure 1.1 b
zero vector 
vector cv in the direction of v

The zero vector is always a possible combination (its coefficients are zero). Every time we
see a "space" of vectors, that zero vector will be included. This big view, taking all the
combinations of v and w, is linear algebra at work. 

The figures show how you can visualize vectors. For algebra, we just need the com­
ponents (like 4 and 2). That vector v is represented by an arrow. The arrow goes v1 = 4
units to the right and v2 = 2 units up. It ends at the point whose x, y coordinates are 4, 2.
This point is another representation of the vector-so we have three ways to describe v: 

Represent vector v Two numbers Arrow from (0, 0) Point in the plane

We add using the numbers. We visualize v + w using arrows:
Vector addition (head to tail) At the end of v,place the start of w.

V = [ �]

4

� = [ �] 
��[�] 

Figure 1.1: Vector addition v + w = (3, 4) produces the diagonal of a parallelogram.
The reverse of w is -w. The linear combination on the right is v - w = (5, 0). 

We travel along v and then along w. Or we take the diagonal shortcut along v + w.
We could also go along w and then v. In other words, w + v gives the same answer as
v + w. These are different ways along the parallelogram (in this example it is a rectangle).
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Vectors in Three Dimensions 
A vector with two components corresponds to a point in the xy plane. The components of v are the coordinates of the point: x = v1 and y = v2. The arrow ends at this point ( v1, v2), when it starts from (0,0). Now we allow vectors to have three components (v1,v2,v3). The xy plane is replaced by three-dimensional xyz space. Here are typical vectors (still column vectors but with three components): 

·� Ul and w� m and v+w� m .
The vector v corresponds to an arrow in 3-space. Usually the arrow starts at the "origin", where the xyz axes meet and the coordinates are (0, 0, 0). The arrow ends at the point with coordinates v1, v2, v3• There is a perfect match between the column vector and the 
arrow from the origin and the point where the arrow ends. The vector ( x, y) in the plane is different from ( x, y, 0) in 3-space ! 

z 
y 

2 (3,2) HJ 
X 

3 
X rn 

Figu,e 1.2, Vectorn [;] and [;] correspond to points ( x, y) and ( x, y, z). 

From now on v � [ j] is also written a, v � (1, 1, -1).

The reason for the row form (in parentheses) is to save space. But v = (l, 1, -1) is not a row vector! It is in actuality a column vector, just temporarily lying down. The row vector [ 1 1 -1] is absolutely different, even though it has the same three components. That 1 by 3 row vector is the "transpose" of the 3 by 1 column vector v.
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In three dimensions, v + w is still found a component at a time. The sum has
components V1 + w1 and v2 + w2 and V3 + W3. You see how to add vectors in 4 or 5 
or n dimensions. When w starts at the end of v, the third side is v + w. The other way 
around the parallelogram is w + v. Question: Do the four sides all lie in the same plane? 
Yes. And the sum v + w - v - w goes completely around to produce the __ vector. 

A typical linear combination of three vectors in three dimensions is u + 4v - 2w: 

Linear combination 
Multiply by 1, 4, ---:2 
Then add 

The Important Questions 
For one vector u, the only linear combinations are the multiples cu. For two vectors, 
the combinations are cu+ dv. For three vectors, the combinations are cu + dv + ew. 
Will you take the big step from one combination to all combinations? Every c and d and 
e are allowed. Suppose the vectors u, v, w are in three-dimensional space: 

1. What is the picture of all combinations cu?

2. What is the picture of all combinations cu + dv?

3. What is the picture of all combinations cu+ dv + ew?

The answers ·depend on the particular vectors u, v, and w. If they were zero vectors ( a very 
extreme case), then every combination would be zero. If they are typical nonzero vectors 
(components chosen at random), here are the three answers. This is the key to our subject: 

1. The combinations cu fill a line through (0, 0, 0).

2. The combinations cu+ dv fill a plane through (0, 0, 0).

3. The combinations cu+ dv + ew fill three-dimensional space.

The zero vector (0, 0, 0) is on the line because c can be zero. It is on the plane because c 
and d could both be zero. The line of vectors cu is infinitely long (forward and backward). 
It is the plane of all cu + dv (combining two vectors in three-dimensional space) that 
I especially ask you to think about. 

Adding all cu on one line to all dv on the other line fills in the plane in Figure 1.3. 

When we include a third vector w, the multiples ew give a third line. Suppose that 
third line is not in the plane of u and v. Then combining all ew with all cu+ dv fills up 
the whole three-dimensional space. 

This is the typical situation! Line, then plane, then space. But other possibilities exist. 
When w happens to be cu + dv, that third vector w is in the plane of the first two. 
The combinations of u, v, w will not go outside that uv plane. We do not get the full 
three-dimensional space. Please think about the special cases in Problem 1. 
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Line containing all cu 

(a) (b) 

Plane from 
allcu+dv 

Figure 1.3: (a) Line through u. (b) The plane containing the lines through u and v. 

• REVIEW OF THE KEY IDEAS •

1. A vector v in two-dimensional space has two components v1 and v2. 

2. v + w = ( v1 + w1, v2 + w2) and cv = ( cv1, cv2) are found a component at a time.

3. A linear combination of three vectors u and v and w is cu+ dv + ew.

4. Take all linear combinations of u, or u and v, or u, v, w. In three dimensions,
those combinations typically fill a line, then a plane, then the whole space R3 . 

• WORKED EXAMPLES • 

1.1 A The linear combinations of v = (l, 1, 0) and w = (0, 1, 1) fill a plane in R3 . 
Describe that plane. Find a vector that is not a combination of v and w-not on the plane. 

Solution The plane of v and w contains all combinations cv + dw. The vectors in that 
plane allow any c and d. The plane of Figure 1.3 fills in between the two lines. 

Combffiations cv + dw - e [ i ] + d [ : ] - [ + ] fill a pfane. 

Four vectors in that plane are (0,0,0) and (2,3,1) and (5,7,2) and (7r,27r,7r). 
The second component c + d is always the sum of the first and third components. 
Like most vectors, (1, 2, 3) is not in the plane, because 2 =/- 1 + 3. 

Another description of this plane through ( 0, 0, 0) is to know that n = ( 1, -1, 1) is 
perpendicular to the plane. Section 1.2 will confirm that 90° angle by testing dot products: 
v · n = 0 and w · n = 0. Perpendicular vectors have zero dot products. 
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1.1 B For v = (l, 0) and w = (0, 1), describe all points cv with (1) whole numbers c 
(2) nonnegative numbers c 2: 0. Then add all vectors dw and describe all cv + dw.

Solution 
(1) The vectors cv = (c, 0) with whole numbers c are equally spaced points along the

x axis (the direction of v). They include ( -2, 0), ( -1, 0), (0, 0), (1, 0), (2, 0).

(2) The vectors cv with c 2: 0 fill a half-line. It is the positive x axis. This half-line
starts at (0, 0) where c = 0. It includes (100, 0) and (1r, 0) but not (-100, 0).

(1') Adding all vectors dw = (0, d) puts a vertical line through those equally spaced cv. 
We have infinitely many parallel lines from (whole number c, any number d). 

(2') Adding all vectors dw puts a vertical line through every cv on the half-line. Now we 
have a half-plane. The right half of the xy plane has any x 2'. 0 and any y. 

1.1 C Find two equations for c and d so that the linear combination cv + dw equals b: 

b=[�]-
Solution In applying mathematics, many problems have two parts: 

1 Modeling part Express the problem by a set of equations. 

2 Computational part Solve those equations by a fast and accurate algorithm. 
Here we are only asked for the first part (the equations). Chapter 2 is devoted to the second 
part (the solution). Our example fits into a fundamental model for linear algebra: 

Find n numbers C1, ... , Cn so that C1 V1 + · · · + Cn Vn = b. 

For n = 2 we will find a formula for the e's. The "elimination method" in Chapter 2 
succeeds far beyond n = 1000. For n greater than 1 billion, see Chapter 11. Here n = 2: 

Vector equation 
CV +dw = b

The required equations for c and d just come from the two components separately: 

Two ordinary equations 2c - d = l 
-c+ 2d = 0

2 1 Each equation produces a line. The two lines cross at the solution c = 3, d = 3. Why not
see this also as a matrix equation, since that is where we are going : 

2 by 2 matrix 
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Problem Set 1.1 
Problems 1-9 are about addition of vectors and linear combinations. 

1 Describe geometrically (line, plane, or all of R 3) all linear combinations of

2 Draw v = [ 1] and w = [ -�] and v+w and v-w in a single xy plane.

3 If v + w = [ �] and v - w = [!],compute and draw the vectors v and w.

4 From v = [ � ]  and w = [;], find the components of 3v +wand cv + dw.

5 Compute u + v +wand 2u + 2v + w. How do you know u, v, w lie in a plane?

These lie in a plane because 
w = cu + dv. Find c and d 

6 Every combination of v = ( 1 , -2, 1) and w = ( 0, 1 , -1) has components that add
to __ . Find c and d so that cv + dw = (3, 3, -6). Why is (3, 3, 6) impossible? 

7 In the xy plane mark all nine of these linear combinations:

c[�]+d[�] with c=0, 1 , 2 and d=0, 1 , 2.

8 The parallelogram in Figure 1.1 has diagonal v + w. What is its other diagonal?
What is the sum of the two diagonals? Draw that vector sum. 

9 If three corners of a parallelogram are (1, 1), (4, 2), and (1, 3), what are all three of
the possible fourth corners? Draw two of them. 

Problems 10-14 are about special vectors on cubes and clocks in Figure 1.4. 

10 Which point of the cube is i + j? Which point is the vector sum of i = (1, 0, 0) and
j = (0, 1 , 0) and k = (0, 0, 1)? Describe all points (x, y, z) in the cube. 

11 Four corners of this unit cube are (0, 0, 0), (1 , 0, 0), (0, 1, 0), (0, 0, 1). What are the
other four corners? Find the coordinates of the center point of the cube. The center
points of the six faces are __ . The cube has how many edges? 

12 Review Question. In xyz space, where is the plane of all linear combinations of
i = (1 , 0, 0) and i + j = (1 , 1 , 0)? 
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k = (0, 0, 1) j + k - - - � 
/ I 

� - - - .. 
---po,}j = (0, 1, 0) 

I/ 

i = (1,0,0) 

Notice the illusion 
Is (0, 0, 0) a top or 
a bottom comer? 

Figure 1.4: Unit cube from i,j, k and twelve clock vectors. 

9 

13 (a) What is the sum V of the twelve vectors that go from the center of a clock to
the hours 1 :00, 2:00, ... , 12:00?

(b) If the 2:00 vector is removed, why do the 11 remaining vectors add to 8:00?
( c) What are the x, y components of that 2:00 vector v = ( cos 0, sin 0)?

14 Suppose the twelve vectors start from 6:00 at the bottom instead of (0, 0) at the 
center. The vector to 12:00 is doubled to (0, 2). The new twelve vectors add to __ . 

Problems 15-19 go further with linear combinations of v and w (Figure 1.Sa). 

15 Figure I.Sa shows½ v + ½ w. Mark the points¾ v +¼wand ¼ v +¼wand v + w.

16 Mark the point �v + 2w and any other combination cv + dw with c + d = l. 
Draw the line of all combinations that have c + d = l. 

17 Locate½ v +½wand� v + � w. The combinations cv + cw fill out what line? 

18 Restricted by O s cs 1 and O S d s 1, shade in all combinations cv + dw.

19 Restricted only by c :::0: 0 and d 2 0 draw the "cone" of all combinations cv + dw.

w w u 

V V 

(a) (b) 

Figure 1.5: Problems 15-19 in a plane Problems 20-25 in 3-dimensional space 
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Problems 20-25 deal with u, v, win three-dimensional space {see Figure L5b). 
20 Locate ½ u + ½ v + ½ w and ½ u + ½ w in Figure 1.5b. Challenge problem: Under

what restrictions on c, d, e, will the combinations cu + dv + ew fill in the dashed
triangle? To stay in the triangle, one requirement is c :2: 0, d :2'. 0, e :2: 0. 

21 The three sides of the dashed triangle are v - u and w - v and u - w. Their sum is
__ . Draw the head-to-tail addition around a plane triangle of (3, 1) plus ( -1, 1)
plus (-2, -2). 

22 Shade in the pyramid of combinations cu + dv + ew with c :2: 0, d :2'. 0, e :2: 0 and
c + d + e :::; 1. Mark the vector ½ ( u + v + w) as inside or outside this pyramid. 

23 If you look at all combinations of those u, v, and w, is there any vector that can't be
produced from cu+ dv + ew? Different answer if u, v, ware all in __ . 

24 Which vectors are combinations of u and v, and also combinations of v and w?

25 Draw vectors u, v, w so that their combinations cu + dv + ew fill only a line.
Find vectors u, v, w so that their combinations cu+ dv + ew fill only a plane. 

26 What combination c [ �] + d [ ! ] produces [ 1:] ? Express this question as two

equations for the coefficients c and d in the linear combination.

Challenge Problems 

27 How many corners does a cube have in 4 dimensions? How many 3D faces?
How many edges? A typical corner is (0, 0, 1, 0). A typical edge goes to (0, 1, 0, 0).

28 Find vectors v and w so that v + w = (4, 5, 6) and v - w = (2, 5, 8). This is a
question with __ unknown numbers, and an equal number of equations to find
those numbers. 

29 Find two different combinations of the three vectors u = (1, 3) and v = (2, 7) and
w = (1, 5) that produce b = (0, 1). Slightly delicate question: If I take any three
vectors u, v, w in the plane, will there always be two different combinations that
produce b = (0, 1)? 

30 The linear combinations of v = ( a, b) and w = ( c, d) fill the plane unless __ .
Find four vectors u, v, w, z with four components each so that their combinations
cu+ dv + ew + f z produce all vectors (b1, b2, b3, b4) in four-dimensional space. 

31 Write down three equations for c, d, e so that cu+ dv + ew = b. Can you somehow
find c, d, e for this b ?

w [-n 



1.2. Lengths and Dot Products 

1.2 Lengths and Dot Products 

11 

1 The"dot product"ofv= [ �] andw= [:] isv·w=(1)(4) +(2)(5)= 4+ 10=14.
2 v = [ ! ] and w = [ -! ] are perpendicular because v · w is zero:2 4 (1)(4) + (3)(-4) + (2)(4) = 0. 
3 The length squa,-ed of v � [ ! ] is v, v � 1 + 9 + 4 � 14. The length is 11•11 � v'u.

V V 1 1 9 4 [ 1 l 4 Then u = � = vl4 = v14 � has length I Jul I = 1. Check 14 + 14 + 14 = 1. 
V •W 5 The angle0 betweenv andw hascos0= llvll llwll .

6 The angle between [ � ] and [ � ] has cos 0 = ( 1) tv'2) . That angle is 0 = 45 °.
7 All angles have I cos 0I :::; 1. So all vectors have I Iv· wl :::; I Iv! I I Jwl 1-I

The first section backed off from multiplying vectors. Now we go forward to define the "dot product" of v and w. This multiplication involves the separate products vt w1 and 
v2w2, but it doesn't stop there. Those two numbers are added to produce one number v · w.

This is the geometry section (lengths of vectors and cosines of angles between them). 

Thedotproductorinnerproductofv = (v1,v2) andw = (w1,w2) is the numberv-w : 

Example 1 The vectors v = ( 4, 2) and w = ( -1, 2) have a zero dot product: 
Dot product is zero 
Perpendicular vectors 

(1) 

In mathematics, zero is always a special number. For dot products, it means that these
two vectors are perpendicular. The angle between them is 90° . When we drew them in Figure 1. 1, we saw a rectangle (not just any parallelogram). The clearest example of perpendicular vectors is i = (1, 0) along the x axis and j = (0, 1) up they axis. Again the dot product is i · j = 0 + 0 = 0. Those vectors i and j form a right angle. 
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The dot product of v = (1, 2) and w = (3, 1) is 5. Soon v · w will reveal the angle 
between v and w (not go0 ). Please check that w ·vis also 5. 

The dot product w · v equals v · w. The order of v and w makes no difference. 

Example 2 Put a weight of 4 at the point x = -1 (left of zero) and a weight of 2 at the 
point x = 2 (right of zero). The x axis will balance on the center point (like a see-saw). 
The weights balance because the dot product is ( 4) ( -1) + ( 2) ( 2) = 0. 

This example is typical of engineering and science. The vector of weights is ( w1, w2) = 
( 4, 2). The vector of distances from the center is ( v1, v2) = (-1, 2). The weights times the 
distances, w1 v1 and w2v2, give the "moments". The equation for the see-saw to balance is
W1V1 + W2V2 = 0.

Example 3 Dot products enter in economics and business. We have three goods to buy 
and sell. Their prices are (p1, P2, p3) for each unit-this is the "price vector" p. The 
quantities we buy or sell are (q1,q2,q3)-positive when we sell, negative when we buy. 
Selling q1 units at the price p1 brings in q1p1. The total income (quantities q times prices
p) is the dot product q ·pin three dimensions:

Income = (qi, q2, q3) · (p1, P2, p3) = q1p1 + q2p2 + q3p3 = dot product.

A zero dot product means that "the books balance". Total sales equal total purchases if 
q · p = 0. Then p is perpendicular to q (in three-dimensional space). A supermarket with 
thousands of goods goes quickly into high dimensions. 

Small note: Spreadsheets have become essential in management. They compute linear 
combinations and dot products. What you see on the screen is a matrix. 

Main point For v · w, multiply each Vi times Wi. Then v · w = v1w1 + · · · + VnWn. 

Lengths and Unit Vectors 
An important case is the dot product of a vector with itself. In this case v equals w. 
When the vector is v = (1, 2, 3), the dot product with itself is v · v = llvll 2 = 14: 

Dot product v · v 
Length squared 

Instead of a goo angle between vectors we have 0° . The answer is not zero because v is not
perpendicular to itself. The dot product v · v gives the length of v squared. 

DEFINITION The length llvll of a vector vis the square root of v · v: 

length = llvll = � = (vf + v� + ... + v;) 1 12
.
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In two dimensions the length is v'vf + V§. In three dimensions it is v'vf + V§ + v�.
By the calculation above, the length of v = (1, 2, 3) is llvll = /14. 

Here llvll = � is just the ordinary length of the arrow that represents the vector.
If the components are 1 and 2, the arrow is the third side of a right triangle (Figure 1.6 ).
The Pythagoras formula a2 + b2 = c2 connects the three sides: 12 + 22 = llvll2.

For the length of v = (1, 2, 3) , we used the right triangle formula twice. The vector
(1, 2, 0) in the base has length v'5. This base vector is perpendicular to (0, 0, 3) that goes
straight up. So the diagonal of the box has length llvll = v5+9 = /14. 

The length of a four-dimensional vector would be v'vf + V§ + v� + v�. Thus the vec­
tor (1, 1, 1, 1) has length )12 + 12 + 12 + 12 = 2. This is the diagonal through a unit
cube in four-dimensional space. That diagonal in n dimensions has length fa. 

(0, 0, 3) - - - - - ""1 
I "

/ I 

(0, 2) (1, 2) (- - (1, 2, 3) has
V•V vf +vi+ v� length .JT4

12 + 22 I I 

I I 2 I I 

14 12 + 22 + 32 
I I 

(1, 0) (0, 2, 0)
:('1,2,0)has

(1, 0, 0) length ,Js

Figure 1.6: The length VV-:V of two-dimensional and three-dimensional vectors.

The word "unit" is always indicating that some measurement equals "one". The unit
price is the price for one item. A unit cube has sides of length one. A unit circle is a circle
with radius one. Now we see the meaning of a "unit vector". 

DEFINITION A unit vector u is a vector whose length equals one. Then u · u = 1.

An example in four dimensions is u = ( ½, ½, ½, ½) . Then u · u is ¾ + ¾ + ¾ + ¾ = 1.
We divided v = (1, 1, 1, 1) by its length llvll = 2 to get this unit vector. 

Example 4 The standard unit vectors along the x and y axes are written i and j. In the
xy plane, the unit vector that makes an angle "theta" with the x axis is ( cos 0, sin 0): 

Unit vectors i = [�] and j = [�] and u = [ ��:!] . 
When 0 = 0, the horizontal vector u is i. When 0 = 90° (or � radians), the vertical
vector is j. At any angle, the components cos 0 and sin 0 produce u · u = 1 because
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cos2 0 + sin 2 0 = 1. These vectors reach out to the unit circle in Figure 1. 7. Thus cos 0 and
sin 0 are simply the coordinates of that point at angle 0 on the unit circle. 

Since (2, 2, 1) has length 3, the vector ( l, i, ½) has length l. Check that u · u 
½ + ½ + ½ = l. For a unit vector, divide any nonzero vector v by its length llvll-

Unit vector u = v I 11 v 11 is a unit vector in the same direction as v.

j = (0, 1) v=(l,1) j u = [ c�s0 ]
sm 0 

( 1 1 ) V 

-i

-j

u = 
../2 

, 
../2 

= M
i = (l,O)

Unit vectors 
cos 0

i 
Unit 

circle 

Figure 1.7: The coordinate vectors i and j. The unit vector u at angle 45° (left) divides
v = (1, 1) by its length llvll = \/'2. The unit vector u = ( cos 0, sin 0) is at angle 0. 

The Angle Between Two Vectors 
We stated that perpendicular vectors have v · w = 0. The dot product is zero when the
angle is go0

• To explain this, we have to connect angles to dot products. Then we show
how v · w finds the angle between any two nonzero vectors v and w. 

Right angles The dot product is v · w = 0 when v is perpendicular to w.

Proof When v and w are perpendicular, they form two sides of a right triangle.
The third side is v - w (the hypotenuse going across in Figure 1.8). The Pythagoras Law
for the sides of a right triangle is a2 + b2 = c2 : 

Perpendicular vectors llvll2 + llwll2 = llv - wll2 

Writing out the formulas for those lengths in two dimensions, this equation is
Pythagoras 

(2)

(3) 

The right side begins with vf - 2v1 w1 + wf. Then vf and wf are on both sides of the equa­
tion and they cancel, leaving -2v1 w1. Also v� and w� cancel, leaving -2v2w2.
(In three dimensions there would be -2v3w3.) Now divide by -2 to see v - w = 0: 

0 = -2v1w1 - 2v2w2 which leads to V1W1 + V2W2 = 0. (4)
Conclusion Right angles produce v · w = 0. The dot product is zero when the angle is
0 = go0

• Then cos 0 = 0. The zero vector v = 0 is perpendicular to every vector w
because O · w is always zero. 
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Now suppose v · w is not zero. It may be positive, it may be negative. The sign of
v · w immediately tells whether we are below or above a right angle. The angle is less than
go0 when v · w is positive. The angle is above go0 when v · w is negative. The right side
of Figure 1. 8 shows a typical vector v = ( 3, 1). The angle with w = ( 1, 3) is less than goo 

because v · w = 6 is positive. 

V •W = 0

.... - - -
angle with v
greater than 90 °
in this half-plane 

�v · w > 0
V 

in this half-plane

Figure 1.8: Perpendicular vectors have v · w = 0. Then llvll 2 + llwll 2 = llv - wll 2
. 

The borderline is where vectors are perpendicular to v. On that dividing line between
plus and minus, (1, -3) is perpendicular to (3, 1 ). The dot product is zero. 

The dot product reveals the exact angle 0. For unit vectors u and U, the sign of u · U
tells whether 0 < go0 or 0 > go0

• More than that, the dot product u · U is the cosine of
0. This remains true in n dimensions. 

Unit vectors u and U at angle 0 have u · U = cos 0. Certainly lu · UI ::::; 1.

Remember that cos 0 is never greater than 1. It is never less than -1. The dot product of
unit vectors is between -1 and 1. The cosine of 0 is revealed by u · U. 

Figure 1.9 shows this clearly when the vectors are u = (cos0,sin0) and i = (1,0).
The dot product is u · i = cos 0. That is the cosine of the angle between them. 

After rotation through any angle a, these are still unit vectors. The vector i = (1, 0)
rotates to ( cos a, sin a). The vector u rotates to ( cos /3, sin /3) with /3 = a + 0. Their
dot product is cos a cos /3 + sin a sin /3. From trigonometry this is cos(/3 - a) = cos 0. 

u = [c�s 0]
sm0 

[c�s /3] = usmf3 

[COSCJ,] _ U(.�/ sina -
�l�CI, 

0={3-a 
Figure 1.9: Unit vectors: u · U is the cosine of 0 (the angle between).
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What if v and ware not unit vectors? Divide by their lengths to get u = v/llvll and
U = w/llwll- Then the dot product of those unit vectors u and U gives cos 0. 

COSINE FORMULA If v and w are nonzero vectors then V •W --- =cos0. 
llvll llwll 

(5)

Whatever the angle, this dot product of v/llvll with w/llwll never exceeds one. That
is the "Schwarz inequality" Iv· wl ::::; llvll llwll for dot products-or more correctly the
Cauchy-Schwarz-Buniakowsky inequality. It was found in France and Germany and
Russia (and maybe elsewhere-it is the most important inequality in mathematics). 

Since I cos BJ never exceeds 1, the cosine formula gives two great inequalities: 

SCHWARZ INEQUALITY 

TRIANGLE INEQUALITY 

lv·wl s:; llvll llwll

llv + wll ::::; llvll + llwll

Example 5 Find cos 0 for v = [ � ] and w = [ � ] and check both inequalities.

Solution The dot product is v · w = 4. Both v and w have length )5. The cosine is 4/5.
V •W cosB = Jjvjj Jjwjj

4 4
)5)5 5

By the Schwarz inequality, v · w = 4 is less than jjvjj llwll = 5. By the triangle inequality,
side 3 = jjv + wjj is less than side 1 + side 2. For v + w = (3, 3) the three sides are
yl8 < v5 + )5. Square this triangle inequality to get 18 < 20. 

Example 6 The dot product of v = (a, b) and w = (b, a) is 2ab. Both lengths are
v' a2 + b2 . The Schwarz inequality v · w s:; I !vi 11 lwl I says that 2ab s:; a2 + b2 . 

This is more famous if we write x = a2 and y = b2 . The "geometric mean" vxfi
is not larger than the "arithmetic mean" = average ½ ( x + y).

Geometric ::::; Arithmetic a2 + b2 x + y ab s:; --2- becomes FY s:; -2-. mean mean 

Example 5 had a = 2 and b = 1. So x = 4 and y = 1. The geometric mean ,.jxfj = 2
is below the arithmetic mean ½ (1 + 4) = 2.5. 

Notes on Computing 
MATLAB, Python and Julia work directly with whole vectors, not their components.
When v and w have been defined, v + w is immediately understood. Input v and w
as rows-the prime ' transposes them to columns. 2v + 3w becomes 2 * v + 3 * w.
The result will be printed unless the line ends in a semicolon. 
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MATLAB v = [2 3 4]' ; w = [1 1 1]' ; u = 2 * v + 3 * w
The dot product v · w is a row vector times a column vector (use * instead of·) :

Instead of [;] · [ �] we more often see [ 1 2 ] [ �] or v 1 * w

17 

The length of v is known to MATLAB as norm ( v). This is sqrt ( v' * v). Then find the
cosine from the dot product v 1 * w and the angle (in radians) that has that cosine: 

Cosine formula 
The arc cosine 

cosine= v' * w/(norm (v) * norm (w))
angle = acos (cosine) 

An M-file would create a new function cosine ( v, w ). Python and Julia are open source.

• REVIEW OF THE KEY IDEAS •

1. The dot product v • w multiplies each component Vi by wi and adds all viwi. 

2. The length 11 v 11 is the square root of v · v. Then u = v / 11 v 11 is a unit vector : length 1.

3. The dot product is v · w = 0 when vectors v and w are perpendicular.

4. The cosine of 0 ( the angle between any nonzero v and w) never exceeds I:

Cosine V •W cosB = 
llvll llwll

Schwarz inequality 

• WORKED EXAMPLES • 

Iv· wl::; llvll llwll-

1.2 A For the vectors v = ( 3, 4) and w = ( 4, 3) test the Schwarz inequality on v · w
and the triangle inequality on llv + wll- Find cos0 for the angle between v and w.
Which v and w give equality Iv· wl=llvll llwll and llv + wll=llvll + llwll?

Solution The dot product is v · w = (3)(4) + (4)(3) = 24. The length of v is
llvll = v9 + 16 = 5 and also llwll = 5. The sum v + w = (7, 7) has length 7v12 < 10.

Schwarz inequality Iv· wl ::; llvll llwll is 24 < 25.
Triangle inequality llv + wll ::; llvll + llwll is 7v12 < 5 + 5.
Cosine of angle cos 0 = �: Thin angle from v = (3, 4) tow = ( 4, 3)

Equality: One vector is a multiple of the other as in w = cv. Then the angle is 0° or 180° .
In this case I cos01 = 1 and Iv· wl equals llvll llwll- If the angle is 0° , as in w = 2v, then
llv + wll=llvll + llwll (both sides give 3llvl l). This v, 2v, 3v triangle is flat! 
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1.2 B Find a unit vector u in the direction of v = (3, 4). Find a unit vector U that is 
perpendicular to u. How many possibilities for U? 

Solution For a unit vector u, divide v by its length llvll = 5. For a perpendicular vector 
V we can choose (-4, 3) since the dot product v ·Vis (3)(-4) + (4)(3) = 0. For a unit 
vector perpendicular to u, divide V by its length IIV II:

V (3 4) u = M = 
5'5 

u-U=O

The only other perpendicular unit vector would be -U = ( t, -¾). 
1.2 C Find a vector x = ( c, d) that has dot products x · r = 1 and x · s = 0 with 
two given vectors r = (2, -1) ands = (-1, 2). 

Solution Those two dot products give linear equations for c and d. Then x = ( c, d). 

X • T = l
X • S = 0

is 2c - d = l 
is - c+ 2d = 0 

The same equations as 
in Worked Example 1.1 C 

Comment on n equations for x = (x1, ... , Xn) inn-dimensional space 
Section 1.1 would start with columns v j · The goal is to produce x 1 v1 + · · · + Xn Vn = b.
This section would start from rows ri . Now the goal is to find x with x · Ti = bi . 

Soon the v's will be the columns of a matrix A, and the r's will be the rows of A.
Then the (one and only) problem will be to solve Ax = b.

Problem Set 1.2 
1 Calculate the dot products u · v and u · w and u · ( v + w) and w · v: 

V = [ !] w = [;].

2 Compute the lengths llull and llvll and llwll of those vectors. Check the Schwarz 
inequalities lu ·vi::::; llull llvll and Iv· wl ::::; llvll llwll. 

3 Find unit vectors in the directions of v and w in Problem 1, and the cosine of the 
angle 0. Choose vectors a, b, c that make 0° , 90° , and 180° angles with w. 

4 For any unit vectors v and w, find the dot products (actual numbers) of 

(a) v and -v (b) v + w and v - w (c) v - 2w and v + 2w

5 Find unit vectors u1 and u2 in the directions of v = (l, 3) and w = (2, 1, 2). 
Find unit vectors U 1 and U 2 that are perpendicular to u1 and u2. 
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6 ( a ) Describe every vector w = ( w1, w2) that is perpendicular to v = ( 2, -1). 
(b) All vectors perpendicular to V = (1, 1, 1) lie on a __ in 3 dimensions.
(c) The vectors perpendicular to both (1, 1, 1) and (1, 2, 3) lie on a _ _ .

7 Find the angle 0 (from its cosine) between these pairs of vectors: 
(a) V = [�] and w = [�] (b) V [j] and w� Hl 
(c) V = [ �] and w = [ �] (d) V = [�] and w = [=� l 

8 True or false (give a reason if true or find a counterexample if false): 
(a) If u = (1, 1, 1) is perpendicular to v and w, then vis parallel tow.
(b) If u is perpendicular to v and w, then u is perpendicular to v + 2w.
(c) If u and v are perpendicular unit vectors then llu - v/1 = ,v2. Yes!

19 

9 The slopes of the arrows from (0, 0) to (v1, v2
) 

and (w1, w2
) 

are v2/v1 and w2/w1. Suppose the product v2w2 / v1 w1 of those slopes is -1. Show that v · w = 0 andthe vectors are perpendicular. (The line y = 4x is perpendicular to y = -¼ x.) 
10 Draw arrows from (0, 0) to the points v = (1, 2) and w = (-2, 1). Multiply their slopes. That answer is a signal that v · w = 0 and the arrows are __ . 
11 If v · w is negative, what does this say about the angle between v and w? Draw a 3-dimensional vector v (an arrow), and show where to find all w's with v · w < 0.
12 With v = (1, 1) and w = (1, 5) choose a number c so that w - cv is perpendicular to v. Then find the formula for c starting from any nonzero v and w. 
13 Find nonzero vectors v and w that are perpendicular to (1, 0, 1) and to each other. 
14 Find nonzero vectors u, v, w that are perpendicular to (1, 1, 1, 1) and to each other. 
15 The geometric mean of x = 2 and y = 8 is vX'fJ = 4. The arithmetic mean is larger: ½ ( x + y) = __ . This would come in Example 6 from the Schwarz inequality for v = ( J2, VS) and w = ( VS, J2). Find cos0 for this v and w. 
16 How long is the vector v = (1, 1, ... , 1) in 9 dimensions? Find a unit vector u in the same direction as v and a unit vector w that is perpendicular to v. 
17 What are the cosines of the angles a, f3, 0 between the vector ( 1, 0, -1) and the unit vectors i, j, k along the axes? Check the formula cos2 a + cos2 f3 + cos2 0 = 1. 
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Problems 18-28 lead to the main facts about lengths and angles in triangles. 

18 The parallelogram with sides v = ( 4, 2) and w = ( -1, 2) is a rectangle. Check the 
Pythagoras formula a2 + b2 = c2 which is for right triangles only:

(length of v )2 + (length of w ) 2 = (length of v + w ) 2 . 

19 (Rules for dot products) These equations are simple but useful: 
(1) V • W = W • V (2) U • ( V + W) = U • V + U • W (3) (CV) • W = c( V • W) 

Use (2) with u = v + w to prove llv + wll 2 = v · v + 2v · w + w · w.

20 The "Law of Cosines" comes from (v - w) · (v - w) = v · v - 2v · w + w · w:

Cosine Law llv -wll 2 = llvll 2 - 2llvll llwll cos0 + llwll 2-

Draw a triangle with sides v and w and v - w. Which of the angles is 0 ? 

21 The triangle inequality says: (length of v + w) :::; (length of v) + (length of w ). 
Problem 19 found llv + wll 2 = llvll 2 + 2v · w + llwll 2. Increase that v · w to
llvll llwll to show that II side 311 can not exceed II side 111 + II side 211: 

Triangle 
inequality llv + wll 2 :::; (llvll + llwll) 2 or llv + wll :::; llvll + llwll-

w = (w1, w2) 

v = (v1, Vz) 

22 The Schwarz inequality Iv · wl :::; llvll llwll by algebra instead of trigonometry: 

(a) Multiply out both sides of ( V1 W1 + V2 W2) 2 :::; (Vi+ V§) ( Wi + W§).
(b) Show that the difference between those two sides equals (v1w2 - v2w1) 2 .

This cannot be negative since it is a square-so the inequality is true.

23 The figure shows that cosa = vi/llvll and sina = v2/llvll- Similarly cos/3 is 
__ and sin /3 is __ . The angle 0 is /3 - a. Substitute into the trigonometry 
formula cos /3 cos a+ sin /3 sin a for cos(/3 -a) to find cos 0 = v · w /llvll llwll-
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24 One-line proofofthe inequality lu · UI $ 1 for unit vectors (u1, u2) and ( U1, U2) : 

u2 + u2 u2 + u2
lu·Ul $lu1IIU1l+lu2IIU2I$ 1

2 
1 + 2

2 
2 =l. 

Put ( u1, u2) = ( .6, .8) and (U1, U2) = ( .8, .6) in that whole line and find cos 0 .  

25 Why is I cos 01 never greater than 1 in the first place? 

26 (Recommended) Draw a parallelogram 

27 Parallelogram with two sides v and w. Show that the squared diagonal lengths llv + 
wll 2 + //v w/1 2 add to the sum of four squared 
side lengths 2llvl/ 2 + 2//wll 2

. 

28 If v = (1, 2) draw all vectors w = (x, y) in the xy plane with v · w = x + 2y = 5. 
Why do those w's lie along a line? Which is the shortest w? 

29 (Recommended) If //v/ I = 5 and I lw/ I = 3 ,  what are the smallest and largest possible 
values of I /v - w//? What are the smallest and largest possible values of v · w? 

Challenge Problems 

30 Can three vectors in the xy plane have u · v < 0 and v · w < 0 and u · w < O? 
I don't know how many vectors in xyz space can have all negative dot products. 
(Four of those vectors in the plane would certainly be impossible . .. ). 

31 Pick any numbers that add to x + y + z = 0. Find the angle between your vec­
tor v = (x, y, z) and the vector w = (z, x, y). Challenge question: Explain why 
v · w///v// 1/wll is always-½-

32 How could you prove {/xfii $ ½ ( x + y + z) ( geometric mean $ arithmetic mean) ? 

33 Find 4 perpendicular unit vectors of the form ( ± ½, ± ½, ± ½, ± ½): Choose + or -. 

34 Using v = randn(3, 1) in MATLAB, create a random unit vector u = v///vll- Using 
V = randn ( 3, 30) create 30 more random unit vectors UJ. What is the average size 
of the dot products I u · Uj I? In calculus, the average is f0,r I cos 0 I d0 / 1r = 2 / 7f. 
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rocks and are measured by geophones attached to
mile-long cables behind the ship.

! Linear programming.Many important management
decisions today are made on the basis of linear
programming models that use hundreds of
variables. The airline industry, for instance, employs
linear programs that schedule flight crews, monitor
the locations of aircraft, or plan the varied schedules
of support services such as maintenance and
terminal operations.

! Electrical networks. Engineers use simulation
software to design electrical circuits and microchips
involving millions of transistors. Such software

relies on linear algebra techniques and systems of
linear equations.

! Artiıcial intelligence. Linear algebra plays a key
role in everything from scrubbing data to facial
recognition.

! Signals and signal processing. From a digital
photograph to the daily price of a stock, important
information is recorded as a signal and processed
using linear transformations.

! Machine learning. Machines (specifically comput-
ers) use linear algebra to learn about anything from
online shopping preferences to speech recognition.

Systems of linear equations lie at the heart of linear algebra, and this chapter uses them
to introduce some of the central concepts of linear algebra in a simple and concrete
setting. Sections 1.1 and 1.2 present a systematic method for solving systems of linear
equations. This algorithmwill be used for computations throughout the text. Sections 1.3
and 1.4 show how a system of linear equations is equivalent to a vector equation and to
amatrix equation. This equivalence will reduce problems involving linear combinations
of vectors to questions about systems of linear equations. The fundamental concepts of
spanning, linear independence, and linear transformations, studied in the second half of
the chapter, will play an essential role throughout the text as we explore the beauty and
power of linear algebra.

��� 6\stems of /inear ETuations
A linear eTuation in the variables x1; : : : ; xn is an equation that can be written in the
form

a1x1 C a2x2 C ! ! !C anxn D b (1)

where b and the coeĴcients a1; : : : ; an are real or complex numbers, usually known
in advance. The subscript n may be any positive integer. In textbook examples and
exercises, n is normally between 2 and 5. In real-life problems, n might be 50 or 5000,
or even larger.

The equations

4x1 " 5x2 C 2 D x1 and x2 D 2
!p

6 " x1

"
C x3

are both linear because they can be rearranged algebraically as in equation (1):

3x1 " 5x2 D "2 and 2x1 C x2 " x3 D 2
p

6

The equations

4x1 " 5x2 D x1x2 and x2 D 2
p

x1 " 6

are not linear because of the presence of x1x2 in the first equation and
p

x1 in the second.

Muntaser Safan
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A system oI linear eTuations (or a linear system) is a collection of one or more
linear equations involving the same variables—say, x1; : : : ; xn. An example is

2x1 " x2 C 1:5x3 D 8

x1 " 4x3 D "7
(2)

A solution of the system is a list .s1; s2; : : : ; sn/ of numbers that makes each equation a
true statement when the values s1; : : : ; sn are substituted for x1; : : : ; xn, respectively. For
instance, .5; 6:5; 3/ is a solution of system (2) because, when these values are substituted
in (2) for x1; x2; x3, respectively, the equations simplify to 8 D 8 and "7 D "7.

The set of all possible solutions is called the solution set of the linear system. Two
linear systems are called eTuivalent if they have the same solution set. That is, each
solution of the first system is a solution of the second system, and each solution of the
second system is a solution of the first.

Finding the solution set of a system of two linear equations in two variables is easy
because it amounts to finding the intersection of two lines. A typical problem is

x1 " 2x2 D "1

"x1 C 3x2 D 3

The graphs of these equations are lines, which we denote by `1 and `2. A pair of numbers
.x1; x2/ satisfies both equations in the system if and only if the point .x1; x2/ lies on both
`1 and `2. In the system above, the solution is the single point .3; 2/, as you can easily
verify. See Figure 1.

2

3
/

/

x2

x1

1

2

'*(63& 1 Exactly one solution.

Of course, two lines need not intersect in a single point—they could be parallel, or
they could coincide and hence “intersect” at every point on the line. Figure 2 shows the
graphs that correspond to the following systems:

(a) x1 " 2x2 D "1

"x1 C 2x2 D 3

(b) x1 " 2x2 D "1

"x1 C 2x2 D 1

Figures 1 and 2 illustrate the following general fact about linear systems, to be
verified in Section 1.2.

1
2

2

3

x2

x1

(a)

/
/ 1

2

3

x2

x1

(b)

/

'*(63& 2 (a) No solution. (b) Infinitely many solutions.
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A system of linear equations has

1� no solution, or

2� exactly one solution, or

3� infinitely many solutions.

A system of linear equations is said to be consistent if it has either one solution or
infinitely many solutions; a system is inconsistent if it has no solution.

0atri[ Notation
The essential information of a linear system can be recorded compactly in a rectangular
array called a matrix. Given the system

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

5x1 " 5x3 D 10

(3)

with the coefficients of each variable aligned in columns, the matrix
2
4

1 "2 1
0 2 "8
5 0 "5

3
5

is called the coeĴcient matrix (or matrix oI coeĴcients) of the system (3), and the
matrix 2

4
1 "2 1 0
0 2 "8 8
5 0 "5 10

3
5 (4)

is called the augmented matrix of the system. (The second row here contains a zero
because the second equation could be written as 0 ! x1 C 2x2 " 8x3 D 8.) An augmented
matrix of a system consists of the coefficient matrix with an added column containing
the constants from the respective right sides of the equations.

The si]e of a matrix tells howmany rows and columns it has. The augmented matrix
(4) above has 3 rows and 4 columns and is called a 3 # 4 (read “3 by 4”) matrix. Ifm and
n are positive integers, an m ! n matrix is a rectangular array of numbers with m rows
and n columns. (The number of rows always comes first.) Matrix notation will simplify
the calculations in the examples that follow.

6olving a /inear 6\stem
This section and the next describe an algorithm, or a systematic procedure, for solving
linear systems. The basic strategy is to replace one system with an equivalent system
�that is one with the same solution set� that is easier to solve.

Roughly speaking, use the x1 term in the first equation of a system to eliminate the
x1 terms in the other equations. Then use the x2 term in the second equation to eliminate
the x2 terms in the other equations, and so on, until you finally obtain a very simple
equivalent system of equations.
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Three basic operations are used to simplify a linear system: Replace one equation
by the sum of itself and a multiple of another equation, interchange two equations, and
multiply all the terms in an equation by a nonzero constant. After the first example, you
will see why these three operations do not change the solution set of the system.

(;A0P/( � Solve system (3).

62/8T,2N The elimination procedure is shown here with and without matrix nota-
tion, and the results are placed side by side for comparison:

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

5x1 " 5x3 D 10

2
4

1 "2 1 0
0 2 "8 8
5 0 "5 10

3
5

Keep x1 in the ırst equation and eliminate it from the other equations. To do so, add "5
times equation 1 to equation 3. After some practice, this type of calculation is usually
performed mentally:

"5 ! Œequation 1!

C Œequation 3!

Œnew equation 3!

"5x1 C 10x2 " 5x3 D 0

5x1 " 5x3 D 10

10x2 " 10x3 D 10

The result of this calculation is written in place of the original third equation:

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

10x2 " 10x3 D 10

2
4

1 "2 1 0
0 2 "8 8
0 10 "10 10

3
5

Now, multiply equation 2 by 1
2
in order to obtain 1 as the coefficient for x2. (This

calculation will simplify the arithmetic in the next step.)

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

10x2 " 10x3 D 10

2
4

1 "2 1 0
0 1 "4 4
0 10 "10 10

3
5

Use the x2 in equation 2 to eliminate the 10x2 in equation 3. The “mental’’ computation
is

"10 ! Œequation 2!

C Œequation 3!

Œnew equation 3!

"10x2 C 40x3 D "40

10x2 " 10x3 D 10

30x3 D "30

The result of this calculation is written in place of the previous third equation (row):

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

30x3 D "30

2
4

1 "2 1 0
0 1 "4 4
0 0 30 "30

3
5

Now, multiply equation 3 by 1
30

in order to obtain 1 as the coefficient for x3. (This
calculation will simplify the arithmetic in the next step.)

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D "1

2
4

1 "2 1 0
0 1 "4 4
0 0 1 "1

3
5
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The new system has a triangular form (the intuitive term triangular will be replaced by
a precise term in the next section):

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D "1

2
4

1 "2 1 0
0 1 "4 4
0 0 1 "1

3
5

Eventually, you want to eliminate the "2x2 term from equation 1, but it is more efficient
to use the x3 in equation 3 first, to eliminate the "4x3 and Cx3 terms in equations 2
and 1. The two “mental” calculations are

4 ! Œequation 3!

C Œequation 2!

Œnew equation 2!

4x3 D "4

x2 " 4x3 D 4

x2 D 0

"1 ! Œequation 3!

C Œequation 1!

Œnew equation 1!

" x3 D 1

x1 " 2x2 C x3 D 0

x1 " 2x2 D 1

It is convenient to combine the results of these two operations:

x1 " 2x2 D 1

x2 D 0

x3 D "1

2
4

1 "2 0 1
0 1 0 0
0 0 1 "1

3
5

Now, having cleaned out the column above the x3 in equation 3, move back to the x2 in
equation 2 and use it to eliminate the "2x2 above it. Because of the previous work with
x3, there is now no arithmetic involving x3 terms. Add 2 times equation 2 to equation 1
and obtain the system:

x1 D 1

x2 D 0

x3 D "1

2
4

1 0 0 1
0 1 0 0
0 0 1 "1

3
5

The work is essentially done. It shows that the only solution of the original system is

x2

x3

(1, 0, 21)

x1

Each of the original equations
determines a plane in
three-dimensional space. The point
.1; 0;"1/ lies in all three planes.

.1; 0;"1/. However, since there are so many calculations involved, it is a good practice
to check the work. To verify that .1; 0;"1/ is a solution, substitute these values into the
left side of the original system, and compute:

1.1/ " 2.0/ C 1."1/ D 1 " 0 " 1 D 0

2.0/ " 8."1/ D 0 C 8 D 8

5.1/ " 5."1/ D 5 C 5 D 10

The results agree with the right side of the original system, so .1; 0;"1/ is a solution of
the system.

Example 1 illustrates how operations on equations in a linear system correspond to
operations on the appropriate rows of the augmented matrix. The three basic operations
listed earlier correspond to the following operations on the augmented matrix.

ELEMENTARY ROW OPERATIONS
1� (Replacement) Replace one row by the sum of itself and a multiple of another

row.1

2� (Interchange) Interchange two rows.

3� (Scaling) Multiply all entries in a row by a nonzero constant.

1A common paraphrase of row replacement is “Add to one row a multiple of another row.”
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Row operations can be applied to any matrix, not merely to one that arises as the
augmented matrix of a linear system. Two matrices are called roZ eTuivalent if there is
a sequence of elementary row operations that transforms one matrix into the other.

It is important to note that row operations are reversible. If two rows are inter-
changed, they can be returned to their original positions by another interchange. If a
row is scaled by a nonzero constant c, then multiplying the new row by 1=c produces
the original row. Finally, consider a replacement operation involving two rows—say,
rows 1 and 2—and suppose that c times row 1 is added to row 2 to produce a new row 2.
To “reverse” this operation, add "c times row 1 to (new) row 2 and obtain the original
row 2. See Exercises 39–42 at the end of this section.

At the moment, we are interested in row operations on the augmented matrix of a
system of linear equations. Suppose a system is changed to a new one via row operations.
By considering each type of row operation, you can see that any solution of the original
system remains a solution of the new system. Conversely, since the original system can
be produced via row operations on the new system, each solution of the new system is
also a solution of the original system. This discussion justifies the following statement.

If the augmented matrices of two linear systems are row equivalent, then the two
systems have the same solution set.

Though Example 1 is lengthy, you will find that after some practice, the calculations
go quickly. Row operations in the text and exercises will usually be extremely easy
to perform, allowing you to focus on the underlying concepts. Still, you must learn to
perform row operations accurately because they will be used throughout the text.

The rest of this section shows how to use row operations to determine the size of a
solution set, without completely solving the linear system.

E[istence and 8niTueness 4uestions
Section 1.2 will show why a solution set for a linear system contains either no solutions,
one solution, or infinitely many solutions. Answers to the following two questions will
determine the nature of the solution set for a linear system.

To determine which possibility is true for a particular system, we ask two questions.

TWO FUNDAMENTAL QUESTIONS ABOUT A LINEAR SYSTEM
1� Is the system consistent; that is, does at least one solution exist"

2� If a solution exists, is it the only one; that is, is the solution unique"

These two questions will appear throughout the text, in many different guises. This
section and the next will show how to answer these questions via row operations on
the augmented matrix.

(;A0P/( � Determine if the following system is consistent:

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

5x1 " 5x3 D 10
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62/8T,2N This is the system from Example 1. Suppose that we have performed the
row operations necessary to obtain the triangular form

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D "1

2
4

1 "2 1 0
0 1 "4 4
0 0 1 "1

3
5

At this point, we know x3. Were we to substitute the value of x3 into equation 2, we
could compute x2 and hence could determine x1 from equation 1. So a solution exists;
the system is consistent. (In fact, x2 is uniquely determined by equation 2 since x3 has
only one possible value, and x1 is therefore uniquely determined by equation 1. So the
solution is unique.)

(;A0P/( � Determine if the following system is consistent:

x2 " 4x3 D 8

2x1 " 3x2 C 2x3 D 1

4x1 " 8x2 C 12x3 D 1

(5)

62/8T,2N The augmented matrix is2
4

0 1 "4 8
2 "3 2 1
4 "8 12 1

3
5

To obtain an x1 in the first equation, interchange rows 1 and 2:2
4

2 "3 2 1
0 1 "4 8
4 "8 12 1

3
5

To eliminate the 4x1 term in the third equation, add "2 times row 1 to row 3:2
4

2 "3 2 1
0 1 "4 8
0 "2 8 "1

3
5 (6)

Next, use the x2 term in the second equation to eliminate the "2x2 term from the third
equation. Add 2 times row 2 to row 3:2

4
2 "3 2 1
0 1 "4 8
0 0 0 15

3
5 (7)

The augmented matrix is now in triangular form. To interpret it correctly, go back to
equation notation:

2x1 " 3x2 C 2x3 D 1

x2 " 4x3 D 8

0 D 15

(8)

The equation 0 D 15 is a short form of 0x1 C 0x2 C 0x3 D 15. This system in trian-
gular form obviously has a built-in contradiction. There are no values of x1; x2; x3 that
satisfy (8) because the equation 0 D 15 is never true. Since (8) and (5) have the same
solution set, the original system is inconsistent (it has no solution).

x2
x1

x3

The system is inconsistent because
there is no point that lies on all
three planes.

Pay close attention to the augmented matrix in (7). Its last row is typical of an
inconsistent system in triangular form.
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5easonable Answers

Once you have one or more solutions to a system of equations, remember to check
your answer by substituting the solution you found back into the original equation.
For example, if you found .2; 1;"1/ was a solution to the system of equations

x1 " 2x2 C x3 D 2
x1 " 2x3 D "2

x2 C x3 D 3

you could substitute your solution into the original equations to get

2 " 2.1/ C ."1/ D "1 ¤ 2
2 " 2."1/ D 4 ¤ "2

1 C ."1/ D 0 ¤ 3

It is now clear that there must have been an error in your original calculations. If
upon rechecking your arithmetic, you find the answer .2; 1; 2/, you can see that

2 " 2.1/ C .2/ D 2 D 2
2 " 2.2/ D "2 D "2

1 C 2 D 3 D 3

and you can now be confident you have a correct solution to the given system of
equations.

Numerical Note

In real-world problems, systems of linear equations are solved by a computer.
For a square coefficient matrix, computer programs nearly always use the elim-
ination algorithm given here and in Section 1.2, modified slightly for improved
accuracy.

The vast majority of linear algebra problems in business and industry are
solved with programs that use Ĳoating point arithmetic. Numbers are represented
as decimals˙:d1 ! ! ! dp # 10r , where r is an integer and the number p of digits to
the right of the decimal point is usually between 8 and 16. Arithmetic with such
numbers typically is inexact, because the result must be rounded (or truncated) to
the number of digits stored. “Roundoff error” is also introduced when a number
such as 1=3 is entered into the computer, since its decimal representation must
be approximated by a finite number of digits. Fortunately, inaccuracies in floating
point arithmetic seldom cause problems. The numerical notes in this book will
occasionally warn of issues that you may need to consider later in your career.

Practice Problems

Throughout the text, practice problems should be attempted before working the exer-
cises. Solutions appear after each exercise set.

1� State in words the next elementary row operation that should be performed on the
system in order to solve it. >More than one answer is possible in (a).@
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Practice Problems (Continued)

a. x1 C 4x2 " 2x3 C 8x4 D 12

x2 " 7x3 C 2x4 D "4

5x3 " x4 D 7

x3 C 3x4 D "5

b. x1 " 3x2 C 5x3 " 2x4 D 0

x2 C 8x3 D "4

2x3 D 3

x4 D 1

2� The augmented matrix of a linear system has been transformed by row operations
into the form below. Determine if the system is consistent.

2
4

1 5 2 "6
0 4 "7 2
0 0 5 0

3
5

3� Is .3; 4;"2/ a solution of the following system"

5x1 " x2 C 2x3 D 7

"2x1 C 6x2 C 9x3 D 0

"7x1 C 5x2 " 3x3 D "7

4� For what values of h and k is the following system consistent"

2x1 " x2 D h

"6x1 C 3x2 D k

��� (xercises
Solve each system in Exercises 1–4 by using elementary row
operations on the equations or on the augmented matrix. Follow
the systematic elimination procedure described in this section.

1� x1 C 5x2 D 7

"2x1 " 7x2 D "5

2� 2x1 C 4x2 D "4

5x1 C 7x2 D 11

3� Find the point .x1; x2/ that lies on the line x1 C 5x2 D 7 and
on the line x1 " 2x2 D "2. See the figure.

x2

x1

x1 1 5x2 5 7
x1 2 2x2 5 22

4� Find the point of intersection of the lines x1 " 5x2 D 1 and
3x1 " 7x2 D 5.

Consider eachmatrix in Exercises 5 and 6 as the augmentedmatrix
of a linear system. State in words the next two elementary row
operations that should be performed in the process of solving the
system.

5�

2
664

1 3 "4 0 9
1 1 5 0 "8
0 0 1 0 7
0 0 0 1 "6

3
775

6�

2
664

1 "6 4 0 "1
0 2 "7 0 4
0 0 1 2 "3
0 0 3 1 6

3
775

In Exercises 7–10, the augmented matrix of a linear system has
been reduced by row operations to the form shown. In each case,
continue the appropriate row operations and describe the solution
set of the original system.

7�

2
664

1 7 3 "4
0 1 "1 3
0 0 0 1
0 0 1 "2

3
775 8�

2
4

1 1 5 0
0 1 9 0
0 0 7 "7

3
5

9�

2
664

1 "1 0 0 "4
0 1 "3 0 "7
0 0 1 "3 "1
0 0 0 0 4

3
775
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10�

2
664

1 "2 0 3 0
0 1 0 "4 0
0 0 1 0 0
0 0 0 1 0

3
775

Solve the systems in Exercises 11–14.

11� x2 C 4x3 D "4

x1 C 3x2 C 3x3 D "2

3x1 C 7x2 C 5x3 D 6

12� x1 " 3x2 C 4x3 D "4

3x1 " 7x2 C 7x3 D "8

"4x1 C 6x2 C 2x3 D 4

13� x1 " 3x3 D 8

2x1 C 2x2 C 9x3 D 7

x2 C 5x3 D "2

14� x1 " 3x2 D 5

"x1 C x2 C 5x3 D 2

x2 C x3 D 0

15� Verify that the solution you found to Exercise 11 is correct
by substituting the values you obtained back into the original
equations.

16� Verify that the solution you found to Exercise 12 is correct
by substituting the values you obtained back into the original
equations.

17� Verify that the solution you found to Exercise 13 is correct
by substituting the values you obtained back into the original
equations.

18� Verify that the solution you found to Exercise 14 is correct
by substituting the values you obtained back into the original
equations.

Determine if the systems in Exercises 19 and 20 are consistent. Do
not completely solve the systems.

19� x1 C 3x3 D 2

x2 " 3x4 D 3

" 2x2 C 3x3 C 2x4 D 1

3x1 C 7x4 D "5

20� x1 " 2x4 D "3

2x2 C 2x3 D 0

x3 C 3x4 D 1

"2x1 C 3x2 C 2x3 C x4 D 5

21� Do the three lines x1 " 4x2 D 1, 2x1 " x2 D "3, and
"x1 " 3x2 D 4 have a common point of intersection"
Explain.

22� Do the three planes x1 C 2x2 C x3 D 4, x2 " x3 D 1, and
x1 C 3x2 D 0 have at least one common point of intersec-
tion" Explain.

In Exercises 23–26, determine the value(s) of h such that the
matrix is the augmented matrix of a consistent linear system.

23�
#

1 h 4
3 6 8

$
24�

#
1 h "3
"2 4 6

$

25�
#

1 3 "2
"4 h 8

$
26�

#
3 "4 h
"6 8 9

$

In Exercises 27–34, key statements from this section are either
quoted directly, restated slightly (but still true), or altered in some
way that makes them false in some cases. Mark each statement
True or False, and Mustify your answer. (If true, give the approx-
imate location where a similar statement appears, or refer to a
definition or theorem. If false, give the location of a statement that
has been quoted or used incorrectly, or cite an example that shows
the statement is not true in all cases.) Similar true/false questions
will appear in many sections of the text and will be flagged with a
�T�)� at the beginning of the question.

27� �T�)� Every elementary row operation is reversible.

28� �T�)� Elementary row operations on an augmented matrix
never change the solution set of the associated linear system.

29� �T�)� A 5 # 6 matrix has six rows.

30� �T�)� Two matrices are row equivalent if they have the same
number of rows.

31� �T�)� The solution set of a linear system involving variables
x1; : : : ; xn is a list of numbers .s1; : : : ; sn/ that makes each
equation in the system a true statement when the values
s1; : : : ; sn are substituted for x1; : : : ; xn, respectively.

32� �T�)� An inconsistent system has more than one solution.

33� �T�)� Two fundamental questions about a linear system in-
volve existence and uniqueness.

34� �T�)� Two linear systems are equivalent if they have the same
solution set.

35� Find an equation involving g, h, and k that makes this aug-
mented matrix correspond to a consistent system:2
4

1 "3 5 g
0 2 "3 h
"3 5 "9 k

3
5

36� Construct three different augmented matrices for linear sys-
tems whose solution set is x1 D "2, x2 D 1, x3 D 0.

37� Suppose the system below is consistent for all possible values
of f and g. What can you say about the coefficients c and d"
Justify your answer.

x1 C 5x2 D f

cx1 C dx2 D g
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38� Suppose a, b, c, and d are constants such that a is not zero
and the system below is consistent for all possible values of
f and g. What can you say about the numbers a, b, c, and d"
Justify your answer.

ax1 C bx2 D f

cx1 C dx2 D g

In Exercises 39–42, find the elementary row operation that trans-
forms the first matrix into the second, and then find the reverse
row operation that transforms the second matrix into the first.

39�

2
4

0 "2 5
1 4 "7
3 "1 6

3
5 ;

2
4

1 4 "7
0 "2 5
3 "1 6

3
5

40�

2
4

1 3 "4
0 "2 6
0 "5 9

3
5 ;

2
4

1 3 "4
0 1 "3
0 "5 9

3
5

41�

2
4

1 "3 2 0
0 4 "5 6
5 "7 8 "9

3
5 ;

2
4

1 "3 2 0
0 4 "5 6
0 8 "2 "9

3
5

42�

2
4

1 2 "5 0
0 1 "3 "2
0 "3 9 5

3
5 ;

2
4

1 2 "5 0
0 1 "3 "2
0 0 0 "1

3
5

An important concern in the study of heat transfer is to determine
the steady-state temperature distribution of a thin plate when the

temperature around the boundary is known. Assume the plate
shown in the figure represents a cross section of ametal beam, with
negligible heat flow in the direction perpendicular to the plate. Let
T1; : : : ; T4 denote the temperatures at the four interior nodes of
the mesh in the figure. The temperature at a node is approximately
equal to the average of the four nearest nodes—to the left, above,
to the right, and below.2 For instance,

T1 D .10C 20C T2 C T4/=4; or 4T1 " T2 " T4 D 30

108

108

408

408

208 208

308 308

1 2

4 3

43� Write a system of four equations whose solution gives esti-
mates for the temperatures T1; : : : ; T4.

44� Solve the system of equations from Exercise 43. >Hint: To
speed up the calculations, interchange rows 1 and 4 before
starting “replace” operations.@

2 See Frank M. White, Heat and Mass Transfer (Reading, MA:
Addison-Wesley Publishing, 1991), pp. 145–149.

Solutions to Practice Problems

1� a. For “hand computation,” the best choice is to interchange equations 3 and 4.
Another possibility is to multiply equation 3 by 1=5. Or, replace equation 4 by
its sum with "1=5 times row 3. (In any case, do not use the x2 in equation 2 to
eliminate the 4x2 in equation 1. Wait until a triangular form has been reached
and the x3 terms and x4 terms have been eliminated from the first two equations.)

b. The system is in triangular form. Further simplification begins with the x4 in the
fourth equation. Use the x4 to eliminate all x4 terms above it. The appropriate
step now is to add 2 times equation 4 to equation 1. (After that, move to equation
3, multiply it by 1=2, and then use the equation to eliminate the x3 terms
above it.)

2� The system corresponding to the augmented matrix is

x1 C 5x2 C 2x3 D "6

4x2 " 7x3 D 2

5x3 D 0

The third equation makes x3 D 0, which is certainly an allowable value for x3. After
eliminating the x3 terms in equations 1 and 2, you could go on to solve for unique
values for x2 and x1. Hence a solution exists, and it is unique. Contrast this situation
with that in Example 3.
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3� It is easy to check if a specific list of numbers is a solution. Set x1 D 3, x2 D 4, and
x3 D "2, and find that

5.3/ " .4/ C 2."2/ D 15 " 4 " 4 D 7

"2.3/ C 6.4/ C 9."2/ D "6 C 24 " 18 D 0

"7.3/ C 5.4/ " 3."2/ D "21 C 20 C 6 D 5

Although the first two equations are satisfied, the third is not, so .3; 4;"2/ is not a
solution of the system. Notice the use of parentheses whenmaking the substitutions.
They are strongly recommended as a guard against arithmetic errors.

x3

x2

x1

(3, 4, 22)

Since .3; 4;"2/ satisfies the first
two equations, it is on the line of
the intersection of the first two
planes. Since .3; 4;"2/ does not
satisfy all three equations, it does
not lie on all three planes.

4� When the second equation is replaced by its sum with 3 times the first equation, the
system becomes

2x1 " x2 D h

0 D k C 3h

If k C 3h is nonzero, the system has no solution. The system is consistent for any
values of h and k that make k C 3h D 0.

��� 5ow 5eduction and Echelon Forms
This section refines the method of Section 1.1 into a row reduction algorithm that will
enable us to analyze any system of linear equations.1 By using only the first part of the
algorithm, wewill be able to answer the fundamental existence and uniqueness questions
posed in Section 1.1.

The algorithm applies to any matrix, whether or not the matrix is viewed as an aug-
mented matrix for a linear system. So the first part of this section concerns an arbitrary
rectangular matrix and begins by introducing two important classes of matrices that
include the “triangular” matrices of Section 1.1. In the definitions that follow, a nonzero
row or column in a matrix means a row or column that contains at least one nonzero
entry; a leading entry of a row refers to the leftmost nonzero entry (in a nonzero row).

DEFINITION A rectangular matrix is in echelon Iorm (or roZ echelon Iorm) if it has the
following three properties:

1� All nonzero rows are above any rows of all zeros.

2� Each leading entry of a row is in a column to the right of the leading entry of
the row above it.

3� All entries in a column below a leading entry are zeros.

If a matrix in echelon form satisfies the following additional conditions, then it is
in reduced echelon Iorm (or reduced roZ echelon Iorm):

4� The leading entry in each nonzero row is 1.

5� Each leading 1 is the only nonzero entry in its column.

1 The algorithm here is a variant of what is commonly called Gaussian elimination. A similar elimination
method for linear systems was used by Chinese mathematicians in about 250 B.C. The process was unknown
in Western culture until the nineteenth century, when a famous German mathematician, Carl Friedrich Gauss,
discovered it. A German engineer, Wilhelm Jordan, popularized the algorithm in an 1888 text on geodesy.
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An echelonmatrix (respectively, reduced echelonmatrix) is one that is in echelon
form (respectively, reduced echelon form). Property 2 says that the leading entries form
an echelon (“steplike”) pattern that moves down and to the right through the matrix.
Property 3 is a simple consequence of property 2, but we include it for emphasis.

The “triangular” matrices of Section 1.1, such as
2
4

2 "3 2 1
0 1 "4 8
0 0 0 5=2

3
5 and

2
4

1 0 0 29
0 1 0 16
0 0 1 3

3
5

are in echelon form. In fact, the second matrix is in reduced echelon form. Here are
additional examples.

(;A0P/( � The following matrices are in echelon form. The leading entries ( )
may have any nonzero value; the starred entries ($) may have any value (including zero).

2
664

$ $ $
0 $ $
0 0 0 0
0 0 0 0

3
775;

2
66664

0 $ $ $ $ $ $ $ $
0 0 0 $ $ $ $ $ $
0 0 0 0 $ $ $ $ $
0 0 0 0 0 $ $ $ $
0 0 0 0 0 0 0 0 $

3
77775

The following matrices are in reduced echelon form because the leading entries are 1’s,
and there are 0’s below and above each leading 1.

2
664

1 0 $ $
0 1 $ $
0 0 0 0
0 0 0 0

3
775;

2
66664

0 1 $ 0 0 0 $ $ 0 $
0 0 0 1 0 0 $ $ 0 $
0 0 0 0 1 0 $ $ 0 $
0 0 0 0 0 1 $ $ 0 $
0 0 0 0 0 0 0 0 1 $

3
77775

Any nonzero matrix may be roZ reduced (that is, transformed by elementary row
operations) into more than one matrix in echelon form, using different sequences of row
operations. However, the reduced echelon form one obtains from a matrix is unique. The
following theorem is proved in Appendix A at the end of the text.

THEOREM 1 Uniqueness of the Reduced Echelon Form
Each matrix is row equivalent to one and only one reduced echelon matrix.

If a matrix A is row equivalent to an echelon matrix U , we call U an echelon Iorm
(or row echelon form) oI A; if U is in reduced echelon form, we call U the reduced
echelon Iorm oI A. >Most matrix programs and calculators with matrix capabilities use
the abbreviation RREF for reduced (row) echelon form. Some use REF for (row) echelon
form.@

Pivot Positions
When row operations on a matrix produce an echelon form, further row operations to
obtain the reduced echelon form do not change the positions of the leading entries. Since
the reduced echelon form is unique, the leading entries are always in the same positions
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in any echelon form obtained from a given matrix. These leading entries correspond to
leading 1’s in the reduced echelon form.

DEFINITION A pivot position in a matrix A is a location in A that corresponds to a leading 1 in
the reduced echelon form of A. A pivot column is a column of A that contains a
pivot position.

In Example 1, the squares ( ) identify the pivot positions. Many fundamental con-
cepts in the first four chapters will be connected in one way or another with pivot posi-
tions in a matrix.

(;A0P/( � Row reduce the matrix A below to echelon form, and locate the pivot
columns of A.

A D

2
664

0 "3 "6 4 9
"1 "2 "1 3 1
"2 "3 0 3 "1

1 4 5 "9 "7

3
775

62/8T,2N Use the same basic strategy as in Section 1.1. The top of the leftmost
nonzero column is the first pivot position. A nonzero entry, or pivot, must be placed in this
position. A good choice is to interchange rows 1 and 4 (because the mental computations
in the next step will not involve fractions).

2
664

1 ✛
Pivot

4 5 "9 "7
"1 "2 "1 3 1
"2 "3 0 3 "1

0

✻ Pivot column

"3 "6 4 9

3
775

Create zeros below the pivot, 1, by adding multiples of the first row to the rows below,
and obtain matrix (1) below. The pivot position in the second row must be as far left as
possible—namely in the second column. Choose the 2 in this position as the next pivot.

2
664

1 4 5 "9 "7
0 2 ✛

Pivot

4 "6 "6
0 5 10 "15 "15
0 "3

✻ Next pivot column

"6 4 9

3
775 (1)

Add "5=2 times row 2 to row 3, and add 3=2 times row 2 to row 4.
2
664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 0 0
0 0 0 "5 0

3
775 (2)

The matrix in (2) is different from any encountered in Section 1.1. There is no way to
create a leading entry in column 3! (We can’t use row 1 or 2 because doing so would
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destroy the echelon arrangement of the leading entries already produced.) However, if
we interchange rows 3 and 4, we can produce a leading entry in column 4.

2
664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 "5✛

Pivot

0
0

✻ ✻ ✻ Pivot columns

0 0 0 0

3
775 General form:

2
664

$ $ $ $
0 $ $ $
0 0 0 $
0 0 0 0 0

3
775

The matrix is in echelon form and thus reveals that columns 1, 2, and 4 of A are pivot
columns.

A D

2
664

0✛
✛

✛

Pivot positions
"3 "6 4 9

"1 "2 "1 3 1
"2 "3 0 3 "1

1

✻ ✻ ✻ Pivot columns

4 5 "9 "7

3
775 (3)

A pivot, as illustrated in Example 2, is a nonzero number in a pivot position that is
used as needed to create zeros via row operations. The pivots in Example 2 were 1, 2,
and "5. Notice that these numbers are not the same as the actual elements of A in the
highlighted pivot positions shown in (3).

With Example 2 as a guide, we are ready to describe an efficient procedure for
transforming a matrix into an echelon or reduced echelon matrix. Careful study and
mastery of this procedure now will pay rich dividends later in the course.

The 5ow 5eduction Algorithm
The algorithm that follows consists of four steps, and it produces a matrix in echelon
form. A fifth step produces a matrix in reduced echelon form.We illustrate the algorithm
by an example.

(;A0P/( � Apply elementary row operations to transform the following matrix
first into echelon form and then into reduced echelon form:

2
4

0 3 "6 6 4 "5
3 "7 8 "5 8 9
3 "9 12 "9 6 15

3
5

62/8T,2N

Step 1
Begin with the leftmost nonzero column. This is a pivot column. The pivot
position is at the top.

2
4

0 3 "6 6 4 "5
3 "7 8 "5 8 9
3

✻ Pivot column

"9 12 "9 6 15

3
5
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Step 2
Select a nonzero entry in the pivot column as a pivot. If necessary, interchange
rows to move this entry into the pivot position.

Interchange rows 1 and 3. (We could have interchanged rows 1 and 2 instead.)

2
4

3✛
Pivot

"9 12 "9 6 15
3 "7 8 "5 8 9
0 3 "6 6 4 "5

3
5

Step 3
Use row replacement operations to create zeros in all positions below the pivot.

As a preliminary step, we could divide the top row by the pivot, 3. But with two 3’s in
column 1, it is just as easy to add "1 times row 1 to row 2.

2
4

3✛
Pivot

"9 12 "9 6 15
0 2 "4 4 2 "6
0 3 "6 6 4 "5

3
5

Step 4
Cover (or ignore) the row containing the pivot position and cover all rows, if any,
above it. Apply steps 1–3 to the submatrix that remains. Repeat the process until
there are no more nonzero rows to modify.

With row 1 covered, step 1 shows that column 2 is the next pivot column; for step 2,
select as a pivot the “top” entry in that column.

2
4

3 "9 12 "9 6 15
0 2 ✛

Pivot

"4 4 2 "6
0 3

✻ New pivot column

"6 6 4 "5

3
5

For step 3, we could insert an optional step of dividing the “top” row of the submatrix by
the pivot, 2. Instead, we add "3=2 times the “top” row to the row below. This produces

2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3
5
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When we cover the row containing the second pivot position for step 4, we are left with
a new submatrix having only one row:

2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 ✛

Pivot

4

3
5

Steps 1–3 require no work for this submatrix, and we have reached an echelon form of
the full matrix. If we want the reduced echelon form, we perform one more step.

Step 5
Beginning with the rightmost pivot and working upward and to the left, create
zeros above each pivot. If a pivot is not 1, make it 1 by a scaling operation.

The rightmost pivot is in row 3. Create zeros above it, adding suitable multiples of row
3 to rows 2 and 1.

2
4

3 "9 12 "9 0 "9
0 2 "4 4 0 "14
0 0 0 0 1 4

3
5

✛ Row 1C ."6/ ! row 3
✛ Row 2C ."2/ ! row 3

The next pivot is in row 2. Scale this row, dividing by the pivot.

2
4

3 "9 12 "9 0 "9
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5 ✛ Row scaled by 1

2

Create a zero in column 2 by adding 9 times row 2 to row 1.

2
4

3 0 "6 9 0 "72
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5

✛ Row 1C .9/ ! row 2

Finally, scale row 1, dividing by the pivot, 3.

2
4

1 0 "2 3 0 "24
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5

✛ Row scaled by 1
3

This is the reduced echelon form of the original matrix.

The combination of steps 1–4 is called the IorZard phase of the row reduction algo-
rithm. Step 5, which produces the unique reduced echelon form, is called the bacNZard
phase.

Numerical Note

In step 2 on page 41, a computer program usually selects as a pivot the entry in a
column having the largest absolute value. This strategy, called partial pivoting,
is used because it reduces roundoff errors in the calculations.
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6olutions of /inear 6\stems
The row reduction algorithm leads directly to an explicit description of the solution set
of a linear system when the algorithm is applied to the augmented matrix of the system.

Suppose, for example, that the augmented matrix of a linear system has been
changed into the equivalent reduced echelon form

2
4

1 0 "5 1
0 1 1 4
0 0 0 0

3
5

There are three variables because the augmented matrix has four columns. The
associated system of equations is

x1 " 5x3 D 1

x2 C x3 D 4

0 D 0

(4)

The variables x1 and x2 corresponding to pivot columns in the matrix are called basic
variables.2 The other variable, x3, is called a Iree variable.

Whenever a system is consistent, as in (4), the solution set can be described
explicitly by solving the reduced system of equations for the basic variables in terms
of the free variables. This operation is possible because the reduced echelon form places
each basic variable in one and only one equation. In (4), solve the first equation for x1

and the second for x2. (Ignore the third equation; it offers no restriction on the variables.)8̂
<
:̂

x1 D 1C 5x3

x2 D 4 " x3

x3 is free

(5)

The statement “x3 is free” means that you are free to choose any value for x3. Once
that is done, the formulas in (5) determine the values for x1 and x2. For instance, when
x3 D 0, the solution is .1; 4; 0/; when x3 D 1, the solution is .6; 3; 1/. Each diĳerent
choice of x3 determines a �diĳerent� solution of the system, and every solution of the
system is determined by a choice of x3.

(;A0P/( � Find the general solution of the linear systemwhose augmentedmatrix
has been reduced to 2

4
1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3
5

62/8T,2N The matrix is in echelon form, but we want the reduced echelon form
before solving for the basic variables. The row reduction is completed next. The symbol
% before a matrix indicates that the matrix is row equivalent to the preceding matrix.

2
4

1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3
5 %

2
4

1 6 2 "5 0 10
0 0 2 "8 0 10
0 0 0 0 1 7

3
5

%

2
4

1 6 2 "5 0 10
0 0 1 "4 0 5
0 0 0 0 1 7

3
5 %

2
4

1 6 0 3 0 0
0 0 1 "4 0 5
0 0 0 0 1 7

3
5

2 Some texts use the term leading variables because they correspond to the columns containing leading
entries.
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There are five variables because the augmented matrix has six columns. The associated
system now is

x1 C 6x2 C 3x4 D 0

x3 " 4x4 D 5

x5 D 7

(6)

The pivot columns of the matrix are 1, 3, and 5, so the basic variables are x1, x3, and x5.
The remaining variables, x2 and x4, must be free. Solve for the basic variables to obtain
the general solution: 8̂

ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

x1 D "6x2 " 3x4

x2 is free

x3 D 5C 4x4

x4 is free

x5 D 7

(7)

Note that the value of x5 is already fixed by the third equation in system (6).

Parametric DescriStions of 6olution 6ets
The descriptions in (5) and (7) are parametric descriptions of solution sets in which
the free variables act as parameters. Solving a system amounts to finding a parametric
description of the solution set or determining that the solution set is empty.

Whenever a system is consistent and has free variables, the solution set has many
parametric descriptions. For instance, in system (4), we may add 5 times equation 2 to
equation 1 and obtain the equivalent system

x1 C 5x2 D 21

x2 C x3 D 4

We could treat x2 as a parameter and solve for x1 and x3 in terms of x2, and we would
have an accurate description of the solution set. However, to be consistent, we make the
(arbitrary) convention of always using the free variables as the parameters for describing
a solution set. (The answer section at the end of the text also reflects this convention.)

Whenever a system is inconsistent, the solution set is empty, even when the system
has free variables. In this case, the solution set has no parametric representation.

%ack�6ubstitution
Consider the following system, whose augmented matrix is in echelon form but is not
in reduced echelon form:

x1 " 7x2 C 2x3 " 5x4 C 8x5 D 10

x2 " 3x3 C 3x4 C x5 D "5

x4 " x5 D 4

A computer program would solve this system by back-substitution, rather than by com-
puting the reduced echelon form. That is, the program would solve equation 3 for x4 in
terms of x5 and substitute the expression for x4 into equation 2, solve equation 2 for x2,
and then substitute the expressions for x2 and x4 into equation 1 and solve for x1.

Our matrix format for the backward phase of row reduction, which produces the re-
duced echelon form, has the same number of arithmetic operations as back-substitution.
But the discipline of the matrix format substantially reduces the likelihood of errors
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during hand computations. The best strategy is to use only the reduced echelon form
to solve a system! The Study Guide that accompanies this text offers several helpful
suggestions for performing row operations accurately and rapidly.

Numerical Note

In general, the forward phase of row reduction takes much longer than the
backward phase. An algorithm for solving a system is usually measured in flops
(or floating point operations). A Ĳop is one arithmetic operation (C;";$; = )
on two real floating point numbers.3 For an n # .nC 1/ matrix, the reduction
to echelon form can take 2n3=3C n2=2 " 7n=6 flops (which is approximately
2n3=3 flops when n is moderately large—say, n & 30/. In contrast, further
reduction to reduced echelon form needs at most n2 flops.

E[istence and 8niTueness 4uestions
Although a nonreduced echelon form is a poor tool for solving a system, this form is
just the right device for answering two fundamental questions posed in Section 1.1.

(;A0P/( � Determine the existence and uniqueness of the solutions to the system

3x2 " 6x3 C 6x4 C 4x5 D "5

3x1 " 7x2 C 8x3 " 5x4 C 8x5 D 9

3x1 " 9x2 C 12x3 " 9x4 C 6x5 D 15

62/8T,2N The augmented matrix of this system was row reduced in Example 3 to
2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3
5 (8)

The basic variables are x1, x2, and x5; the free variables are x3 and x4. There is no
equation such as 0 D 1 that would indicate an inconsistent system, so we could use back-
substitution to find a solution. But the existence of a solution is already clear in (8). Also,
the solution is not unique because there are free variables. Each different choice of x3

and x4 determines a different solution. Thus the system has infinitely many solutions.

When a system is in echelon form and contains no equation of the form 0 D b, with
b nonzero, every nonzero equation contains a basic variable with a nonzero coefficient.
Either the basic variables are completely determined (with no free variables) or at least
one of the basic variables may be expressed in terms of one or more free variables. In
the former case, there is a unique solution; in the latter case, there are infinitely many
solutions (one for each choice of values for the free variables).

These remarks justify the following theorem.

3 Traditionally, a Ĳop was only a multiplication or division because addition and subtraction took much less
time and could be ignored. The definition of Ĳop given here is preferred now, as a result of advances in
computer architecture. See Golub and Van Loan, Matrix Computations, 2nd ed. (Baltimore: The Johns
Hopkins Press, 1989), pp. 19–20.
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THEOREM 2 Existence and Uniqueness Theorem
A linear system is consistent if and only if the rightmost column of the augmented
matrix is not a pivot column—that is, if and only if an echelon form of the
augmented matrix has no row of the form

Œ 0 ! ! ! 0 b ! with b nonzero

If a linear system is consistent, then the solution set contains either (i) a unique
solution, when there are no free variables, or (ii) infinitely many solutions, when
there is at least one free variable.

The following procedure outlines how to find and describe all solutions of a linear
system.

USING ROW REDUCTION TO SOLVE A LINEAR SYSTEM
1� Write the augmented matrix of the system.

2� Use the row reduction algorithm to obtain an equivalent augmented matrix in
echelon form. Decide whether the system is consistent. If there is no solution,
stop; otherwise, go to the next step.

3� Continue row reduction to obtain the reduced echelon form.

4� Write the system of equations corresponding to the matrix obtained in step 3.

5� Rewrite each nonzero equation from step 4 so that its one basic variable is
expressed in terms of any free variables appearing in the equation.

5easonable Answers

Remember that each augmented matrix corresponds to a system of equations. If

you row reduce the augmented matrix

2
4

1 "2 1 2
1 "1 2 5
0 1 1 3

3
5 to get the matrix

2
4

1 0 3 8
0 1 1 3
0 0 0 0

3
5, the solution set is

8̂
<
:̂

x1 D 8 " 3x3

x2 D 3 " x3

x3 is free

The system of equations corresponding to the original augmented matrix is

x1 " 2x2 C x3 D 2
x1 " x2 C 2x3 D 5

x2 C x3 D 3

You can now check whether your solution is correct by substituting it into the
original equations. Notice that you can just leave the free variables in the solution.
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.8 " 3x3/ " 2.3 " x3/ C .x3/ D 8 " 3x3 " 6C 2x3 C x3 D 2

.8 " 3x3/ " .3 " x3/ C 2.x3/ D 8 " 3x3 " 3C x3 C 2x3 D 5
.3 " x3/ C .x3/ D 3 " x3 C x3 D 3

You can now be confident you have a correct solution to the system of equations
represented by the augmented matrix.

Practice Problems

1� Find the general solution of the linear system whose augmented matrix is
#

1 "3 "5 0
0 1 "1 "1

$

2� Find the general solution of the system

x1 " 2x2 " x3 C 3x4 D 0

"2x1 C 4x2 C 5x3 " 5x4 D 3

3x1 " 6x2 " 6x3 C 8x4 D 2

3� Suppose a 4 # 7 coefficient matrix for a system of equations has 4 pivots. Is the
system consistent" If the system is consistent, how many solutions are there"

��� (xercises
In Exercises 1 and 2, determine which matrices are in reduced
echelon form and which others are only in echelon form.

1� a.

2
4

1 0 0 0
0 1 0 0
0 0 1 1

3
5 b.

2
4

1 0 1 0
0 0 1 0
0 0 0 1

3
5

c.

2
664

1 0 0 0
0 1 1 0
0 0 0 0
0 0 0 0

3
775 d.

2
664

1 1 0 1 1
0 2 0 2 2
0 0 0 3 3
0 0 0 0 4

3
775

2� a.

2
4

1 1 0 1
0 0 1 1
0 0 0 0

3
5 b.

2
4

1 0 0 0
0 1 0 0
0 0 1 1

3
5

c.

2
664

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 1

3
775 d.

2
664

0 1 1 1 1
0 0 2 2 2
0 0 0 0 3
0 0 0 0 0

3
775

Row reduce the matrices in Exercises 3 and 4 to reduced echelon
form. Circle the pivot positions in the final matrix and in the
original matrix, and list the pivot columns.

3�

2
4

1 2 3 4
4 5 6 7
6 7 8 9

3
5 4�

2
4

1 3 5 7
3 5 7 9
5 7 9 1

3
5

5� Describe the possible echelon forms of a nonzero 2 # 2
matrix. Use the symbols , $, and 0, as in the first part of
Example 1.

6� Repeat Exercise 5 for a nonzero 3 # 2 matrix.

Find the general solutions of the systems whose augmented ma-
trices are given in Exercises 7–14.

7�
#

1 2 3 4
4 8 9 4

$
8�

#
1 4 0 7
2 7 0 11

$

9�
#

0 1 "6 5
1 "2 7 "4

$
10�

#
1 "2 "1 3
3 "6 "2 2

$

11�

2
4

3 "4 2 0
"9 12 "6 0
"6 8 "4 0

3
5 12�

2
4

1 "7 0 6 5
0 0 1 "2 "3
"1 7 "4 2 7

3
5

13�

2
664

1 "3 0 "1 0 "2
0 1 0 0 "4 1
0 0 0 1 9 "4
0 0 0 0 0 0

3
775
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14�

2
664

1 2 "5 "4 0 "5
0 1 "6 "4 0 2
0 0 0 0 1 0
0 0 0 0 0 0

3
775

You may find it helpful to review the information in the Reason-
able Answers box from this section before answering Exercises
15–18.

15� Write down the equations corresponding to the augmented
matrix in Exercise 9 and verify your answer to Exercise 9 is
correct by substituting the solutions you obtained back into
the original equations.

16� Write down the equations corresponding to the augmented
matrix in Exercise 10 and verify your answer to Exercise 10
is correct by substituting the solutions you obtained back into
the original equations.

17� Write down the equations corresponding to the augmented
matrix in Exercise 11 and verify your answer to Exercise 11
is correct by substituting the solutions you obtained back into
the original equations.

18� Write down the equations corresponding to the augmented
matrix in Exercise 12 and verify your answer to Exercise 12
is correct by substituting the solutions you obtained back into
the original equations.

Exercises 19 and 20 use the notation of Example 1 for matrices
in echelon form. Suppose each matrix represents the augmented
matrix for a system of linear equations. In each case, determine if
the system is consistent. If the system is consistent, determine if
the solution is unique.

19� a.

2
4

$ $ $
0 $ $
0 0 0

3
5

b.

2
4

0 $ $ $
0 0 $ $
0 0 0 0

3
5

20� a.

2
4

$ $
0 $
0 0 0

3
5

b.

2
4

$ $ $ $
0 0 $ $
0 0 0 $

3
5

In Exercises 21 and 22, determine the value(s) of h such that the
matrix is the augmented matrix of a consistent linear system.

21�
#

2 3 h
4 6 7

$
22�

#
1 "4 "3
6 h "9

$

In Exercises 23 and 24, choose h and k such that the system has
(a) no solution, (b) a unique solution, and (c) many solutions. Give
separate answers for each part.

23� x1 C hx2 D 2

4x1 C 8x2 D k

24� x1 C 4x2 D 5

2x1 C hx2 D k

In Exercises 25–34, mark each statement True or False �T�)�.
Justify each answer.4

25� �T�)� In some cases, a matrix may be row reduced to more
than one matrix in reduced echelon form, using different
sequences of row operations.

26� �T�)� The echelon form of a matrix is unique.

27� �T�)�The row reduction algorithm applies only to augmented
matrices for a linear system.

28� �T�)� The pivot positions in a matrix depend on whether row
interchanges are used in the row reduction process.

29� �T�)� A basic variable in a linear system is a variable that
corresponds to a pivot column in the coefficient matrix.

30� �T�)�Reducing amatrix to echelon form is called the forward
phase of the row reduction process.

31� �T�)� Finding a parametric description of the solution set of
a linear system is the same as solving the system.

32� �T�)�Whenever a system has free variables, the solution set
contains a unique solution.

33� �T�)� If one row in an echelon form of an augmented matrix
is Œ0 0 0 0 5!, then the associated linear system is
inconsistent.

34� �T�)�A general solution of a system is an explicit description
of all solutions of the system.

35� Suppose a 3 # 5 coeĴcientmatrix for a system has three pivot
columns. Is the system consistent" Why or why not"

36� Suppose a system of linear equations has a 3 # 5 augmented
matrix whose fifth column is a pivot column. Is the system
consistent" Why (or why not)"

37� Suppose the coefficient matrix of a system of linear equations
has a pivot position in every row. Explain why the system is
consistent.

38� Suppose the coefficient matrix of a linear system of three
equations in three variables has a pivot in each column.
Explain why the system has a unique solution.

39� Restate the last sentence in Theorem 2 using the concept
of pivot columns: “If a linear system is consistent, then the
solution is unique if and only if .”

40� What would you have to know about the pivot columns in an
augmented matrix in order to know that the linear system is
consistent and has a unique solution"

41� A system of linear equations with fewer equations than un-
knowns is sometimes called an underdetermined system.

4 True/false questions of this type will appear in many sections. Methods
for justifying your answers were described before the True or False
exercises in Section 1.1.
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Suppose that such a system happens to be consistent. Explain
why there must be an infinite number of solutions.

42� Give an example of an inconsistent underdetermined system
of two equations in three unknowns.

43� A system of linear equations with more equations than un-
knowns is sometimes called an overdetermined system. Can
such a system be consistent" Illustrate your answer with a
specific system of three equations in two unknowns.

44� Suppose an n # .nC 1/ matrix is row reduced to reduced
echelon form. Approximately what fraction of the total num-
ber of operations (flops) is involved in the backward phase of
the reduction when n D 30" when n D 300"

Suppose experimental data are represented by a set of points
in the plane. An interpolating polynomial for the data is a
polynomial whose graph passes through every point. In scientific
work, such a polynomial can be used, for example, to estimate
values between the known data points. Another use is to create
curves for graphical images on a computer screen. One method for
finding an interpolating polynomial is to solve a system of linear
equations.

45� Find the interpolating polynomial p.t/ D a0 C a1t C a2t2

for the data .1; 11/, .2; 16/, .3; 19/. That is, find a0, a1, and
a2 such that

a0 C a1.1/ C a2.1/2 D 11

a0 C a1.2/ C a2.2/2 D 16

a0 C a1.3/ C a2.3/2 D 19

T 46� In a wind tunnel experiment, the force on a projectile due to
air resistance was measured at different velocities:
Velocity (100 ft/sec) 0 2 4 6 8 10
Force (100 lb) 0 2.90 14.8 39.6 74.3 119

Find an interpolating polynomial for these data and estimate
the force on the projectile when the projectile is travel-
ing at 750 ft/sec. Usep.t/ D a0 C a1t C a2t2 C a3t3 C a4t4

C a5t5.What happens if you try to use a polynomial of degree
less than 5" (Try a cubic polynomial, for instance.)5

5 Exercises marked with the symbol T are designed to be worked
with the aid of a “ Matrix program” (a computer program, such as
MATLAB, Maple, Mathematica, MathCad, Octave, or Derive, or a
programmable calculator with matrix capabilities, such as those
manufactured by Texas Instruments or Hewlett-Packard).

Solutions to Practice Problems

1� The reduced echelon form of the augmented matrix and the corresponding system
x3

x1
x2

The general solution of the system
of equations is the line of
intersection of the two planes.

are #
1 0 "8 "3
0 1 "1 "1

$
and

x1 " 8x3 D "3

x2 " x3 D "1

The basic variables are x1 and x2, and the general solution is
8̂
<
:̂

x1 D "3C 8x3

x2 D "1C x3

x3 is free

Note: It is essential that the general solution describe each variable, with any pa-
rameters clearly identified. The following statement does not describe the solution:

8̂
<
:̂

x1 D "3C 8x3

x2 D "1C x3

x3 D 1C x2 Incorrect solution

This description implies that x2 and x3 are both free, which certainly is not the case.

2� Row reduce the system’s augmented matrix:
2
4

1 "2 "1 3 0
"2 4 5 "5 3

3 "6 "6 8 2

3
5 %

2
4

1 "2 "1 3 0
0 0 3 1 3
0 0 "3 "1 2

3
5

%

2
4

1 "2 "1 3 0
0 0 3 1 3
0 0 0 0 5

3
5
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Solutions to Practice Problems (Continued)

This echelon matrix shows that the system is inconsistent, because its rightmost
column is a pivot column; the third row corresponds to the equation 0  5. There
is no need to perform any more row operations. Note that the presence of the free
variables in this problem is irrelevant because the system is inconsistent.

3� Since the coefficient matrix has four pivots, there is a pivot in every row of the
coefficient matrix. This means that when the coefficient matrix is row reduced, it
will not have a row of zeros, thus the corresponding row reduced augmented matrix
can never have a row of the form >0 0 ! ! ! 0 b@, where b is a nonzero number. By
Theorem 2, the system is consistent. Moreover, since there are seven columns in
the coefficient matrix and only four pivot columns, there will be three free variables
resulting in infinitely many solutions.

��� 9ector ETuations
Important properties of linear systems can be described with the concept and notation
of vectors. This section connects equations involving vectors to ordinary systems of
equations. The term vector appears in a variety of mathematical and physical contexts,
which we will discuss in Chapter 4, “Vector Spaces.” Until then, vector will mean an
ordered list of numbers. This simple idea enables us to get to interesting and important
applications as quickly as possible.

9ectors in R2

Amatrix with only one column is called a column vector or simply a vector. Examples
of vectors with two entries are

u D
#

3
"1

$
; v D

#
:2
:3

$
; Z D

#
w1

w2

$

where w1 and w2 are any real numbers. The set of all vectors with two entries is denoted
by R2 (read “r-two”). The R stands for the real numbers that appear as entries in the
vectors, and the exponent 2 indicates that each vector contains two entries.1

Two vectors inR2 are eTual if and only if their corresponding entries are equal. Thus#
4
7

$
and

#
7
4

$
are not equal, because vectors in R2 are ordered pairs of real numbers.

Given two vectors u and v in R2, their sum is the vector uC v obtained by adding
corresponding entries of u and v. For example,

#
1
"2

$
C
#

2
5

$
D
#

1C 2
"2C 5

$
D
#

3
3

$

Given a vector u and a real number c, the scalar multiple of u by c is the vector cu
obtained by multiplying each entry in u by c. For instance,

if u D
#

3
"1

$
and c D 5; then cu D 5

#
3
"1

$
D
#

15
"5

$

1Most of the text concerns vectors and matrices that have only real entries. However, all definitions and
theorems in Chapters 1–5, and in most of the rest of the text, remain valid if the entries are complex numbers.
Complex vectors and matrices arise naturally, for example, in electrical engineering and physics.
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The number c in cu is called a scalar; it is written in lightface type to distinguish it from
the boldface vector u.

The operations of scalar multiplication and vector addition can be combined, as in
the following example.

(;A0P/( � Given u D
#

1
"2

$
and v D

#
2
"5

$
, find 4u, ."3/v, and 4uC ."3/v.

62/8T,2N

4u D
#

4
"8

$
; ."3/v D

#
"6
15

$

and

4uC ."3/v D
#

4
"8

$
C
#
"6
15

$
D
#
"2

7

$

Sometimes, for convenience (and also to save space), this text may write a column

vector such as
#

3
"1

$
in the form .3;"1/. In this case, the parentheses and the comma

distinguish the vector .3;"1/ from the 1 # 2 row matrix
%

3 "1
&
, written with brackets

and no comma. Thus #
3
"1

$
¤
%

3 "1
&

because the matrices have different shapes, even though they have the same entries.

Geometric DescriStions of R2

Consider a rectangular coordinate system in the plane. Because each point in the plane
is determined by an ordered pair of numbers, we can identify a geometric point .a; b/

with the column vector
#

a
b

$
. So we may regard R2 as the set of all points in the plane.

See Figure 1.

x2

x1

(2, 2)

(3, 21)(22, 21)

'*(63& 1 Vectors as points.

x2

x1

(2, 2)

(3, 21)(22, 21)

'*(63& 2 Vectors with arrows.

The geometric visualization of a vector such as
#

3
"1

$
is often aided by including an

arrow (directed line segment) from the origin .0; 0/ to the point .3;"1/, as in Figure 2.
In this case, the individual points along the arrow itself have no special significance.2

The sum of two vectors has a useful geometric representation. The following rule
can be verified by analytic geometry.

2 In physics, arrows can represent forces and usually are free to move about in space. This interpretation of
vectors will be discussed in Section 4.1.
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Parallelogram Rule for Addition
If u and v in R2 are represented as points in the plane, then uC v corresponds to
the fourth vertex of the parallelogram whose other vertices are u, 0, and v. See
Figure 3.

x2

x1

u

v

u 1 v

0

'*(63& 3 The parallelogram rule.

(;A0P/( � The vectors u D
#

2
2

$
, v D

#
"6

1

$
, and uC v D

#
"4

3

$
are displayed

in Figure 4.
x2

x1

u

v

u 1 v

226

3

'*(63& 4

The next example illustrates the fact that the set of all scalar multiples of one fixed
nonzero vector is a line through the origin, .0; 0/.

(;A0P/( � Let u D
#

3
"1

$
. Display the vectors u, 2u, and " 2

3
u on a graph.

62/8T,2N See Figure 5, where u, 2u D
#

6
"2

$
, and " 2

3
u D

#
"2

2=3

$
are displayed.

The arrow for 2u is twice as long as the arrow for u, and the arrows point in the same
direction. The arrow for " 2

3
u is two-thirds the length of the arrow for u, and the arrows

point in opposite directions. In general, the length of the arrow for cu is jcj times the
length of the arrow for u. >Recall that the length of the line segment from .0; 0/ to .a; b/
is
p

a2 C b2.

x2

x1
u

x2

x1

u

0u

2u

u

The set of all multiples of uTypical multiples of u

2
3
–2

'*(63& 5
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9ectors in R3

Vectors inR3 are 3 # 1 columnmatrices with three entries. They are represented geomet-
rically by points in a three-dimensional coordinate space, with arrows from the origin

2a

a

x2x1

x3

'*(63& 6

Scalar multiples.

sometimes included for visual clarity. The vectors a D

2
4

2
3
4

3
5 and 2a are displayed in

Figure 6.

9ectors in Rn

If n is a positive integer, Rn (read “r-n”) denotes the collection of all lists (or ordered
n-tuples) of n real numbers, usually written as n # 1 column matrices, such as

u D

2
6664

u1

u2

:::
un

3
7775

The vector whose entries are all zero is called the ]ero vector and is denoted by 0.
(The number of entries in 0 will be clear from the context.)

Equality of vectors in Rn and the operations of scalar multiplication and vector
addition in Rn are defined entry by entry just as in R2. These operations on vectors
have the following properties, which can be verified directly from the corresponding
properties for real numbers. See Practice Problem 1 and Exercises 41 and 42 at the end
of this section.

Algebraic Properties of Rn

For all u; v;Z in Rn and all scalars c and d :

(i) uC v D vC u (v) c.uC v/ D cuC cv
(ii) .uC v/C Z D uC .vC Z/ (vi) .c C d/u D cuC du
(iii) uC 0 D 0C u D u (vii) c.du/ D .cd/u
(iv) uC ."u/ D "uC u D 0, (viii) 1u D u

where "u denotes ."1/u

For simplicity of notation, a vector such as uC ."1/v is often written as u " v.
Figure 7 shows u " v as the sum of u and "v.

x1

x2

v

u

v

u    v

2

2

'*(63& 7

Vector subtraction.

/inear &ombinations
Given vectors v1; v2; : : : ; vp in Rn and given scalars c1; c2; : : : ; cp , the vector y defined
by

y D c1v1 C ! ! !C cpvp

is called a linear combination of v1; : : : ; vp with Zeights c1; : : : ; cp . Algebraic Prop-
erty (ii) above permits us to omit parentheses when forming such a linear combination.
The weights in a linear combination can be any real numbers, including zero. For exam-
ple, some linear combinations of vectors v1 and v2 are

p
3 v1 C v2; 1

2
v1 .D 1

2
v1 C 0v2/; and 0 .D 0v1 C 0v2/



54 CHAPTER 1 Linear Equations in Linear Algebra

(;A0P/( � Figure 8 identifies selected linear combinations of v1 D
#
"1

1

$
and

v2 D
#

2
1

$
. (Note that sets of parallel grid lines are drawn through integer multiples

of v1 and v2.) Estimate the linear combinations of v1 and v2 that generate the vectors u
and Z.

2v22v1

22v122v2

v1 2 v2 22v1 1 v2

3v1

v1

2v12v2

w
u

v2

v1 1 v2 3v2

3
2–

0

'*(63& 8 Linear combinations of v1 and v2.

62/8T,2N The parallelogram rule shows that u is the sum of 3v1 and "2v2; that is,

u D 3v1 " 2v2

This expression for u can be interpreted as instructions for traveling from the origin to u
along two straight paths. First, travel 3 units in the v1 direction to 3v1, and then travel"2
units in the v2 direction (parallel to the line through v2 and 0). Next, although the vector
Z is not on a grid line, Z appears to be about halfway between two pairs of grid lines,
at the vertex of a parallelogram determined by .5=2/v1 and ."1=2/v2. (See Figure 9.)
Thus a reasonable estimate for Z is

v1

w

2v2

2v1

3v1

0

'*(63& � Z D 5
2
v1 " 1

2
v2

The next example connects a problem about linear combinations to the fundamental
existence question studied in Sections 1.1 and 1.2.

(;A0P/( � Let a1 D

2
4

1
"2
"5

3
5, a2 D

2
4

2
5
6

3
5, and b D

2
4

7
4
"3

3
5. Determine whether

b can be generated (or written) as a linear combination of a1 and a2. That is, determine
whether weights x1 and x2 exist such that

x1a1 C x2a2 D b (1)

If vector equation (1) has a solution, find it.

62/8T,2N Use the definitions of scalar multiplication and vector addition to rewrite
the vector equation

x1

2
4

1
"2
"5

3
5

✻
a1

C x2

2
4

2
5
6

3
5

✻
a2

D

2
4

7
4
"3

3
5

✻
b
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which is the same as 2
4

x1

"2x1

"5x1

3
5C

2
4

2x2

5x2

6x2

3
5 D

2
4

7
4
"3

3
5

and 2
4

x1 C 2x2

"2x1 C 5x2

"5x1 C 6x2

3
5 D

2
4

7
4
"3

3
5 (2)

The vectors on the left and right sides of (2) are equal if and only if their corresponding
entries are both equal. That is, x1 and x2 make the vector equation (1) true if and only if
x1 and x2 satisfy the system

x1 C 2x2 D 7

"2x1 C 5x2 D 4

"5x1 C 6x2 D "3

(3)

To solve this system, row reduce the augmented matrix of the system as follows:3

2
4

1 2 7
"2 5 4
"5 6 "3

3
5 %

2
4

1 2 7
0 9 18
0 16 32

3
5 %

2
4

1 2 7
0 1 2
0 16 32

3
5 %

2
4

1 0 3
0 1 2
0 0 0

3
5

The solution of (3) is x1 D 3 and x2 D 2. Hence b is a linear combination of a1 and a2,
with weights x1 D 3 and x2 D 2. That is,

3

2
4

1
"2
"5

3
5C 2

2
4

2
5
6

3
5 D

2
4

7
4
"3

3
5

Observe in Example 5 that the original vectors a1, a2, and b are the columns of the
augmented matrix that we row reduced:

2
4

1 2 7
"2 5 4
"5

✻ ✻ ✻
a1 a2 b

6 "3

3
5

For brevity, write this matrix in a way that identifies its columns—namely

Œ a1 a2 b ! (4)

It is clear how to write this augmented matrix immediately from vector equation (1),
without going through the intermediate steps of Example 5. Take the vectors in the order
in which they appear in (1) and put them into the columns of a matrix as in (4).

The discussion above is easily modified to establish the following fundamental fact.

3 The symbol" between matrices denotes row equivalence (Section 1.2).
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A vector equation
x1a1 C x2a2 C ! ! !C xnan D b

has the same solution set as the linear system whose augmented matrix is
%
a1 a2 ! ! ! an b

&
(5)

In particular, b can be generated by a linear combination of a1; : : : ; an if and only
if there exists a solution to the linear system corresponding to the matrix (5).

One of the key ideas in linear algebra is to study the set of all vectors that can be
generated or written as a linear combination of a fixed set fv1; : : : ; vpg of vectors.

DEFINITION If v1; : : : ; vp are in Rn, then the set of all linear combinations of v1; : : : ; vp is de-
noted by Span fv1; : : : ; vpg and is called the subset oI Rn spanned (or generated)
by v1; : : : ; vp . That is, Span fv1; : : : ; vpg is the collection of all vectors that can be
written in the form

c1v1 C c2v2 C ! ! !C cpvp

with c1; : : : ; cp scalars.

Asking whether a vector b is in Span fv1; : : : ; vpg amounts to asking whether the
vector equation

x1v1 C x2v2 C ! ! !C xpvp D b

has a solution, or, equivalently, asking whether the linear system with augmented matrix
Œ v1 ! ! ! vp b ! has a solution.

Note that Span fv1; : : : ; vpg contains every scalar multiple of v1 (for exam-
ple), since cv1 D cv1 C 0v2 C ! ! !C 0vp . In particular, the zero vector must be in
Span fv1; : : : ; vpg.

A Geometric DescriStion of 6SanfYg and 6Sanfu� Yg
Let v be a nonzero vector in R3. Then Span fvg is the set of all scalar multiples of v,
which is the set of points on the line in R3 through v and 0. See Figure 10.

If u and v are nonzero vectors in R3, with v not a multiple of u, then Span fu; vg is
the plane in R3 that contains u, v, and 0. In particular, Span fu; vg contains the line in
R3 through u and 0 and the line through v and 0. See Figure 11.

Span{v}

x3

x2

x1

v

'*(63& 1� Span fvg as a
line through the origin.

Span{u, v}

v

u

u 1 v

x2

x3

x1

'*(63& 11 Span fu; vg as a
plane through the origin.
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(;A0P/( � Let a1 D

2
4

1
"2

3

3
5, a2 D

2
4

5
"13
"3

3
5, and b D

2
4
"3

8
1

3
5. Then

Span fa1; a2g is a plane through the origin in R3. Is b in that plane"

62/8T,2N Does the equation x1a1 C x2a2 D b have a solution" To answer this, row
reduce the augmented matrix Œ a1 a2 b !:

2
4

1 5 "3
"2 "13 8

3 "3 1

3
5 %

2
4

1 5 "3
0 "3 2
0 "18 10

3
5 %

2
4

1 5 "3
0 "3 2
0 0 "2

3
5

The third equation is 0 D "2, which shows that the system has no solution. The vector
equation x1a1 C x2a2 D b has no solution, and so b is not in Span fa1; a2g.

/inear &ombinations in ASSlications
The final example shows how scalar multiples and linear combinations can arise when
a quantity such as “cost” is broken down into several categories. The basic principle for
the example concerns the cost of producing several units of an item when the cost per
unit is known: '

number
of units

(
!
'

cost
per unit

(
D
'
total
cost

(

(;A0P/( � A company manufactures two products. For �1.00 worth of product B,
the company spends �.45 on materials, �.25 on labor, and �.15 on overhead. For �1.00
worth of product C, the company spends �.40 on materials, �.30 on labor, and �.15 on
overhead. Let

b D

2
4

:45
:25
:15

3
5 and c D

2
4

:40
:30
:15

3
5

Then b and c represent the “costs per dollar of income” for the two products.

a. What economic interpretation can be given to the vector 100b"

b. Suppose the company wishes to manufacture x1 dollars worth of product B and x2

dollars worth of product C. Give a vector that describes the various costs the company
will have (for materials, labor, and overhead).

62/8T,2N

a. Compute

100b D 100

2
4

:45
:25
:15

3
5 D

2
4

45
25
15

3
5

The vector 100b lists the various costs for producing �100 worth of product
B—namely �45 for materials, �25 for labor, and �15 for overhead.

b. The costs of manufacturing x1 dollars worth of B are given by the vector x1b, and
the costs of manufacturing x2 dollars worth of C are given by x2c. Hence the total
costs for both products are given by the vector x1bC x2c.
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Practice Problems

1� Prove that uC v D vC u for any u and v in Rn.

2� For what value(s) of h will y be in Spanfv1; v2; v3g if

v1 D

2
4

1
"1
"2

3
5; v2 D

2
4

5
"4
"7

3
5; v3 D

2
4
"3

1
0

3
5; and y D

2
4
"4

3
h

3
5

3� Let Z1, Z2, Z3, u, and v be vectors in Rn. Suppose the vectors u and v are in Span
fZ1, Z2, Z3g. Show that uC v is also in Span fZ1, Z2, Z3g. >Hint: The solution
requires the use of the definition of the span of a set of vectors. It is useful to review
this definition before starting this exercise.@

��� (xercises
In Exercises 1 and 2, compute uC v and u " 2v.

1� u D
#
"1

2

$
; v D

#
"3

3

$

2� u D
#

3
2

$
; v D

#
2
3

$

In Exercises 3 and 4, display the following vectors using arrows
on an xy-graph: u, v, "v, "2v, uC v, u " v, and u " 2v. Notice
that u " v is the vertex of a parallelogram whose other vertices are
u, 0, and "v.
3� u and v as in Exercise 1 4� u and v as in Exercise 2

In Exercises 5 and 6, write a system of equations that is equivalent
to the given vector equation.

5� x1

2
4

4
"3

2

3
5C x2

2
4
"8

7
0

3
5 D

2
4

9
"6
"5

3
5

6� x1

#
"2

3

$
C x2

#
8
5

$
C x3

#
1
"6

$
D
#

0
0

$

Use the accompanying figure to write each vector listed in Exer-
cises 7 and 8 as a linear combination of u and v. Is every vector in
R2 a linear combination of u and v"

w

x

v

u

a
c

d

2v
b

z

y
22v 2u

2v
0

7� Vectors a, b, c, and d

8� Vectors Z, x, y, and ]

In Exercises 9 and 10, write a vector equation that is equivalent to
the given system of equations.

9� x2 C 5x3 D 0

4x1 C 6x2 " x3 D 0

"x1 C 3x2 " 8x3 D 0

10� 4x1 C x2 C 3x3 D 9

x1 " 7x2 " 2x3 D 2

8x1 C 6x2 " 5x3 D 15

In Exercises 11 and 12, determine if b is a linear combination of
a1, a2, and a3.

11� a1 D

2
4

1
"2

0

3
5 ; a2 D

2
4

0
1
2

3
5 ; a3 D

2
4

5
"6

8

3
5 ; b D

2
4

2
"1

6

3
5

12� a1 D

2
4

1
"2

2

3
5 ; a2 D

2
4

0
5
5

3
5 ; a3 D

2
4

2
0
8

3
5 ; b D

2
4
"5
11
"7

3
5

In Exercises 13 and 14, determine if b is a linear combination of
the vectors formed from the columns of the matrix A.

13� A D

2
4

1 "4 2
0 3 5
"2 8 "4

3
5 ; b D

2
4

3
"7
"3

3
5

14� A D

2
4

1 "2 "6
0 3 7
1 "2 5

3
5 ; b D

2
4

11
"5

9

3
5

In Exercises 15 and 16, list five vectors in Span fv1; v2g. For each
vector, show the weights on v1 and v2 used to generate the vector
and list the three entries of the vector. Do not make a sketch.

15� v1 D

2
4

7
1
"6

3
5 ; v2 D

2
4
"5

3
0

3
5

16� v1 D

2
4

3
0
2

3
5 ; v2 D

2
4
"2

0
3

3
5
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17� Let a1 D

2
4

1
4
"2

3
5, a2 D

2
4
"2
"3

7

3
5, and b D

2
4

4
1
h

3
5. For what

value(s) of h is b in the plane spanned by a1 and a2"

18� Let v1 D

2
4

1
0
"4

3
5, v2 D

2
4
"5

1
7

3
5, and y D

2
4

h
"1
"5

3
5. For what

value(s) of h is y in the plane generated by v1 and v2"

19� Give a geometric description of Span fv1; v2g for the vectors

v1 D

2
4

8
2
"6

3
5 and v2 D

2
4

12
3
"9

3
5.

20� Give a geometric description of Span fv1; v2g for the vectors
in Exercise 16.

21� Let u D
#

2
"1

$
and v D

#
2
1

$
. Show that

#
h
k

$
is in

Span fu; vg for all h and k.

22� Construct a 3 # 3matrixA, with nonzero entries, and a vector
b in R3 such that b is not in the set spanned by the columns
of A.

In Exercises 23–32, mark each statement True or False �T�)�.
Justify each answer.

23� �T�)� Another notation for the vector
#
"4

3

$
is Œ"4 3!.

24� �T�)� Any list of five real numbers is a vector in R5.

25� �T�)� The points in the plane corresponding to
#
"2

5

$
and

#
"5

2

$
lie on a line through the origin.

26� �T�)� The vector u results when a vector u " v is added to the
vector v.

27� �T�)� An example of a linear combination of vectors v1 and
v2 is the vector 1

2
v1.

28� �T�)� The weights c1; : : : ; cp in a linear combination c1v1 C
! ! !C cpvp cannot all be zero.

29� �T�)� The solution set of the linear system whose augmented
matrix is Œ a1 a2 a3 b ! is the same as the solution set of
the equation x1a1 C x2a2 C x3a3 D b.

30� �T�)�When u and v are nonzero vectors, Span fu; vg contains
the line through u and the origin.

31� �T�)� The set Span fu; vg is always visualized as a plane
through the origin.

32� �T�)� Asking whether the linear system corresponding to an
augmented matrix Œ a1 a2 a3 b ! has a solution amounts to
asking whether b is in Span fa1; a2; a3g.

33� Let A D

2
4

1 0 "4
0 3 "2
"2 6 3

3
5 and b D

2
4

4
1
"4

3
5. Denote the

columns of A by a1, a2, a3, and let W D Span fa1; a2; a3g.

a. Is b in fa1; a2; a3g" How many vectors are in fa1; a2; a3g"
b. Is b in W " How many vectors are in W "

c. Show that a1 is in W . >Hint: Row operations are unneces-
sary.@

34� Let A D

2
4

2 0 6
"1 8 5

1 "2 1

3
5, let b D

2
4

10
3
3

3
5, and let W be

the set of all linear combinations of the columns of A.

a. Is b in W "

b. Show that the third column of A is in W.

35� A mining company has two mines. One day’s operation at
mine 1 produces ore that contains 20 metric tons of copper
and 550 kilograms of silver, while one day’s operation at mine
2 produces ore that contains 30 metric tons of copper and

500 kilograms of silver. Let v1 D
#

20
550

$
and v2 D

#
30

500

$
.

Then v1 and v2 represent the “output per day” of mine 1 and
mine 2, respectively.

a. What physical interpretation can be given to the vector
5v1"

b. Suppose the company operates mine 1 for x1 days and
mine 2 for x2 days.Write a vector equationwhose solution
gives the number of days each mine should operate in
order to produce 150 tons of copper and 2825 kilograms
of silver. Do not solve the equation.

T c. Solve the equation in (b).

36� A steam plant burns two types of coal: anthracite (A) and
bituminous (B). For each ton of A burned, the plant produces
27.6 million Btu of heat, 3100 grams (g) of sulfur dioxide,
and 250 g of particulate matter (solid-particle pollutants). For
each ton of B burned, the plant produces 30.2 million Btu,
6400 g of sulfur dioxide, and 360 g of particulate matter.

a. How much heat does the steam plant produce when it
burns x1 tons of A and x2 tons of B"

b. Suppose the output of the steam plant is described by
a vector that lists the amounts of heat, sulfur dioxide,
and particulate matter. Express this output as a linear
combination of two vectors, assuming that the plant burns
x1 tons of A and x2 tons of B.

T c. Over a certain time period, the steam plant produced 162
million Btu of heat, 23,610 g of sulfur dioxide, and 1623
g of particulate matter. Determine how many tons of each
type of coal the steam plant must have burned. Include a
vector equation as part of your solution.
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37� Let v1; : : : ; vk be points in R3 and suppose that for
j D 1; : : : ; k an object with mass mj is located at point vj .
Physicists call such objects point masses. The total mass of
the system of point masses is

m D m1 C ! ! !Cmk

The center of mass (or center of gravity) of the system is

v D 1

m
Œm1v1 C ! ! !Cmkvk !

Compute the center of gravity of the system consisting of the
following point masses (see the figure):

Point 0ass

v1 D .5;"4; 3/ 2 g
v2 D .4; 3;"2/ 5 g
v3 D ."4;"3;"1/ 2 g
v4 D ."9; 8; 6/ 1 g

x3
v4

x2

v2

v3x1

v1

38� Let v be the center ofmass of a system of point masses located
at v1; : : : ; vk as in Exercise 37. Is v in Span fv1; : : : ; vkg"
Explain.

39� A thin triangular plate of uniform density and thickness has
vertices at v1 D .0; 1/, v2 D .8; 1/, and v3 D .2; 4/, as in the
figure below, and the mass of the plate is 3 g.

v2

v3

v1

x1

4

8

x2

a. Find the .x; y/-coordinates of the center of mass of the
plate. This “balance point” of the plate coincides with
the center of mass of a system consisting of three 1-gram
point masses located at the vertices of the plate.

b. Determine how to distribute an additional mass of 6 g
at the three vertices of the plate to move the balance
point of the plate to .2; 2/. >Hint: Let w1, w2, and w3

denote the masses added at the three vertices, so that
w1 C w2 C w3 D 6.@

40� Consider the vectors v1, v2, v3, and b in R2, shown in the
figure. Does the equation x1v1 C x2v2 C x3v3 D b have a
solution" Is the solution unique" Use the figure to explain
your answers.

0
v1

v2

v3

b

41� Use the vectors u D .u1; : : : ; un/, v D .v1; : : : ; vn/, and
Z D .w1; : : : ; wn/ to verify the following algebraic proper-
ties of Rn.

a. .uC v/C Z D uC .vC Z/

b. c.uC v/ D cuC cv for each scalar c

42� Use the vector u D .u1; : : : ; un/ to verify the following alge-
braic properties of Rn.

a. uC ."u/ D ."u/C u D 0

b. c.du/ D .cd/u for all scalars c and d

Solutions to Practice Problems

1� Take arbitrary vectors u D .u1; : : : ; un/ and v D .v1; : : : ; vn/ in Rn, and compute

h 5 1

h 5 5
v3

v1

v2

The points

intersects the plane when h 5 5.

24
3
h

lie on a line that

h 5 9

Span {v1, v2, v3}

uC v D .u1 C v1; : : : ; un C vn/ Definition of vector addition

D .v1 C u1; : : : ; vn C un/ Commutativity of addition in R

D vC u Definition of vector addition

2� The vector y belongs to Span fv1; v2; v3g if and only if there exist scalars x1; x2; x3

such that

x1

2
4

1
"1
"2

3
5C x2

2
4

5
"4
"7

3
5C x3

2
4
"3

1
0

3
5 D

2
4
"4

3
h

3
5
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This vector equation is equivalent to a system of three linear equations in three
unknowns. If you row reduce the augmented matrix for this system, you find that
2
4

1 5 "3 "4
"1 "4 1 3
"2 "7 0 h

3
5 %

2
4

1 5 "3 "4
0 1 "2 "1
0 3 "6 h " 8

3
5 %

2
4

1 5 "3 "4
0 1 "2 "1
0 0 0 h " 5

3
5

The system is consistent if and only if there is no pivot in the fourth column. That
is, h " 5 must be 0. So y is in Span fv1; v2; v3g if and only if h D 5.

5HPHPEHr: The presence of a free variable in a system does not guarantee that
the system is consistent.

3� Since the vectors u and v are in Span fZ1;Z2;Z3g, there exist scalars c1, c2, c3 and
d1, d2, d3 such that

u D c1 Z1 C c2 Z2 C c3 Z3 and v D d1 Z1 C d2 Z2 C d3 Z3:

Notice
uC v D c1Z1 C c2Z2 C c3Z3 C d1Z1 C d2Z2 C d3Z3

D .c1 C d1/Z1 C .c2 C d2/Z2 C .c3 C d3/Z3

Since c1 C d1; c2 C d2, and c3 C d3 are also scalars, the vector uC v is in Span
fZ1;Z2;Z3g.

��� The 0atri[ ETuation Ax E
A fundamental idea in linear algebra is to view a linear combination of vectors as the
product of a matrix and a vector. The following definition permits us to rephrase some
of the concepts of Section 1.3 in new ways.

DEFINITION IfA is anm # nmatrix, with columns a1; : : : ; an, and if x is inRn, then the product
oI A and x, denoted by Ax, is the linear combination oI the columns oI A using
the corresponding entries in x as Zeights; that is,

Ax D
%
a1 a2 ! ! ! an

&
2
64

x1

:::
xn

3
75 D x1a1 C x2a2 C ! ! !C xnan

Note that Ax is defined only if the number of columns of A equals the number of entries
in x.

(;A0P/( �

a.
#

1 2 "1
0 "5 3

$2
4

4
3
7

3
5 D 4

#
1
0

$
C 3

#
2
"5

$
C 7

#
"1

3

$

D
#

4
0

$
C
#

6
"15

$
C
#
"7
21

$
D
#

3
6

$

b.

2
4

2 "3
8 0
"5 2

3
5
#

4
7

$
D 4

2
4

2
8
"5

3
5C 7

2
4
"3

0
2

3
5 D

2
4

8
32
"20

3
5C

2
4
"21

0
14

3
5 D

2
4
"13

32
"6

3
5
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(;A0P/( � For v1; v2; v3 in Rm, write the linear combination 3v1 " 5v2 C 7v3 as
a matrix times a vector.

62/8T,2N Place v1; v2; v3 into the columns of a matrix A and place the weights 3,
"5, and 7 into a vector x. That is,

3v1 " 5v2 C 7v3 D
%
v1 v2 v3

&
2
4

3
"5

7

3
5 D Ax

Section 1.3 showed how to write a system of linear equations as a vector equation
involving a linear combination of vectors. For example, the system

x1 C 2x2 " x3 D 4

"5x2 C 3x3 D 1
(1)

is equivalent to

x1

#
1
0

$
C x2

#
2
"5

$
C x3

#
"1

3

$
D
#

4
1

$
(2)

As in Example 2, the linear combination on the left side is a matrix times a vector, so
that (2) becomes #

1 2 "1
0 "5 3

$2
4

x1

x2

x3

3
5 D

#
4
1

$
(3)

Equation (3) has the form Ax D b. Such an equation is called a matrix eTuation,
to distinguish it from a vector equation such as is shown in (2).

Notice how the matrix in (3) is just the matrix of coefficients of the system (1).
Similar calculations show that any system of linear equations, or any vector equation
such as (2), can be written as an equivalent matrix equation in the form Ax D b. This
simple observation will be used repeatedly throughout the text.

Here is the formal result.

THEOREM 3 If A is an m # n matrix, with columns a1; : : : ; an, and if b is in Rm, the matrix
equation

Ax D b (4)

has the same solution set as the vector equation

x1a1 C x2a2 C ! ! !C xnan D b (5)

which, in turn, has the same solution set as the system of linear equations whose
augmented matrix is %

a1 a2 ! ! ! an b
&

(6)

Theorem 3 provides a powerful tool for gaining insight into problems in linear
algebra, because a system of linear equations may now be viewed in three different but
equivalent ways: as a matrix equation, as a vector equation, or as a system of linear
equations. Whenever you construct a mathematical model of a problem in real life, you
are free to choose whichever viewpoint is most natural. Then you may switch from one
formulation of a problem to another whenever it is convenient. In any case, the matrix
equation (4), the vector equation (5), and the system of equations are all solved in the
same way—by row reducing the augmented matrix (6). Other methods of solution will
be discussed later.
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E[istence of 6olutions
The definition of Ax leads directly to the following useful fact.

The equation Ax D b has a solution if and only if b is a linear combination of the
columns of A.

Section 1.3 considered the existence question, “Is b in Span fa1; : : : ; ang"” Equiva-
lently, “Is Ax D b consistent"” A harder existence problem is to determine whether the
equation Ax D b is consistent for all possible b.

(;A0P/( � Let A D

2
4

1 3 4
"4 2 "6
"3 "2 "7

3
5 and b D

2
4

b1

b2

b3

3
5. Is the equation Ax D b

consistent for all possible b1; b2; b3"

62/8T,2N Row reduce the augmented matrix for Ax D b:2
4

1 3 4 b1

"4 2 "6 b2

"3 "2 "7 b3

3
5 %

2
4

1 3 4 b1

0 14 10 b2 C 4b1

0 7 5 b3 C 3b1

3
5

%

2
4

1 3 4 b1

0 14 10 b2 C 4b1

0 0 0 b3 C 3b1 " 1
2
.b2 C 4b1/

3
5

The third entry in column 4 equals b1 " 1
2
b2 C b3. The equationAx D b is not consistent

for every b because some choices of b can make b1 " 1
2
b2 C b3 nonzero.

The reduced matrix in Example 3 provides a description of all b for which the
equation Ax D b is consistent: The entries in b must satisfy

b1 " 1
2
b2 C b3 D 0

This is the equation of a plane through the origin in R3. The plane is the set of all linear
combinations of the three columns of A. See Figure 1.

The equation Ax D b in Example 3 fails to be consistent for all b because the
echelon form of A has a row of zeros. If A had a pivot in all three rows, we would
not care about the calculations in the augmented column because in this case an echelon
form of the augmented matrix could not have a row such as Œ 0 0 0 1 !.

In the next theorem, the sentence “The columns of A span Rm” means that every

Span{a1, a2, a3}

x2

x1

x3

'*(63& 1

The columns of
A D Œ a1 a2 a3 ! span a plane
through 0.

b in Rm is a linear combination of the columns of A. In general, a set of vectors
fv1; : : : ; vpg inRm spans (or generates)Rm if every vector inRm is a linear combination
of v1; : : : ; vp—that is, if Span fv1; : : : ; vpg D Rm.

THEOREM 4 Let A be an m # n matrix. Then the following statements are logically equivalent.
That is, for a particular A, either they are all true statements or they are all false.

a. For each b in Rm, the equation Ax D b has a solution.
b. Each b in Rm is a linear combination of the columns of A.

c. The columns of A span Rm.

d. A has a pivot position in every row.
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Theorem 4 is one of themost useful theorems in this chapter. Statements (a), (b), and
(c) are equivalent because of the definition of Ax and what it means for a set of vectors
to span Rm. The discussion after Example 3 suggests why (a) and (d) are equivalent;
a proof is given at the end of the section. The exercises will provide examples of how
Theorem 4 is used.

Warning: Theorem 4 is about a coeĴcient matrix, not an augmented matrix. If an
augmented matrix Œ A b ! has a pivot position in every row, then the equation Ax D b
may or may not be consistent.

&omSutation of Ax
The calculations in Example 1 were based on the definition of the product of a matrix A
and a vector x. The following simple example will lead to a more efficient method for
calculating the entries in Ax when working problems by hand.

(;A0P/( � Compute Ax, where A D

2
4

2 3 4
"1 5 "3

6 "2 8

3
5 and x D

2
4

x1

x2

x3

3
5.

62/8T,2N From the definition,2
4

2 3 4
"1 5 "3

6 "2 8

3
5
2
4

x1

x2

x3

3
5 D x1

2
4

2
"1

6

3
5C x2

2
4

3
5
"2

3
5C x3

2
4

4
"3

8

3
5

D

2
4

2x1

"x1

6x1

3
5C

2
4

3x2

5x2

"2x2

3
5C

2
4

4x3

"3x3

8x3

3
5 (7)

D

2
4

2x1 C 3x2 C 4x3

"x1 C 5x2 " 3x3

6x1 " 2x2 C 8x3

3
5

The first entry in the product Ax is a sum of products (sometimes called a dot product),
using the first row of A and the entries in x. That is,2

4
2 3 4

3
5
2
4

x1

x2

x3

3
5 D

2
4

2x1 C 3x2 C 4x3

3
5

This matrix shows how to compute the first entry in Ax directly, without writing down
all the calculations shown in (7). Similarly, the second entry in Ax can be calculated at
once by multiplying the entries in the second row of A by the corresponding entries in
x and then summing the resulting products:2

4"1 5 "3

3
5
2
4

x1

x2

x3

3
5 D

2
4"x1 C 5x2 " 3x3

3
5

Likewise, the third entry in Ax can be calculated from the third row of A and the entries
in x.

Row–Vector Rule for Computing Ax
If the product Ax is defined, then the i th entry in Ax is the sum of the products of
corresponding entries from row i of A and from the vector x.
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(;A0P/( �

a.
#

1 2 "1
0 "5 3

$2
4

4
3
7

3
5 D

#
1 ! 4C 2 ! 3C ."1/ ! 7
0 ! 4C ."5/ ! 3C 3 ! 7

$
D
#

3
6

$

b.

2
4

2 "3
8 0
"5 2

3
5
#

4
7

$
D

2
4

2 ! 4C ."3/ ! 7
8 ! 4C 0 ! 7

."5/ ! 4C 2 ! 7

3
5 D

2
4
"13

32
"6

3
5

c.

2
4

1 0 0
0 1 0
0 0 1

3
5
2
4

r
s
t

3
5 D

2
4

1 ! r C 0 ! s C 0 ! t
0 ! r C 1 ! s C 0 ! t
0 ! r C 0 ! s C 1 ! t

3
5 D

2
4

r
s
t

3
5

By definition, the matrix in Example 5(c) with 1’s on the diagonal and 0’s elsewhere
is called an identity matrix and is denoted by I . The calculation in part (c) shows that
Ix D x for every x inR3. There is an analogous n # n identitymatrix, sometimes written
as In. As in part (c), Inx D x for every x in Rn.

ProSerties of the 0atri[ŋ9ector Product Ax
The facts in the next theorem are important and will be used throughout the text. The
proof relies on the definition of Ax and the algebraic properties of Rn.

THEOREM 5 If A is an m # n matrix, u and v are vectors in Rn, and c is a scalar, then:

a. A.uC v/ D AuC Av;
b. A.cu/ D c.Au/.

PROOF For simplicity, take n D 3, A D Œ a1 a2 a3 !, and u, v in R3. (The proof of
the general case is similar.) For i D 1; 2; 3, let ui and vi be the i th entries in u and v,
respectively. To prove statement (a), compute A.uC v/ as a linear combination of the
columns of A using the entries in uC v as weights.

A.uC v/ D Œ a1 a2 a3 !

2
4

u1 C v1

u2 C v2

u3 C v3

3
5

# # # Entries in uC v

D .u1 C v1/a1 C .u2 C v2/a2 C .u3 C v3/a3

" " " Columns of A

D .u1a1 C u2a2 C u3a3/C .v1a1 C v2a2 C v3a3/

D AuC Av

To prove statement (b), compute A.cu/ as a linear combination of the columns of A
using the entries in cu as weights.

A.cu/ D Œ a1 a2 a3 !

2
4

cu1

cu2

cu3

3
5 D .cu1/a1 C .cu2/a2 C .cu3/a3

D c.u1a1/C c.u2a2/C c.u3a3/

D c.u1a1 C u2a2 C u3a3/

D c.Au/
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Numerical Note

To optimize a computer algorithm to compute Ax, the sequence of calculations
should involve data stored in contiguous memory locations. The most widely
used professional algorithms for matrix computations are written in Fortran, a
language that stores a matrix as a set of columns. Such algorithms compute Ax as
a linear combination of the columns of A. In contrast, if a program is written in
the popular language C, which stores matrices by rows, Ax should be computed
via the alternative rule that uses the rows of A.

PROOF OF THEOREM 4 As was pointed out after Theorem 4, statements (a), (b), and
(c) are logically equivalent. So, it suffices to show (for an arbitrary matrix A) that (a)
and (d) are either both true or both false. This will tie all four statements together.

Let U be an echelon form of A. Given b in Rm, we can row reduce the augmented
matrix Œ A b ! to an augmented matrix Œ U d ! for some d in Rm:

Œ A b ! % ! ! ! % Œ U d !

If statement (d) is true, then each row of U contains a pivot position and there can be no
pivot in the augmented column. SoAx D b has a solution for any b, and (a) is true. If (d)
is false, the last row of U is all zeros. Let d be any vector with a 1 in its last entry. Then
Œ U d ! represents an inconsistent system. Since row operations are reversible, Œ U d !
can be transformed into the form Œ A b !. The new system Ax D b is also inconsistent,
and (a) is false.

Practice Problems

1� Let A D

2
4

1 5 "2 0
"3 1 9 "5

4 "8 "1 7

3
5, p D

2
664

3
"2

0
"4

3
775, and b D

2
4
"7

9
0

3
5. It can be shown

that p is a solution of Ax D b. Use this fact to exhibit b as a specific linear
combination of the columns of A.

2� Let A D
#

2 5
3 1

$
, u D

#
4
"1

$
, and v D

#
"3

5

$
. Verify Theorem 5(a) in this case

by computing A.uC v/ and AuC Av.

3� Construct a 3 # 3 matrix A and vectors b and c in R3 so that Ax D b has a solution,
but Ax D c does not.

��� (xercises
Compute the products in Exercises 1–4 using (a) the definition, as
in Example 1, and (b) the row–vector rule for computing Ax. If a
product is undefined, explain why.

1�

2
4
"4 2

1 6
0 1

3
5
2
4

3
1
7

3
5 2�

2
4

2
6
"1

3
5
#

1
"1

$

3�

2
4

6 5
"4 "3

7 6

3
5
#

1
"3

$
4�

#
8 3 1
5 1 2

$2
4

1
1
1

3
5

In Exercises 5–8, use the definition of Ax to write the matrix
equation as a vector equation, or vice versa.

5�
#

7 2 "9 3
"4 "5 7 "2

$
2
664

6
"9

1
"8

3
775 D

#
"9
44

$

6�

2
664

7 "3
2 1
9 "6
"3 2

3
775
#
"2
"5

$
D

2
664

1
"9
12
"4

3
775
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7� x1

2
664

4
"1

7
"4

3
775C x2

2
664
"5

3
"5

1

3
775C x3

2
664

7
"8

0
2

3
775 D

2
664

6
"8

0
"7

3
775

8� ´1

#
4
"2

$
C ´2

#
"4

5

$
C ´3

#
"5

4

$
C ´4

#
3
0

$
D
#

4
13

$

In Exercises 9 and 10, write the system first as a vector equation
and then as a matrix equation.

9� 4x1 C x2 " 7x3 D 8

x2 C 6x3 D 0

10� 8x1 " x2 D 4

5x1 C 4x2 D 1

x1 " 3x2 D 2

Given A and b in Exercises 11 and 12, write the augmented
matrix for the linear system that corresponds to thematrix equation
Ax D b. Then solve the system and write the solution as a vector.

11� A D

2
4

1 2 4
0 1 5
"2 "4 "3

3
5, b D

2
4
"2

2
9

3
5

12� A D

2
4

1 2 1
"3 "1 2

0 5 3

3
5, b D

2
4

0
1
"1

3
5

13� Let u D

2
4

0
4
4

3
5 andA D

2
4

3 "5
"2 6

1 1

3
5. Is u in the plane inR3

spanned by the columns of A" (See the figure.) Why or why
not"

u?

u?

Plane spanned by
the columns of A

Where are u?

14� Let u D

2
4

2
"3

2

3
5 andA D

2
4

5 8 7
0 1 "1
1 3 0

3
5. Is u in the subset

of R3 spanned by the columns of A" Why or why not"

15� LetA D
#

3 "4
"6 8

$
and b D

#
b1

b2

$
. Show that the equation

Ax D b does not have a solution for all possible b, and
describe the set of all b for which Ax D b does have a
solution.

16� Repeat Exercise 15: A D

2
4

1 "3 "4
"3 2 6

5 "1 "8

3
5, b D

2
4

b1

b2

b3

3
5.

Exercises 17–20 refer to the matrices A and B below. Make
appropriate calculations that justify your answers and mention an
appropriate theorem.

A D

2
664

1 3 0 3
"1 "1 "1 1

0 "4 2 "8
2 0 3 "1

3
775 B D

2
664

1 3 "2 2
0 1 1 "5
1 2 "3 7
"2 "8 2 "1

3
775

17� How many rows of A contain a pivot position" Does the
equation Ax D b have a solution for each b in R4"

18� Do the columns of B span R4" Does the equation Bx D y
have a solution for each y in R4"

19� Can each vector in R4 be written as a linear combination of
the columns of the matrix A above" Do the columns of A
span R4"

20� Can every vector in R4 be written as a linear combination of
the columns of the matrix B above" Do the columns of B
span R3"

21� Let v1 D

2
664

1
0
"1

0

3
775, v2 D

2
664

0
"1

0
1

3
775, v3 D

2
664

1
0
0
"1

3
775.

Does fv1; v2; v3g span R4" Why or why not"

22� Let v1 D

2
4

0
0
"2

3
5, v2 D

2
4

0
"3

8

3
5, v3 D

2
4

4
"1
"5

3
5.

Does fv1; v2; v3g span R3" Why or why not"

In Exercises 23–34, mark each statement True or False �T�)�.
Justify each answer.

23� �T�)� The equation Ax D b is referred to as a vector
equation.

24� �T�)� Every matrix equation Ax D b corresponds to a vector
equation with the same solution set.

25� �T�)� If the equation Ax D b is inconsistent, then b is not in
the set spanned by the columns of A.

26� �T�)� A vector b is a linear combination of the columns of a
matrix A if and only if the equation Ax D b has at least one
solution.

27� �T�)� The equation Ax D b is consistent if the augmented
matrix Œ A b ! has a pivot position in every row.

28� �T�)� IfA is anm # nmatrix whose columns do not spanRm,
then the equation Ax D b is inconsistent for some b in Rm.

29� �T�)� The first entry in the product Ax is a sum of products.

30� �T�)� Any linear combination vectors can always be written
in the form Ax for a suitable matrix A and vector x.

31� �T�)� If the columns of an m # n matrix A span Rm, then the
equation Ax D b is consistent for each b in Rm.

32� �T�)� The solution set of a linear system whose augmented
matrix is Œ a1 a2 a3 b ! is the same as the solution set of
Ax D b, if A D Œ a1 a2 a3 !.
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33� �T�)� If A is an m # n matrix and if the equation Ax D b is
inconsistent for some b in Rm, then A cannot have a pivot
position in every row.

34� �T�)� If the augmented matrix Œ A b ! has a pivot position
in every row, then the equation Ax D b is inconsistent.

35� Note that

2
4

3 "4 2
6 "3 4
"8 9 "5

3
5
2
4
"4
"1

3

3
5 D

2
4
"2
"9

8

3
5. Use this fact

(and no row operations) to find scalars c1, c2, c3 such that2
4
"2
"9

8

3
5 D c1

2
4

3
6
"8

3
5C c2

2
4
"4
"3

9

3
5C c3

2
4

2
4
"5

3
5.

36� Let u D

2
4

7
2
5

3
5, v D

2
4

3
1
3

3
5, and Z D

2
4

6
1
0

3
5.

It can be shown that 3u " 5v " Z D 0. Use this fact (and
no row operations) to find x1 and x2 that satisfy the equation2
4

7 3
2 1
5 3

3
5
#

x1

x2

$
D

2
4

6
1
0

3
5.

37� Let T1, T2, T3, and v represent vectors in R5, and let x1, x2,
and x3 denote scalars. Write the following vector equation as
a matrix equation. Identify any symbols you choose to use.

x1T1 C x2T2 C x3T3 D v

38� Rewrite the (numerical) matrix equation below in symbolic
form as a vector equation, using symbols v1; v2; : : : for the
vectors and c1; c2; : : : for scalars. Define what each symbol
represents, using the data given in the matrix equation.

#
"3 5 "4 9 7

5 8 1 "2 "4

$
2
66664

"3
2
4
"1

2

3
77775
D
#

8
"1

$

39� Construct a 3 # 3matrix, not in echelon form, whose columns
span R3. Show that the matrix you construct has the desired
property.

40� Construct a 3 # 3matrix, not in echelon form, whose columns
do not span R3. Show that the matrix you construct has the
desired property.

41� Let A be a 3 # 2 matrix. Explain why the equation Ax D b
cannot be consistent for all b inR3. Generalize your argument
to the case of an arbitrary A with more rows than columns.

42� Could a set of three vectors in R4 span all of R4" Explain.
What about n vectors in Rm when n is less than m"

43� Suppose A is a 4 # 3 matrix and b is a vector in R4 with the
property thatAx D b has a unique solution.What can you say
about the reduced echelon form of A" Justify your answer.

44� Suppose A is a 3 # 3 matrix and b is a vector in R3 with the
property that Ax D b has a unique solution. Explain why the
columns of A must span R3.

45� Let A be a 3 # 4 matrix, let y1 and y2 be vectors in R3, and
let Z D y1 C y2. Suppose y1 D Ax1 and y2 D Ax2 for some
vectors x1 and x2 in R4. What fact allows you to conclude
that the systemAx D Z is consistent" (Note: x1 and x2 denote
vectors, not scalar entries in vectors.)

46� Let A be a 5 # 3 matrix, let y be a vector in R3, and let ]
be a vector in R5. Suppose Ay D ]. What fact allows you to
conclude that the system Ax D 4] is consistent"

T In Exercises 47–50, determine if the columns of the matrix
span R4.

47�

2
664

7 2 "5 8
"5 "3 4 "9

6 10 "2 7
"7 9 2 15

3
775 48�

2
664

5 "7 "4 9
6 "8 "7 5
4 "4 "9 "9
"9 11 16 7

3
775

49�

2
664

12 "7 11 "9 5
"9 4 "8 7 "3
"6 11 "7 3 "9

4 "6 10 "5 12

3
775

50�

2
664

8 11 "6 "7 13
"7 "8 5 6 "9
11 7 "7 "9 "6
"3 4 1 8 7

3
775

T 51� Find a column of the matrix in Exercise 49 that can be deleted
and yet have the remaining matrix columns still span R4.

T 52� Find a column of the matrix in Exercise 50 that can be deleted
and yet have the remaining matrix columns still spanR4. Can
you delete more than one column"

STUDY GUIDE offers additional
resources for mastering the
concept of span.

Solutions to Practice Problems

1� The matrix equation

2
4

1 5 "2 0
"3 1 9 "5

4 "8 "1 7

3
5
2
664

3
"2

0
"4

3
775 D

2
4
"7

9
0

3
5
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is equivalent to the vector equation

3

2
4

1
"3

4

3
5 " 2

2
4

5
1
"8

3
5C 0

2
4
"2

9
"1

3
5 " 4

2
4

0
"5

7

3
5 D

2
4
"7

9
0

3
5;

which expresses b as a linear combination of the columns of A.

2� uC v D
#

4
"1

$
C
#
"3

5

$
D
#

1
4

$

A.uC v/ D
#

2 5
3 1

$#
1
4

$
D
#

2C 20
3C 4

$
D
#

22
7

$

AuC Av D
#

2 5
3 1

$#
4
"1

$
C
#

2 5
3 1

$#
"3

5

$

D
#

3
11

$
C
#

19
"4

$
D
#

22
7

$

Remark: There are, in fact, infinitely many correct solutions to Practice Problem 3.
When creating matrices to satisfy specified criteria, it is often useful to create
matrices that are straightforward, such as those already in reduced echelon form.
Here is one possible solution:

3� Let

A D

2
4

1 0 1
0 1 1
0 0 0

3
5 ; b D

2
4

3
2
0

3
5 ; and c D

2
4

3
2
1

3
5 :

Notice the reduced echelon form of the augmented matrix corresponding toAx D b
is 2

4
1 0 1 3
0 1 1 2
0 0 0 0

3
5 ;

which corresponds to a consistent system, and hence Ax D b has solutions. The
reduced echelon form of the augmented matrix corresponding to Ax D c is

2
4

1 0 1 3
0 1 1 2
0 0 0 1

3
5 ;

which corresponds to an inconsistent system, and hence Ax D c does not have any
solutions.

��� 6olution 6ets of /inear 6\stems
Solution sets of linear systems are important objects of study in linear algebra. They
will appear later in several different contexts. This section uses vector notation to give
explicit and geometric descriptions of such solution sets.
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+omogeneous /inear 6\stems
A system of linear equations is said to be homogeneous if it can be written in the form
Ax D 0, where A is an m # n matrix and 0 is the zero vector in Rm. Such a system
Ax D 0 always has at least one solution, namely x D 0 (the zero vector inRn/. This zero
solution is usually called the trivial solution. For a given equationAx D 0; the important
question is whether there exists a nontrivial solution, that is, a nonzero vector x that
satisfies Ax D 0: The Existence and Uniqueness Theorem in Section 1.2 (Theorem 2)
leads immediately to the following fact.

The homogeneous equation Ax D 0 has a nontrivial solution if and only if the
equation has at least one free variable.

(;A0P/( � Determine if the following homogeneous system has a nontrivial
solution. Then describe the solution set.

3x1 C 5x2 " 4x3 D 0

"3x1 " 2x2 C 4x3 D 0

6x1 C x2 " 8x3 D 0

62/8T,2N Let A be the matrix of coefficients of the system and row reduce the
augmented matrix Œ A 0 ! to echelon form:

2
4

3 5 "4 0
"3 "2 4 0

6 1 "8 0

3
5 %

2
4

3 5 "4 0
0 3 0 0
0 "9 0 0

3
5 %

2
4

3 5 "4 0
0 3 0 0
0 0 0 0

3
5

Since x3 is a free variable, Ax D 0 has nontrivial solutions (one for each nonzero choice
of x3). To describe the solution set, continue the row reduction of Œ A 0 ! to reduced
echelon form: 2

4
1 0 " 4

3
0

0 1 0 0
0 0 0 0

3
5

x1 " 4
3
x3 D 0

x2 D 0

0 D 0

Solve for the basic variables x1 and x2 and obtain x1 D 4
3
x3, x2 D 0, with x3 free. As a

vector, the general solution of Ax D 0 has the form

x D

2
64

x1

x2

x3

3
75 D

2
64

4
3
x3

0

x3

3
75 D x3

2
64

4
3

0

1

3
75 D x3v; where v D

2
64

4
3

0

1

3
75

Here x3 is factored out of the expression for the general solution vector. This shows that
every solution of Ax D 0 in this case is a scalar multiple of v. The trivial solution is
obtained by choosing x3 D 0: Geometrically, the solution set is a line through 0 in R3.
See Figure 1.

0

v

x3

x1

Span{v}

x2

'*(63& 1

Notice that a nontrivial solution x can have some zero entries so long as not all of
its entries are zero.

(;A0P/( � A single linear equation can be treated as a very simple system of
equations. Describe all solutions of the homogeneous “system”

10x1 " 3x2 " 2x3 D 0 (1)



1�5 Solution Sets of Linear Systems 71

62/8T,2N There is no need for matrix notation. Solve for the basic variable x1 in
terms of the free variables. The general solution is x1 D :3x2 C :2x3, with x2 and x3

free. As a vector, the general solution is

x D

2
4

x1

x2

x3

3
5 D

2
4

:3x2 C :2x3

x2

x3

3
5 D

2
4

:3x2

x2

0

3
5C

2
4

:2x3

0
x3

3
5

D x2

2
4

:3
1
0

3
5

✻
u

C x3

2
4

:2
0
1

3
5

✻
v

(with x2, x3 free) (2)

This calculation shows that every solution of (1) is a linear combination of the vectors u
and v, shown in (2). That is, the solution set is Span fu; vg. Since neither u nor v is a scalar
multiple of the other, the solution set is a plane through the origin. See Figure 2.

u

v

x1
x3

x2

'*(63& 2

Examples 1 and 2, alongwith the exercises, illustrate the fact that the solution set of a
homogeneous equation Ax D 0 can always be expressed explicitly as Span fv1; : : : ; vpg
for suitable vectors v1; : : : ; vp . If the only solution is the zero vector, then the solution
set is Span f0g. If the equation Ax D 0 has only one free variable, the solution set is
a line through the origin, as in Figure 1. A plane through the origin, as in Figure 2,
provides a good mental image for the solution set ofAx D 0when there are two or more
free variables. Note, however, that a similar figure can be used to visualize Span fu; vg
even when u and v do not arise as solutions of Ax D 0: See Figure 11 in Section 1.3.

Parametric 9ector Form
The original equation (1) for the plane in Example 2 is an implicit description of the
plane. Solving this equation amounts to finding an explicit description of the plane as
the set spanned by u and v. Equation (2) is called a parametric vector eTuation of the
plane. Sometimes such an equation is written as

x D suC tv .s; t in R/

to emphasize that the parameters vary over all real numbers. In Example 1, the equation
x D x3v (with x3 free), or x D tv (with t in R), is a parametric vector equation of a line.
Whenever a solution set is described explicitly with vectors as in Examples 1 and 2, we
say that the solution is in parametric vector Iorm.

6olutions of Nonhomogeneous 6\stems
When a nonhomogeneous linear system has many solutions, the general solution can be
written in parametric vector form as one vector plus an arbitrary linear combination of
vectors that satisfy the corresponding homogeneous system.

(;A0P/( � Describe all solutions of Ax D b, where

A D

2
4

3 5 "4
"3 "2 4

6 1 "8

3
5 and b D

2
4

7
"1
"4

3
5
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62/8T,2N Here A is the matrix of coefficients from Example 1. Row operations on
Œ A b ! produce

2
4

3 5 "4 7
"3 "2 4 "1

6 1 "8 "4

3
5 %

2
4

1 0 " 4
3
"1

0 1 0 2
0 0 0 0

3
5;

x1 " 4
3
x3 D "1

x2 D 2
0 D 0

Thus x1 D "1C 4
3
x3, x2 D 2, and x3 is free. As a vector, the general solution ofAx D b

has the form

x D

2
64

x1

x2

x3

3
75 D

2
64
"1C 4

3
x3

2

x3

3
75 D

2
64
"1

2

0

3
75C

2
64

4
3
x3

0

x3

3
75 D

2
64
"1

2

0

3
75

✻
p

C x3

2
64

4
3

0

1

3
75

✻
v

The equation x D pC x3v, or, writing t as a general parameter,

x D pC tv (t in R) (3)

describes the solution set of Ax D b in parametric vector form. Recall from Example 1
that the solution set of Ax D 0 has the parametric vector equation

x D tv (t in R) (4)

>with the same v that appears in (3)@. Thus the solutions of Ax D b are obtained by
adding the vector p to the solutions of Ax D 0. The vector p itself is just one particular
solution of Ax D b >corresponding to t D 0 in (3)@.

p

v

v 1 p

'*(63& 3

Adding p to v translates v to vC p.

To describe the solution set ofAx D b geometrically, we can think of vector addition
as a translation. Given v and p in R2 or R3, the effect of adding p to v is to move v in a
direction parallel to the line through p and 0. We say that v is translated by p to vC p.L 1 p

L

'*(63& 4

Translated line.

See Figure 3. If each point on a line L in R2 or R3 is translated by a vector p, the result
is a line parallel to L. See Figure 4.

Suppose L is the line through 0 and v, described by equation (4). Adding p to each
point on L produces the translated line described by equation (3). Note that p is on the
line in equation (3). We call (3) the eTuation oI the line through p parallel to v. Thus
the solution set of Ax D b is a line through p parallel to the solution set of Ax D 0.
Figure 5 illustrates this case.

p

v tv

p 1 tv
Ax 5 b

Ax 5 0

'*(63& 5 Parallel solution sets of Ax D b and
Ax D 0.

The relation between the solution sets of Ax D b and Ax D 0 shown in Figure 5
generalizes to any consistent equation Ax D b, although the solution set will be larger
than a line when there are several free variables. The following theorem gives the precise
statement. See Exercise 37 at the end of this section for a proof.
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THEOREM 6 Suppose the equation Ax D b is consistent for some given b, and let p be a
solution. Then the solution set of Ax D b is the set of all vectors of the form
Z D pC vh, where vh is any solution of the homogeneous equation Ax D 0.

Theorem 6 says that if Ax D b has a solution, then the solution set is obtained by
translating the solution set of Ax D 0, using any particular solution p of Ax D b for the
translation. Figure 6 illustrates the case in which there are two free variables. Even when
n > 3, our mental image of the solution set of a consistent system Ax D b (with b ¤ 0)
is either a single nonzero point or a line or plane not passing through the origin.

p

x3

x2x1

Ax 5 b

Ax 5 0

'*(63& 6 Parallel solution sets of
Ax D b and Ax D 0.

Warning: Theorem 6 and Figure 6 apply only to an equation Ax D b that has at least
one nonzero solution p. When Ax D b has no solution, the solution set is empty.

The following algorithm outlines the calculations shown in Examples 1, 2, and 3.

WRITING A SOLUTION SET (OF A CONSISTENT SYSTEM)
IN PARAMETRIC VECTOR FORM
1� Row reduce the augmented matrix to reduced echelon form.

2� Express each basic variable in terms of any free variables appearing in an
equation.

3� Write a typical solution x as a vector whose entries depend on the free
variables, if any.

4� Decompose x into a linear combination of vectors (with numeric entries) using
the free variables as parameters.

5easonable Answers

To verify that the solutions you found are indeed solutions to the homogeneous
equation Ax D 0, simply multiply the matrix by each vector in your
solution and check that the result is the zero vector. For example, if

A D

2
4

1 "2 1 2
1 "1 2 5
0 1 1 3

3
5, and you found the homogeneous solutions to
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5easonable Answers �&ontinued�

be x3

2
664
"3
"1

1
0

3
775C x4

2
664
"8
"3

0
1

3
775, check

2
4

1 "2 1 2
1 "1 2 5
0 1 1 3

3
5
2
664
"3
"1

1
0

3
775 D

2
4

0
0
0

3
5 and

2
4

1 "2 1 2
1 "1 2 5
0 1 1 3

3
5
2
664
"8
"3

0
1

3
775 D

2
4

0
0
0

3
5. Then A

0
BB@x3

2
664
"3
"1

1
0

3
775C x4

2
664
"8
"3

0
1

3
775

1
CCA

D x3A

2
664
"3
"1

1
0

3
775C x4A

2
664
"8
"3

0
1

3
775, which is equal to x3

2
4

0
0
0

3
5C x4

2
4

0
0
0

3
5 D

2
4

0
0
0

3
5,

as desired.
If you are solving Ax D b, then you can again verify that you have correct

solutions by multiplying the matrix by each vector in your solutions. The product
of A with the first vector (the one that is not part of the solution to the homo-
geneous equation) should be b. The product of A with the remaining vectors
(the ones that are part of the solution to the homogeneous equation) should of
course be 0.

For example, to verify that

2
664

2
1
1
2

3
775C x3

2
664
"3
"1

1
0

3
775C x4

2
664
"8
"3

0
1

3
775 are solutions to

Ax D

2
4

5
13
8

3
5, check

2
4

1 "2 1 2
1 "1 2 5
0 1 1 3

3
5
2
664

2
1
1
2

3
775 D

2
4

5
13
8

3
5, and use the

calculations from above. Notice A

0
BB@

2
664

2
1
1
2

3
775C x3

2
664
"3
"1

1
0

3
775C x4

2
664
"8
"3

0
1

3
775

1
CCA

D A

2
664

2
1
1
2

3
775C x3A

2
664
"3
"1

1
0

3
775C x4A

2
664
"8
"3

0
1

3
775, which is equal to

2
4

5
13
8

3
5C x3

2
4

0
0
0

3
5

Cx4

2
4

0
0
0

3
5 D

2
4

5
13
8

3
5, as desired.
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Practice Problems

1� Each of the following equations determines a plane in R3. Do the two planes
intersect" If so, describe their intersection.

x1 C 4x2 " 5x3 D 0

2x1 " x2 C 8x3 D 9

2� Write the general solution of 10x1 " 3x2 " 2x3 D 7 in parametric vector form, and
relate the solution set to the one found in Example 2.

3� Prove the first part of Theorem 6: Suppose that p is a solution of Ax D b, so that
Ap D b. Let vh be any solution to the homogeneous equation Ax D 0, and let
Z D pC vh. Show that Z is a solution to Ax D b.

��� (xercises
In Exercises 1–4, determine if the system has a nontrivial solution.
Try to use as few row operations as possible.

1� 2x1 " 5x2 C 8x3 D 0

"2x1 " 7x2 C x3 D 0

4x1 C 2x2 C 7x3 D 0

2� x1 " 3x2 C 7x3 D 0

"2x1 C x2 " 4x3 D 0

x1 C 2x2 C 9x3 D 0

3� "3x1 C 5x2 " 7x3 D 0

"6x1 C 7x2 C x3 D 0

4� "5x1 C 7x2 C 9x3 D 0

x1 " 2x2 C 6x3 D 0

In Exercises 5 and 6, follow the method of Examples 1 and 2
to write the solution set of the given homogeneous system in
parametric vector form.

5� x1 C 3x2 C x3 D 0

"4x1 " 9x2 C 2x3 D 0

" 3x2 " 6x3 D 0

6� x1 C 3x2 " 5x3 D 0

x1 C 4x2 " 8x3 D 0

"3x1 " 7x2 C 9x3 D 0

In Exercises 7–12, describe all solutions of Ax D 0 in parametric
vector form, where A is row equivalent to the given matrix.

7�
#

1 3 "3 7
0 1 "4 5

$
8�

#
1 "2 "9 5
0 1 2 "6

$

9�
#

2 "8 6
"1 4 "3

$
10�

#
1 3 0 "4
2 6 0 "8

$

11�

2
664

1 "4 "2 0 3 "5

0 0 1 0 0 "1

0 0 0 0 1 "4

0 0 0 0 0 0

3
775

12�

2
664

1 5 2 "6 9 0

0 0 1 "7 4 "8

0 0 0 0 0 1

0 0 0 0 0 0

3
775

You may find it helpful to review the information in the Reason-
able Answers box from this section before answering Exercises
13–16.

13� Verify that the solutions you found to Exercise 9 are indeed
homogeneous solutions.

14� Verify that the solutions you found to Exercise 10 are indeed
homogeneous solutions.

15� Verify that the solutions you found to Exercise 11 are indeed
homogeneous solutions.

16� Verify that the solutions you found to Exercise 12 are indeed
homogeneous solutions.

17� Suppose the solution set of a certain system of linear equa-
tions can be described as x1 D 5C 4x3, x2 D "2 " 7x3,
with x3 free. Use vectors to describe this set as a line in R3.

18� Suppose the solution set of a certain system of linear
equations can be described as x1 D 3x4, x2 D 8C x4,
x3 D 2 " 5x4, with x4 free. Use vectors to describe this set
as a line in R4.

19� Follow the method of Example 3 to describe the solutions of
the following system in parametric vector form. Also, give
a geometric description of the solution set and compare it to
that in Exercise 5.

x1 C 3x2 C x3 D 1

"4x1 " 9x2 C 2x3 D "1

" 3x2 " 6x3 D "3

20� As in Exercise 19, describe the solutions of the following
system in parametric vector form, and provide a geometric
comparison with the solution set in Exercise 6.

x1 C 3x2 " 5x3 D 4

x1 C 4x2 " 8x3 D 7

"3x1 " 7x2 C 9x3 D "6

21� Describe and compare the solution sets of x1 C 9x2 " 4x3 D 0
and x1 C 9x2 " 4x3 D "2.

22� Describe and compare the solution sets of x1 " 3x2 C 5x3 D 0
and x1 " 3x2 C 5x3 D 4.
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In Exercises 23 and 24, find the parametric equation of the line
through a parallel to b.

23� a D
#
"2

0

$
, b D

#
"5

3

$
24� a D

#
5
"2

$
, b D

#
"4

9

$

In Exercises 25 and 26, find a parametric equation of the line M
through p and T. >Hint: M is parallel to the vector T " p. See the
figure below.@

25� p D
#

2
"5

$
, T D

#
"3

1

$
26� p D

#
"6

3

$
, T D

#
0
"4

$

x1

x2

M
q    p

pq

p

The line through p and q.

2
2

In Exercises 27–36, mark each statement True or False �T�)�.
Justify each answer.

27� �T�)� A homogeneous equation is always consistent.

28� �T�)� If x is a nontrivial solution of Ax D 0, then every entry
in x is nonzero.

29� �T�)� The equation Ax D 0 gives an explicit description of
its solution set.

30� �T�)� The equation x D x2uC x3v, with x2 and x3 free (and
neither u nor v a multiple of the other), describes a plane
through the origin.

31� �T�)� The homogeneous equation Ax D 0 has the trivial so-
lution if and only if the equation has at least one free variable.

32� �T�)�The equationAx D b is homogeneous if the zero vector
is a solution.

33� �T�)� The equation x D pC tv describes a line through v
parallel to p.

34� �T�)� The effect of adding p to a vector is to move the vector
in a direction parallel to p.

35� �T�)� The solution set of Ax D b is the set of all vectors of
the formZ D pC vh, where vh is any solution of the equation
Ax D 0.

36� �T�)� The solution set of Ax D b is obtained by translating
the solution set of Ax D 0.

37� Prove the second part of Theorem 6: Let Z be any solution of
Ax D b, and define vh D Z " p. Show that vh is a solution
of Ax D 0. This shows that every solution of Ax D b has the
formZ D pC vh, with p a particular solution ofAx D b and
vh a solution of Ax D 0.

38� Suppose Ax D b has a solution. Explain why the solution is
unique precisely when Ax D 0 has only the trivial solution.

39� Suppose A is the 3 # 3 zero matrix (with all zero entries).
Describe the solution set of the equation Ax D 0.

40� If b ¤ 0, can the solution set of Ax D b be a plane through
the origin" Explain.

In Exercises 41–44, (a) does the equationAx D 0 have a nontrivial
solution and (b) does the equation Ax D b have at least one
solution for every possible b"

41� A is a 3 # 3 matrix with three pivot positions.

42� A is a 3 # 3 matrix with two pivot positions.

43� A is a 3 # 2 matrix with two pivot positions.

44� A is a 2 # 4 matrix with two pivot positions.

45� Given A D

2
4
"2 "6

7 21
"3 "9

3
5, find one nontrivial solution of

Ax D 0 by inspection. >Hint: Think of the equation Ax D 0
written as a vector equation.@

46� Given A D

2
4

4 "6
"8 12

6 "9

3
5, find one nontrivial solution of

Ax D 0 by inspection.

47� Construct a 3 # 3 nonzeromatrixA such that the vector

2
4

1
1
1

3
5

is a solution of Ax D 0.

48� Construct a 3 # 3 nonzero matrix A such that the vector2
4

1
"2

1

3
5 is a solution of Ax D 0.

49� Construct a 2 # 2 matrix A such that the solution set of the
equation Ax D 0 is the line in R2 through .4; 1/ and the
origin. Then, find a vector b in R2 such that the solution set
of Ax D b is not a line in R2 parallel to the solution set of
Ax D 0. Why does this not contradict Theorem 6"

50� Suppose A is a 3 # 3 matrix and y is a vector in R3 such that
the equation Ax D y does not have a solution. Does there
exist a vector ] in R3 such that the equation Ax D ] has a
unique solution" Discuss.

51� LetA be anm # nmatrix and let u be a vector inRn that satis-
fies the equation Ax D 0. Show that for any scalar c, the vec-
tor cu also satisfies Ax D 0. >That is, show that A.cu/ D 0.@

52� Let A be an m # n matrix, and let u and v be vectors in Rn

with the property that Au D 0 and Av D 0. Explain why
A.uC v/ must be the zero vector. Then explain why
A.cuC dv/ D 0 for each pair of scalars c and d .



84 CHAPTER 1 Linear Equations in Linear Algebra

Solutions to Practice Problems (Continued)

2� Since x5 ' 500, the equations D and A for x1 and x2 imply that x1 & 100
and x2 ' 700. The fact that x5 & 0 implies that x1 ' 600 and x2 & 200. So,
100 ' x1 ' 600, and 200 ' x2 ' 700.

��� /inear ,ndeSendence
The homogeneous equations in Section 1.5 can be studied from a different perspective
by writing them as vector equations. In this way, the focus shifts from the unknown
solutions of Ax D 0 to the vectors that appear in the vector equations.

For instance, consider the equation

x1

2
4

1
2
3

3
5C x2

2
4

4
5
6

3
5C x3

2
4

2
1
0

3
5 D

2
4

0
0
0

3
5 (1)

This equation has a trivial solution, of course, where x1 D x2 D x3 D 0. As in Sec-
tion 1.5, the main issue is whether the trivial solution is the only one.

DEFINITION An indexed set of vectors fv1; : : : ; vpg in Rn is said to be linearly independent if
the vector equation

x1v1 C x2v2 C ! ! !C xpvp D 0

has only the trivial solution. The set fv1; : : : ; vpg is said to be linearly dependent
if there exist weights c1; : : : ; cp , not all zero, such that

c1v1 C c2v2 C ! ! !C cpvp D 0 (2)

Equation (2) is called a linear dependence relation among v1; : : : ; vp when the
weights are not all zero. An indexed set is linearly dependent if and only if it is not linearly
independent. For brevity, we may say that v1; : : : ; vp are linearly dependent when we
mean that fv1; : : : ; vpg is a linearly dependent set. We use analogous terminology for
linearly independent sets.

(;A0P/( � Let v1 D

2
4

1
2
3

3
5, v2 D

2
4

4
5
6

3
5, and v3 D

2
4

2
1
0

3
5.

a. Determine if the set fv1; v2; v3g is linearly independent.
b. If possible, find a linear dependence relation among v1, v2, and v3.

62/8T,2N

a. We must determine if there is a nontrivial solution of equation (1) above. Row oper-
ations on the associated augmented matrix show that

2
4

1 4 2 0
2 5 1 0
3 6 0 0

3
5 %

2
4

1 4 2 0
0 "3 "3 0
0 0 0 0

3
5

Muntaser Safan
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Clearly, x1 and x2 are basic variables, and x3 is free. Each nonzero value of x3

determines a nontrivial solution of (1). Hence v1; v2; v3 are linearly dependent (and
not linearly independent).

b. To find a linear dependence relation among v1, v2, and v3, completely row reduce the
augmented matrix and write the new system:

2
4

1 0 "2 0
0 1 1 0
0 0 0 0

3
5

x1 " 2x3 D 0

x2 C x3 D 0

0 D 0

Thus x1 D 2x3, x2 D "x3, and x3 is free. Choose any nonzero value for x3—say,
x3 D 5. Then x1 D 10 and x2 D "5. Substitute these values into equation (1) and
obtain

10v1 " 5v2 C 5v3 D 0

This is one (out of infinitely many) possible linear dependence relations among v1,
v2, and v3.

/inear ,ndeSendence of 0atri[ &olumns
Suppose that we begin with a matrix A D Œ a1 ! ! ! an ! instead of a set of vectors. The
matrix equation Ax D 0 can be written as

x1a1 C x2a2 C ! ! !C xnan D 0

Each linear dependence relation among the columns of A corresponds to a nontrivial
solution of Ax D 0. Thus we have the following important fact.

The columns of a matrix A are linearly independent if and only if the equation
Ax D 0 has only the trivial solution. (3)

(;A0P/( � Determine if the columns of the matrix A D

2
4

0 1 4
1 2 "1
5 8 0

3
5 are

linearly independent.

62/8T,2N To study Ax D 0, row reduce the augmented matrix:2
4

0 1 4 0
1 2 "1 0
5 8 0 0

3
5 %

2
4

1 2 "1 0
0 1 4 0
0 "2 5 0

3
5 %

2
4

1 2 "1 0
0 1 4 0
0 0 13 0

3
5

At this point, it is clear that there are three basic variables and no free variables. So
the equation Ax D 0 has only the trivial solution, and the columns of A are linearly
independent.

6ets of 2ne or Two 9ectors
A set containing only one vector—say, v—is linearly independent if and only if v is not
the zero vector. This is because the vector equation x1v D 0 has only the trivial solution
when v ¤ 0. The zero vector is linearly dependent because x10 D 0 has many nontrivial
solutions.

The next example will explain the nature of a linearly dependent set of two vectors.
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(;A0P/( � Determine if the following sets of vectors are linearly independent.

a. v1 D
#

3
1

$
, v2 D

#
6
2

$
b. v1 D

#
3
2

$
, v2 D

#
6
2

$

62/8T,2N

a. Notice that v2 is a multiple of v1, namely v2 D 2v1. Hence "2v1 C v2 D 0, which
shows that fv1; v2g is linearly dependent.

b. The vectors v1 and v2 are certainly not multiples of one another. Could they be
linearly dependent" Suppose c and d satisfy

cv1 C dv2 D 0

If c ¤ 0, then we can solve for v1 in terms of v2, namely v1 D ."d=c/v2. This result
is impossible because v1 is not a multiple of v2. So c must be zero. Similarly, d must
also be zero. Thus fv1; v2g is a linearly independent set.

The arguments in Example 3 show that you can always decide by inspectionwhen a

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

'*(63& 1

set of two vectors is linearly dependent. Row operations are unnecessary. Simply check
whether at least one of the vectors is a scalar times the other. (The test applies only to
sets of two vectors.)

A set of two vectors fv1; v2g is linearly dependent if at least one of the vectors is
a multiple of the other. The set is linearly independent if and only if neither of the
vectors is a multiple of the other.

In geometric terms, two vectors are linearly dependent if and only if they lie on the
same line through the origin. Figure 1 shows the vectors from Example 3.

6ets of Two or 0ore 9ectors
The proof of the next theorem is similar to the solution of Example 3. Details are given
at the end of this section.

THEOREM 7 Characterization of Linearly Dependent Sets
An indexed set S D fv1; : : : ; vpg of two or more vectors is linearly dependent if
and only if at least one of the vectors in S is a linear combination of the others. In
fact, if S is linearly dependent and v1 ¤ 0, then some vj (with j > 1) is a linear
combination of the preceding vectors, v1; : : : ; vj#1.

Warning: Theorem 7 does not say that every vector in a linearly dependent set is a
linear combination of the preceding vectors. A vector in a linearly dependent set may
fail to be a linear combination of the other vectors. See Practice Problem 1(c).

(;A0P/( � Let u D

2
4

3
1
0

3
5 and v D

2
4

1
6
0

3
5. Describe the set spanned by u and v,

and explain why a vectorZ is in Span fu; vg if and only if fu; v;Zg is linearly dependent.
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62/8T,2N The vectors u and v are linearly independent because neither vector is
a multiple of the other, and so they span a plane in R3. (See Section 1.3.) In fact,
Span fu; vg is the x1x2-plane (with x3 D 0/. If Z is a linear combination of u and v,
then fu; v;Zg is linearly dependent, by Theorem 7. Conversely, suppose that fu; v;Zg
is linearly dependent. By Theorem 7, some vector in fu; v;Zg is a linear combination of
the preceding vectors (since u ¤ 0/. That vector must be Z, since v is not a multiple of
u. So Z is in Span fu; vg. See Figure 2.

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}

w

x3

x2

x1

vu

x3

x2

x1

'*(63& 2 Linear dependence in R3.

Example 4 generalizes to any set fu; v;Zg in R3 with u and v linearly independent.
The set fu; v;Zg will be linearly dependent if and only if Z is in the plane spanned by u
and v.

The next two theorems describe special cases in which the linear dependence of a
set is automatic. Moreover, Theorem 8 will be a key result for work in later chapters.

THEOREM 8 If a set contains more vectors than there are entries in each vector, then the set
is linearly dependent. That is, any set fv1; : : : ; vpg in Rn is linearly dependent if
p > n.

PROOF Let A D Œ v1 ! ! ! vp !. Then A is n # p, and the equation Ax D 0 corre-
sponds to a system of n equations in p unknowns. If p > n, there are more variables
than equations, so there must be a free variable. Hence Ax D 0 has a nontrivial solution,

*
*
*

*
*
*

*
p

n *
*

*
*
*

*
*
*

'*(63& 3

If p > n, the columns are linearly
dependent.

and the columns of A are linearly dependent. See Figure 3 for a matrix version of this
theorem.

Warning: Theorem 8 says nothing about the case in which the number of vectors in
the set does not exceed the number of entries in each vector.

(;A0P/( � The vectors
#

2
1

$
,
#

4
"1

$
,
#
"2

2

$
are linearly dependent by Theorem

8, because there are three vectors in the set and there are only two entries in each vector.
Notice, however, that none of the vectors is a multiple of one of the other vectors. See
Figure 4.

x1

x2

(2, 1)

(4, 21)

( 2, 2)2

'*(63& 4

A linearly dependent set in R2.

THEOREM 9 If a set S D fv1; : : : ; vpg in Rn contains the zero vector, then the set is linearly
dependent.
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PROOF By renumbering the vectors, we may suppose v1 D 0. Then the equation
1v1 C 0v2 C ! ! !C 0vp D 0 shows that S is linearly dependent.

(;A0P/( � Determine by inspection if the given set is linearly dependent.

a.

2
4

1
7
6

3
5,
2
4

2
0
9

3
5,
2
4

3
1
5

3
5,
2
4

4
1
8

3
5 b.

2
4

2
3
5

3
5,
2
4

0
0
0

3
5,
2
4

1
1
8

3
5 c.

2
664
"2

4
6

10

3
775,

2
664

3
"6
"9
15

3
775

62/8T,2N

a. The set contains four vectors, each of which has only three entries. So the set is
linearly dependent by Theorem 8.

b. Theorem 8 does not apply here because the number of vectors does not exceed the
number of entries in each vector. Since the zero vector is in the set, the set is linearly
dependent by Theorem 9.

c. Compare the corresponding entries of the two vectors. The second vector seems to
be "3=2 times the first vector. This relation holds for the first three pairs of entries,
but fails for the fourth pair. Thus neither of the vectors is a multiple of the other, and
hence they are linearly independent.

In general, you should read a section thoroughly several times to absorb an impor-
tant concept such as linear independence. The notes in the Study Guide for this section
will help you learn to form mental images of key ideas in linear algebra. For instance,
the following proof is worth reading carefully because it shows how the definition of
linear independence can be used.

PROOF OF THEOREM 7 (Characterization of Linearly Dependent Sets)
If some vj in S equals a linear combination of the other vectors, then vj can be
subtracted from both sides of the equation, producing a linear dependence relation with
a nonzero weight ."1/ on vj . >For instance, if v1 D c2v2 C c3v3, then 0 D ."1/v1 C
c2v2 C c3v3 C 0v4 C ! ! !C 0vp .@ Thus S is linearly dependent.

Conversely, suppose S is linearly dependent. If v1 is zero, then it is a (trivial)
linear combination of the other vectors in S . Otherwise, v1 ¤ 0, and there exist weights
c1; : : : ; cp , not all zero, such that

c1v1 C c2v2 C ! ! !C cpvp D 0

Let j be the largest subscript for which cj ¤ 0. If j D 1, then c1v1 D 0, which is
impossible because v1 ¤ 0. So j > 1, and

c1v1 C ! ! !C cj vj C 0vjC1 C ! ! !C 0vp D 0
cj vj D "c1v1 " ! ! ! " cj#1vj#1

vj D
)
" c1

cj

*
v1 C ! ! !C

)
"cj#1

cj

*
vj#1

Practice Problems

1� Let u D

2
4

3
2
"4

3
5, v D

2
4
"6

1
7

3
5, Z D

2
4

0
"5

2

3
5, and ] D

2
4

3
7
"5

3
5.

a. Are the sets fu; vg; fu;Zg; fu; ]g; fv;Zg; fv; ]g, and fZ; ]g each linearly inde-
pendent" Why or why not"
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b. Does the answer to Part (a) imply that fu; v;Z; ]g is linearly independent"
c. To determine if fu; v;Z; ]g is linearly dependent, is it wise to check if, say, Z is

a linear combination of u, v, and ]"
d. Is fu; v;Z; ]g linearly dependent"

2� Suppose that fv1; v2; v3g is a linearly dependent set of vectors in Rn and v4 is a
vector in Rn. Show that fv1; v2; v3; v4g is also a linearly dependent set.

��� (xercises
In Exercises 1–4, determine if the vectors are linearly independent.
Justify each answer.

1�

2
4

5
1
0

3
5,
2
4

7
2
"6

3
5,
2
4
"2
"1

6

3
5 2�

2
4

0
0
2

3
5,
2
4

0
5
"8

3
5,
2
4
"3

4
1

3
5

3�
#

1
"3

$
,
#
"3

6

$
4�

#
"1

4

$
,
#
"2

8

$

In Exercises 5–8, determine if the columns of the matrix form a
linearly independent set. Justify each answer.

5�

2
664

0 "8 5
3 "7 4
"1 5 "4

1 "3 2

3
775 6�

2
664
"4 "3 0

0 "1 4
1 0 3
5 4 6

3
775

7�

2
4

1 4 "3 0
"2 "7 5 1
"4 "5 7 5

3
5 8�

2
4

1 "3 3 "2
"3 7 "1 2

0 1 "4 3

3
5

In Exercises 9 and 10, (a) for what values of h is v3 in
Span fv1; v2g, and (b) for what values of h is fv1; v2; v3g linearly
dependent" Justify each answer.

9� v1 D

2
4

1
"3

2

3
5, v2 D

2
4
"3
10
"6

3
5, v3 D

2
4

2
"7

h

3
5

10� v1 D

2
4

1
"5
"3

3
5, v2 D

2
4
"2
10
6

3
5, v3 D

2
4

2
"10

h

3
5

In Exercises 11–14, find the value(s) of h for which the vectors are
linearly dependent. Justify each answer.

11�

2
4

1
"1

4

3
5,
2
4

3
"5

7

3
5,
2
4
"1

5
h

3
5 12�

2
4

2
"4

1

3
5,
2
4
"6

7
"3

3
5,
2
4

8
h
4

3
5

13�

2
4

1
5
"3

3
5,
2
4
"2
"9

6

3
5,
2
4

3
h
"9

3
5 14�

2
4

1
"3

4

3
5,
2
4
"6

8
7

3
5,
2
4

4
"2

h

3
5

Determine by inspection whether the vectors in Exercises 15–20
are linearly independent. Justify each answer.

15�
#

5
1

$
,
#

2
8

$
,
#

1
3

$
,
#
"1

7

$
16�

2
4

4
"2

6

3
5,
2
4

6
"3

9

3
5

17�

2
4

3
5
"1

3
5,
2
4

0
0
0

3
5,
2
4
"6

5
4

3
5 18�

#
4
4

$
,
#
"1

3

$
,
#

2
5

$
,
#

8
1

$

19�

2
4
"8
12
"4

3
5,
2
4

2
"3
"1

3
5 20�

2
4

1
4
"7

3
5,
2
4
"2

5
3

3
5,
2
4

0
0
0

3
5

In Exercises 21–28, mark each statement True or False �T�)�.
Justify each answer on the basis of a careful reading of the text.

21� �T�)� The columns of a matrix A are linearly independent if
the equation Ax  0 has the trivial solution.

22� �T�)� Two vectors are linearly dependent if and only if they
lie on a line through the origin.

23� �T�)� If S is a linearly dependent set, then each vector is a
linear combination of the other vectors in S .

24� �T�)� If a set contains fewer vectors than there are entries in
the vectors, then the set is linearly independent.

25� �T�)� The columns of any 4 # 5 matrix are linearly
dependent.

26� �T�)� If x and y are linearly independent, and if ] is in Span
fx; yg, then fx; y; ]g is linearly dependent.

27� �T�)� If x and y are linearly independent, and if fx; y; ]g is
linearly dependent, then ] is in Span fx; yg.

28� �T�)� If a set inRn is linearly dependent, then the set contains
more vectors than there are entries in each vector.

In Exercises 29–32, describe the possible echelon forms of the
matrix. Use the notation of Example 1 in Section 1.2.

29� A is a 3 # 3 matrix with linearly independent columns.

30� A is a 2 # 2 matrix with linearly dependent columns.

31� A is a 4 # 2 matrix, A D Œa1 a2!, and a2 is not a multiple
of a1.

32� A is a 4 # 3 matrix, A D Œa1 a2 a3!, such that fa1; a2g is
linearly independent and a3 is not in Span fa1; a2g.
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33� How many pivot columns must a 7 # 5 matrix have if its
columns are linearly independent" Why"

34� How many pivot columns must a 5 # 7 matrix have if its
columns span R5" Why"

35� Construct 3 # 2 matrices A and B such that Ax D 0 has only
the trivial solution and Bx D 0 has a nontrivial solution.

36� a. Fill in the blank in the following statement: “If A is
an m # n matrix, then the columns of A are linearly
independent if and only if A has pivot columns.”

b. Explain why the statement in (a) is true.

Exercises 37 and 38 should be solved without performing row
operations. >Hint:Write Ax D 0 as a vector equation.@

37� GivenA D

2
664

2 3 5
"5 1 "4
"3 "1 "4

1 0 1

3
775, observe that the third column

is the sum of the first two columns. Find a nontrivial solution
of Ax D 0.

38� Given A D

2
4

5 1 8
"9 5 6

6 "5 "9

3
5, observe that the first col-

umn plus three times the second column equals the third
column. Find a nontrivial solution of Ax D 0.

Each statement in Exercises 39–44 is either true (in all cases)
or false (for at least one example). If false, construct a specific
example to show that the statement is not always true. Such an
example is called a counterexample to the statement. If a statement
is true, give a justification. (One specific example cannot explain
why a statement is always true. You will have to do more work
here than in Exercises 21–28.)

39� �T�)-C� If v1; : : : ; v4 are in R4 and v3 D 2v1 C v2, then
fv1; v2; v3; v4g is linearly dependent.

40� �T�)-C� If v1; : : : ; v4 are in R4 and v3 D 0, then
fv1; v2; v3; v4g is linearly dependent.

41� �T�)-C� If v1 and v2 are in R4 and v2 is not a scalar multiple
of v1, then fv1; v2g is linearly independent.

42� �T�)-C� If v1; : : : ; v4 are inR4 and v3 is not a linear combina-
tion of v1; v2; v4, then fv1; v2; v3; v4g is linearly independent.

43� �T�)-C� If v1; : : : ; v4 are in R4 and fv1; v2; v3g is linearly
dependent, then fv1; v2; v3; v4g is also linearly dependent.

44� �T�)-C� If v1; : : : ; v4 are linearly independent vectors in R4,
then fv1; v2; v3g is also linearly independent. >Hint: Think
about x1v1 C x2v2 C x3v3 C 0 ! v4 D 0.@

45� Suppose A is an m # n matrix with the property that for all b
in Rm the equation Ax D b has at most one solution. Use the
definition of linear independence to explain why the columns
of A must be linearly independent.

46� Suppose an m # n matrix A has n pivot columns. Explain
why for each b in Rm the equation Ax D b has at most one
solution. >Hint: Explain why Ax D b cannot have infinitely
many solutions.@

T In Exercises 47 and 48, use as many columns ofA as possible to
construct a matrix B with the property that the equation Bx D 0
has only the trivial solution. Solve Bx D 0 to verify your work.

47� A D

2
664

8 "3 0 "7 2
"9 4 5 11 "7

6 "2 2 "4 4
5 "1 7 0 10

3
775

48� A D

2
66664

12 10 "6 "3 7 10
"7 "6 4 7 "9 5

9 9 "9 "5 5 "1
"4 "3 1 6 "8 9

8 7 "5 "9 11 "8

3
77775

T 49� With A and B as in Exercise 47 select a column v of A that
was not used in the construction of B and determine if v
is in the set spanned by the columns of B . (Describe your
calculations.)

T 50� Repeat Exercise 49 with the matrices A and B from Exercise
48. Then give an explanation for what you discover, assuming
that B was constructed as specified.

STUDY GUIDE offers additional
resources for mastering the
concept of linear independence. Solutions to Practice Problems

1� a. Yes. In each case, neither vector is amultiple of the other. Thus each set is linearly
independent.

b. No. The observation in Part (a), by itself, says nothing about the linear indepen-
dence of fu; v;Z; ]g.

c. No. When testing for linear independence, it is usually a poor idea to check if
one selected vector is a linear combination of the others. It may happen that
the selected vector is not a linear combination of the others and yet the whole
set of vectors is linearly dependent. In this practice problem, Z is not a linear
combination of u, v, and ].Span{u, v, z}

w

x3

x2

x1
d. Yes, by Theorem 8. There are more vectors (four) than entries (three) in them.
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2� Applying the definition of linearly dependent to fv1; v2; v3g implies that there exist
scalars c1; c2, and c3, not all zero, such that

c1v1 C c2v2 C c3v3 D 0:

Adding 0 v4 D 0 to both sides of this equation results in

c1v1 C c2v2 C c3v3 C 0 v4 D 0:

Since c1; c2; c3 and 0 are not all zero, the set fv1; v2; v3; v4g satisfies the definition
of a linearly dependent set.

��� ,ntroduction to /inear Transformations
The difference between a matrix equation Ax D b and the associated vector equation
x1a1 C ! ! !C xnan D b is merely a matter of notation. However, a matrix equation
Ax D b can arise in linear algebra (and in applications such as computer graphics and
signal processing) in a way that is not directly connected with linear combinations of
vectors. This happens when we think of the matrix A as an object that “acts” on a vector
x by multiplication to produce a new vector called Ax.

For instance, the equations

#
4 "3 1 3
2 0 5 1

$
2
664

1
1
1
1

3
775 D

#
5
8

$
and

#
4 "3 1 3
2 0 5 1

$
2
664

1
4
"1

3

3
775 D

#
0
0

$

✻ ✻ ✻ ✻ ✻ ✻
A x b A u 0

say that multiplication by A transforms x into b and transforms u into the zero vector.
See Figure 1.

multiplication

by Ax

0

u 0

b

4 2

multiplication

by A

'*(63& 1 Transforming vectors via matrix
multiplication.

From this new point of view, solving the equation Ax D b amounts to finding
all vectors x in R4 that are transformed into the vector b in R2 under the “action” of
multiplication by A.

The correspondence from x to Ax is a function from one set of vectors to another.
This concept generalizes the common notion of a function as a rule that transforms one
real number into another.

A transIormation (or Iunction ormapping) T fromRn toRm is a rule that assigns
to each vector x inRn a vector T .x/ inRm. The setRn is called the domain of T , andRm
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is called the codomain of T . The notation T W Rn ! Rm indicates that the domain of T
isRn and the codomain isRm. For x inRn, the vector T .x/ inRm is called the image of x
(under the action of T ). The set of all images T .x/ is called the range of T . See Figure 2.

m

Range

T(x)

CodomainDomain

x

T

n

'*(63& 2 Domain, codomain, and range of
T W Rn ! Rm.

The new terminology in this section is important because a dynamic view of
matrix–vector multiplication is the key to understanding several ideas in linear algebra
and to building mathematical models of physical systems that evolve over time. Such
dynamical systems will be discussed in Sections 1.10, 4.8, and throughout Chapter 5.

0atri[ Transformations
The rest of this section focuses on mappings associated with matrix multiplication. For
each x in Rn, T .x/ is computed as Ax, where A is an m # n matrix. For simplicity, we
sometimes denote such a matrix transformation by x 7!Ax. Observe that the domain of
T is Rn when A has n columns and the codomain of T is Rm when each column of A
has m entries. The range of T is the set of all linear combinations of the columns of A,
because each image T .x/ is of the form Ax.

(;A0P/( � Let A D

2
4

1 "3
3 5
"1 7

3
5, u D

#
2
"1

$
, b D

2
4

3
2
"5

3
5, c D

2
4

3
2
5

3
5, and

define a transformation T W R2 ! R3 by T .x/ D Ax, so that

T .x/ D Ax D

2
4

1 "3
3 5
"1 7

3
5
#

x1

x2

$
D

2
4

x1 " 3x2

3x1 C 5x2

"x1 C 7x2

3
5

a. Find T .u/, the image of u under the transformation T .

b. Find an x in R2 whose image under T is b.
c. Is there more than one x whose image under T is b"

d. Determine if c is in the range of the transformation T .

62/8T,2N

a. Compute

T .u/ D Au D

2
4

1 "3
3 5
"1 7

3
5
#

2
"1

$
D

2
4

5
1
"9

3
5

T

x2

u 5 2
21

5
1T(u) 5

29

x1

x3

x1

x2

b. Solve T .x/ D b for x. That is, solve Ax D b, or
2
4

1 "3
3 5
"1 7

3
5
#

x1

x2

$
D

2
4

3
2
"5

3
5 (1)
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Using the method discussed in Section 1.4, row reduce the augmented matrix:
2
4

1 "3 3
3 5 2
"1 7 "5

3
5 %

2
4

1 "3 3
0 14 "7
0 4 "2

3
5 %

2
4

1 "3 3
0 1 ":5
0 0 0

3
5 %

2
4

1 0 1:5
0 1 ":5
0 0 0

3
5 (2)

Hence x1 D 1:5, x2 D ":5, and x D
#

1:5
":5

$
. The image of this x under T is the given

vector b.
c. Any x whose image under T is b must satisfy equation (1). From (2), it is clear that

equation (1) has a unique solution. So there is exactly one x whose image is b.

d. The vector c is in the range of T if c is the image of some x in R2, that is, if c D T .x/
for some x. This is just another way of asking if the system Ax D c is consistent. To
find the answer, row reduce the augmented matrix:

2
4

1 "3 3
3 5 2
"1 7 5

3
5 %

2
4

1 "3 3
0 14 "7
0 4 8

3
5 %

2
4

1 "3 3
0 1 2
0 14 "7

3
5 %

2
4

1 "3 3
0 1 2
0 0 "35

3
5

The third equation, 0 D "35, shows that the system is inconsistent. So c is not in the
range of T .

The question in Example 1(c) is a uniqueness problem for a system of linear
equations, translated here into the language of matrix transformations: Is b the image
of a unique x in Rn" Similarly, Example 1(d) is an existence problem: Does there exist
an x whose image is c"

The next two matrix transformations can be viewed geometrically. They reinforce
the dynamic view of a matrix as something that transforms vectors into other vectors.
Section 2.7 contains other interesting examples connected with computer graphics.

(;A0P/( � If A D

2
4

1 0 0
0 1 0
0 0 0

3
5, then the transformation x 7!Ax proMects

points in R3 onto the x1x2-plane because
2
4

x1

x2

x3

3
5 7!

2
4

1 0 0
0 1 0
0 0 0

3
5
2
4

x1

x2

x3

3
5 D

2
4

x1

x2

0

3
5

See Figure 3.

x3

0

x1

x2

'*(63& 3

A projection transformation.

(;A0P/( � Let A D
#

1 2
0 1

$
. The transformation T W R2 ! R2 defined by

T .x/ D Ax is called a shear transIormation. It can be shown that if T acts on each
point in the 2 # 2 square shown in Figure 4, then the set of images forms the sheared
parallelogram. The key idea is to show that T maps line segments onto line segments
(as shown in Exercise 35) and then to check that the corners of the square map onto

the vertices of the parallelogram. For instance, the image of the point u D
#

0
2

$
is

sheep

sheared sheep

T .u/ D
#

1 2
0 1

$#
0
2

$
D
#

4
2

$
, and the image of

#
2
2

$
is
#

1 2
0 1

$#
2
2

$
D
#

6
2

$
. T

deforms the square as if the top of the square were pushed to the right while the base is
held fixed. Shear transformations appear in physics, geology, and crystallography.
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T

2

x2

x1
2

2

x2

6
x1

2

'*(63& 4 A shear transformation.

/inear Transformations
Theorem 5 in Section 1.4 shows that if A is m # n, then the transformation x 7! Ax has
the properties

A.uC v/ D AuC Av and A.cu/ D cAu

for all u; v inRn and all scalars c. These properties, written in function notation, identify
the most important class of transformations in linear algebra.

DEFINITION A transformation (or mapping) T is linear if

(i) T .uC v/ D T .u/C T .v/ for all u; v in the domain of T ;

(ii) T .cu/ D cT .u/ for all scalars c and all u in the domain of T .

Everymatrix transformation is a linear transformation. Important examples of linear
transformations that are not matrix transformations will be discussed in Chapters 4 and 5.

Linear transformations preserve the operations of vector addition and scalar mul-
tiplication. Property (i) says that the result T .uC v/ of first adding u and v in Rn and
then applying T is the same as first applying T to u and to v and then adding T .u/ and
T .v/ in Rm. These two properties lead easily to the following useful facts.

If T is a linear transformation, then

T .0/ D 0 (3)

and
T .cuC dv/ D cT .u/C dT .v/ (4)

for all vectors u, v in the domain of T and all scalars c; d .

Property (3) follows from condition (ii) in the definition, because T .0/ D T .0u/ D
0T .u/ D 0. Property (4) requires both (i) and (ii):

T .cuC dv/ D T .cu/C T .dv/ D cT .u/C dT .v/

Observe that if a transformation satisıes (4) for all u, v and c; d, it must be linear.
(Set c D d D 1 for preservation of addition, and set d D 0 for preservation of scalar
multiplication.) Repeated application of (4) produces a useful generalization:

T .c1v1 C ! ! !C cpvp/ D c1T .v1/C ! ! !C cpT .vp/ (5)
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In engineering and physics, (5) is referred to as a superposition principle. Think of
v1; : : : ; vp as signals that go into a system and T .v1/; : : : ; T .vp/ as the responses of that
system to the signals. The system satisfies the superposition principle if whenever an
input is expressed as a linear combination of such signals, the system’s response is the
same linear combination of the responses to the individual signals. We will return to this
idea in Chapter 4.

(;A0P/( � Given a scalar r , define T W R2 ! R2 by T .x/ D rx. T is called a
contraction when 0 ' r ' 1 and a dilation when r > 1. Let r D 3, and show that T is
a linear transformation.

62/8T,2N Let u, v be in R2 and let c; d be scalars. Then

T .cuC dv/ D 3.cuC dv/ Definition of T

D 3cuC 3dv
D c.3u/C d.3v/

)
Vector arithmetic

D cT .u/C dT .v/

Thus T is a linear transformation because it satisfies (4). See Figure 5.

T(u)

x1

x2

x1

T

u

x2

'*(63& 5 A dilation transformation.

(;A0P/( � Define a linear transformation T W R2 ! R2 by

T .x/ D
#

0 "1
1 0

$#
x1

x2

$
D
#
"x2

x1

$

Find the images under T of u D
#

4
1

$
, v D

#
2
3

$
, and uC v D

#
6
4

$
.

62/8T,2N

T .u/ D
#

0 "1
1 0

$#
4
1

$
D
#
"1

4

$
; T .v/ D

#
0 "1
1 0

$#
2
3

$
D
#
"3

2

$
;

T .uC v/ D
#

0 "1
1 0

$#
6
4

$
D
#
"4

6

$

Note that T .uC v/ is obviously equal to T .u/C T .v/. It appears from Figure 6 that
T rotates u, v, and uC v counterclockwise about the origin through 90ı. In fact, T
transforms the entire parallelogram determined by u and v into the one determined by
T .u/ and T .v/. (See Exercise 36.)
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T

x1

x2

v

u

T(u 1 v)

T(u)

T(v)

u 1 v

'*(63& 6 A rotation transformation.

The final example is not geometrical; instead, it shows how a linear mapping can
transform one type of data into another.

(;A0P/( � A company manufactures two products, B and C. Using data from
Example 7 in Section 1.3, we construct a “unit cost” matrix, U D Œ b c !, whose
columns describe the “costs per dollar of output” for the products:

U D

Product
B C2

4
:45 :40
:25 :30
:15 :15

3
5

Materials
Labor
Overhead

Let x D .x1; x2/ be a “production” vector, corresponding to x1 dollars of product B and
x2 dollars of product C, and define T W R2 ! R3 by

T .x/ D U x D x1

2
4

:45
:25
:15

3
5C x2

2
4

:40
:30
:15

3
5 D

2
4
Total cost of materials
Total cost of labor
Total cost of overhead

3
5

The mapping T transforms a list of production quantities (measured in dollars) into a
list of total costs. The linearity of this mapping is reflected in two ways:

1� If production is increased by a factor of, say, 4, from x to 4x, then the costs will
increase by the same factor, from T .x/ to 4T .x/.

2� If x and y are production vectors, then the total cost vector associated with the
combined production xC y is precisely the sum of the cost vectors T .x/ and
T .y/.

Practice Problems

1� Suppose T W R5 ! R2 and T .x/ D Ax for some matrix A and for each x in R5.
How many rows and columns does A have"

2� Let A D
#

1 0
0 "1

$
. Give a geometric description of the transformation x 7! Ax.

3� The line segment from 0 to a vector u is the set of points of the form tu, where
0 ' t ' 1. Show that a linear transformation T maps this segment into the segment
between 0 and T .u/.
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��� (xercises
1� LetA D

#
2 0
0 2

$
, and defineT W R2 ! R2 byT .x/ D Ax.

Find the images under T of u D
#

1
"3

$
and v D

#
a
b

$
.

2� Let A D

2
4

:5 0 0
0 :5 0
0 0 :5

3
5, u D

2
4

1
0
"4

3
5, and v D

2
4

a
b
c

3
5.

Define T W R3 ! R3 by T .x/ D Ax. Find T .u/ and T .v/.

In Exercises 3–6, with T defined by T .x/ D Ax, find a vector x
whose image under T is b, and determine whether x is unique.

3� A D

2
4

1 0 "2
"2 1 6

3 "2 "5

3
5, bD

2
4
"1

7
"3

3
5

4� A D

2
4

1 "3 2
0 1 "4
3 "5 "9

3
5, bD

2
4

6
"7
"9

3
5

5� A D
#

1 "5 "7
"3 7 5

$
, bD

#
"2
"2

$

6� A D

2
664

1 "2 1
3 "4 5
0 1 1
"3 5 "4

3
775, b D

2
664

1
9
3
"6

3
775

7� Let A be a 4 # 6 matrix. What must a and b be in order to
define T W Ra ! Rb by T .x/ D Ax"

8� How many rows and columns must a matrix A have in order
to define a mapping from R3 into R6 by the rule T .x/ D Ax"

For Exercises 9 and 10, find all x in R4 that are mapped into the
zero vector by the transformation x 7!Ax for the given matrix A.

9� A D

2
4

1 "4 7 "5
0 1 "4 3
2 "6 6 "4

3
5

10� A D

2
664

1 3 9 2
1 0 3 "4
0 1 2 3
"2 3 0 5

3
775

11� Let b D

2
4
"1

1
0

3
5, and letA be the matrix in Exercise 9. Is b in

the range of the linear transformation x 7!Ax" Why or why
not"

12� Let b D

2
664
"1

3
"1

4

3
775, and let A be the matrix in Exercise 10. Is

b in the range of the linear transformation x 7!Ax" Why or
why not"

In Exercises 13–16, use a rectangular coordinate system to plot

u D
#

5
2

$
, v D

#
"2

4

$
, and their images under the given transfor-

mation T . (Make a separate and reasonably large sketch for each
exercise.) Describe geometrically what T does to each vector x
in R2.

13� T .x/ D
#
"1 0

0 "1

$ #
x1

x2

$

14� T .x/ D
#

:5 0
0 :5

$ #
x1

x2

$

15� T .x/ D
#

0 0
0 1

$ #
x1

x2

$

16� T .x/ D
#

0 1
1 0

$ #
x1

x2

$

17� Let T W R2 ! R2 be a linear transformation that maps

u D
#

2
1

$
into

#
3
4

$
and maps v D

#
1
2

$
into

#
1
"5

$
. Use the

fact that T is linear to find the images under T of 5u, 4v, and
5uC 4v.

18� The figure shows vectors u, v, and Z, along with the images
T .u/ and T .v/ under the action of a linear transformation
T W R2 ! R2. Copy this figure carefully, and draw the image
T .Z/ as accurately as possible. >Hint: First, writeZ as a linear
combination of u and v.@

uw

v

T(v)

T(u)

x2 x2

x1x1

19� Let e1 D
#

1
0

$
, e2 D

#
0
1

$
, y1 D

#
2
5

$
, and y2 D

#
"1

6

$
, and

let T W R2 ! R2 be a linear transformation that maps e1

into y1 and maps e2 into y2. Find the images of
#

5
"3

$
and

#
x1

x2

$
.

20� Let x D
#

x1

x2

$
, v1 D

#
"3

5

$
, and v1 D

#
2
"9

$
, and let

T W R2 ! R2 be a linear transformation that maps x into
x1v1 C x2v2. Find a matrix A such that T .x/ is Ax for
each x.
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In Exercises 21–30, mark each statement True or False �T�)�.
Justify each answer.

21� �T�)� A linear transformation is a special type of function.

22� �T�)� Every matrix transformation is a linear transformation.

23� �T�)� If A is a 3 # 5 matrix and T is a transformation defined
by T .x/ D Ax, then the domain of T is R3.

24� �T�)� The codomain of the transformation x 7! Ax is the set
of all linear combinations of the columns of A.

25� �T�)� If A is an m # n matrix, then the range of the transfor-
mation x 7! Ax is Rm.

26� �T�)� If T W Rn ! Rm is a linear transformation and if c is in
Rm, then a uniqueness question is “Is c in the range of T "”

27� �T�)� Every linear transformation is a matrix transformation.

28� �T�)� A linear transformation preserves the operations of
vector addition and scalar multiplication.

29� �T�)� A transformation T is linear if and only if T .c1v1 C
c2v2/ D c1T .v1/C c2T .v2/ for all v1 and v2 in the domain
of T and for all scalars c1 and c2.

30� �T�)� The superposition principle is a physical description of
a linear transformation.

31� Let T W R2 ! R2 be the linear transformation that reflects
each point through the x1-axis. (See Practice Problem 2.)
Make two sketches similar to Figure 6 that illustrate prop-
erties (i) and (ii) of a linear transformation.

32� Suppose vectors v1; : : : ; vp spanRn, and let T W Rn ! Rn be
a linear transformation. Suppose T .vi / D 0 for i D 1; : : : ; p.
Show that T is the zero transformation. That is, show that if
x is any vector in Rn, then T .x/ D 0.

33� Given v ¤ 0 and p inRn, the line through p in the direction of
v has the parametric equation x D pC tv. Show that a linear
transformation T W Rn ! Rn maps this line onto another line
or onto a single point (a degenerate line).

34� Let u and v be linearly independent vectors in R3, and let P
be the plane through u, v, and 0. The parametric equation
of P is x D suC tv (with s; t in R). Show that a linear
transformation T W R3 ! R3 maps P onto a plane through
0, or onto a line through 0, or onto just the origin in R3. What
must be true about T .u/ and T .v/ in order for the image of
the plane P to be a plane"

35� a. Show that the line through vectors p and T in Rn may be
written in the parametric form x D .1 " t /pC tT. (Refer
to the figure with Exercises 25 and 26 in Section 1.5.)

b. The line segment from p to T is the set of points of the
form .1 " t/pC tT for 0 ' t ' 1 (as shown in the figure

below). Show that a linear transformation T maps this line
segment onto a line segment or onto a single point.

(t 5 1)  q (12 t)p 1 tq
x

(t 5 0) p

36� Let u and v be vectors inRn. It can be shown that the setP of
all points in the parallelogram determined by u and v has the
form auC bv, for 0 ' a ' 1, 0 ' b ' 1. Let T W Rn ! Rm

be a linear transformation. Explain why the image of a point
in P under the transformation T lies in the parallelogram
determined by T .u/ and T .v/.

37� Define f W R! R by f .x/ D mx C b.

a. Show that f is a linear transformation when b D 0.

b. Find a property of a linear transformation that is violated
when b ¤ 0.

c. Why is f called a linear function"

38� An aĴne transformation T W Rn ! Rm has the form
T .x/ DAxC b, withA anm # nmatrix and b inRm. Show
that T is not a linear transformation when b ¤ 0. (Affine
transformations are important in computer graphics.)

39� Let T W Rn ! Rm be a linear transformation, and let
fv1; v2; v3g be a linearly dependent set in Rn. Explain why
the set fT .v1/; T .v2/; T .v3/g is linearly dependent.

In Exercises 40–44, column vectors are written as rows, such as
x D .x1; x2/, and T .x/ is written as T .x1; x2/.

40� Show that the transformation T defined by T .x1; x2/ D
.4x1 " 2x2; 3jx2j/ is not linear.

41� Show that the transformation T defined by T .x1; x2/ D
.2x1 " 3x2; x1 C 4; 5x2/ is not linear.

42� Let T W Rn ! Rm be a linear transformation. Show that if
T maps two linearly independent vectors onto a linearly
dependent set, then the equation T .x/ D 0 has a nontrivial
solution. >Hint: Suppose u and v in Rn are linearly inde-
pendent and yet T .u/ and T .v/ are linearly dependent. Then
c1T .u/C c2T .v/ D 0 for some weights c1 and c2, not both
zero. Use this equation.@

43� LetT W R3 ! R3 be the transformation that reflects each vec-
tor x D .x1; x2; x3/ through the plane x3 D 0 onto T .x/ D
.x1; x2;"x3/. Show that T is a linear transformation. >See
Example 4 for ideas.@

44� Let T W R3 ! R3 be the transformation that projects each
vector x D .x1; x2; x3/ onto the plane x2 D 0, so T .x/ D
.x1; 0; x3/. Show that T is a linear transformation.
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T In Exercises 45 and 46, the given matrix determines a linear
transformation T . Find all x such that T .x/ D 0.

45�

2
664

4 "2 5 "5
"9 7 "8 0
"6 4 5 3

5 "3 8 "4

3
775 46�

2
664
"9 "4 "9 4

5 "8 "7 6
7 11 16 "9
9 "7 "4 5

3
775

T 47� Let b D

2
664

7
5
9
7

3
775 and let A be the matrix in Exercise 45. Is b

in the range of the transformation x 7!Ax" If so, find an x
whose image under the transformation is b.

T 48� Let b D

2
664
"7
"7
13
"5

3
775 and let A be the matrix in Exercise 46. Is b

in the range of the transformation x 7!Ax" If so, find an x
whose image under the transformation is b.

STUDY GUIDE offers additional
resources for mastering linear
transformations.

Solutions to Practice Problems

1� A must have five columns for Ax to be defined. A must have two rows for the

Au

u

x2

x1

A

The transformation x      Ax.

v

v

Ax

x

codomain of T to be R2.

2� Plot some random points (vectors) on graph paper to see what happens. A point such
as .4; 1/ maps into .4;"1/. The transformation x 7!Ax reflects points through the
x-axis (or x1-axis).

3� Let x D tu for some t such that 0 ' t ' 1. Since T is linear, T .tu/ D t T .u/, which
is a point on the line segment between 0 and T .u/.

��� The 0atri[ of a /inear Transformation
Whenever a linear transformation T arises geometrically or is described in words, we
usually want a “formula” for T .x/. The discussion that follows shows that every linear
transformation from Rn to Rm is actually a matrix transformation x 7!Ax and that
important properties of T are intimately related to familiar properties of A. The key to
finding A is to observe that T is completely determined by what it does to the columns
of the n # n identity matrix In.

(;A0P/( � The columns of I2 D
#

1 0
0 1

$
are e1 D

#
1
0

$
and e2 D

#
0
1

$
.

Suppose T is a linear transformation from R2 into R3 such that

T .e1/ D

2
4

5
"7

2

3
5 and T .e2/ D

2
4
"3

8
0

3
5

With no additional information, find a formula for the image of an arbitrary x in R2.

x1

x2

e2 5

5

0
1

e1
1
0

62/8T,2N Write

x D
#

x1

x2

$
D x1

#
1
0

$
C x2

#
0
1

$
D x1e1 C x2e2 (1)

Since T is a linear transformation,

T .x/ D x1T .e1/C x2T .e2/ (2)

D x1

2
4

5
"7

2

3
5C x2

2
4
"3

8
0

3
5 D

2
4

5x1 " 3x2

"7x1 C 8x2

2x1 C 0

3
5
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The step from equation (1) to equation (2) explains why knowledge of T .e1/ and
T .e2/ is sufficient to determine T .x/ for any x. Moreover, since (2) expresses T .x/ as a
linear combination of vectors, we can put these vectors into the columns of a matrix A
and write (2) as

T .x/ D
%

T .e1/ T .e2/
& # x1

x2

$
D Ax

THEOREM 10 Let T W Rn ! Rm be a linear transformation. Then there exists a unique matrix A
such that

T .x/ D Ax for all x in Rn

In fact, A is the m # n matrix whose j th column is the vector T .ej /, where ej is
the j th column of the identity matrix in Rn:

A D
%

T .e1/ ! ! ! T .en/
&

(3)

PROOF Write x D Inx D Œ e1 ! ! ! en !x D x1e1 C ! ! !C xnen, and use the linearity
of T to compute

T .x/ D T .x1e1 C ! ! !C xnen/ D x1T .e1/C ! ! !C xnT .en/

D
%

T .e1/ ! ! ! T .en/
&
2
64

x1

:::
xn

3
75 D Ax

The uniqueness of A is treated in Exercise 41.

The matrix A in (3) is called the standard matrix Ior the linear transIorma-
tion T .

We know now that every linear transformation from Rn to Rm can be viewed as
a matrix transformation, and vice versa. The term linear transformation focuses on a
property of a mapping, while matrix transformation describes how such a mapping is
implemented, as Examples 2 and 3 illustrate.

(;A0P/( � Find the standard matrix A for the dilation transformation T .x/ D 3x,
for x in R2.

62/8T,2N Write

T .e1/ D 3e1 D
#

3
0

$
and T .e2/ D 3e2 D

#
0
3

$

❄ ❄

A D
#

3 0
0 3

$

(;A0P/( � Let T W R2 ! R2 be the transformation that rotates each point in R2

about the origin through an angle ', with counterclockwise rotation for a positive angle.
We could show geometrically that such a transformation is linear. (See Figure 6 in
Section 1.8.) Find the standard matrix A of this transformation.
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62/8T,2N
#

1
0

$
rotates into

#
cos'
sin'

$
, and

#
0
1

$
rotates into

#
" sin'
cos'

$
. See Figure 1.

By Theorem 10,

A D
#
cos' " sin'
sin' cos'

$

Example 5 in Section 1.8 is a special case of this transformation, with ' D "=2.

(2sin w, cos w) 

(cos w, sin w)

(1, 0)

(0, 1)

w

w x1

x2

'*(63& 1 A rotation transformation.

Geometric /inear Transformations of R�

Examples 2 and 3 illustrate linear transformations that are described geometrically.
Tables 1–4 illustrate other common geometric linear transformations of the plane.
Because the transformations are linear, they are determined completely by what they
do to the columns of I2. Instead of showing only the images of e1 and e2, the tables
show what a transformation does to the unit square (Figure 2).

Other transformations can be constructed from those listed in Tables 1–4 by
applying one transformation after another. For instance, a horizontal shear could be
followed by a reflection in the x2-axis. Section 2.1 will show that such a composition of
linear transformations is linear. (Also, see Exercise 44.)

x1

x2

1
0

0
1

'*(63& 2

The unit square.

E[istence and 8niTueness 4uestions
The concept of a linear transformation provides a new way to understand the existence
and uniqueness questions asked earlier. The next two definitions give the appropriate
terminology for transformations.

DEFINITION A mapping T W Rn ! Rm is said to be onto Rm if each b in Rm is the image of at
least one x in Rn.

Equivalently, T is onto Rm when the range of T is all of the codomain Rm. That is,
T maps Rn onto Rm if, for each b in the codomain Rm, there exists at least one solution
of T .x/ D b. “Does T map Rn onto Rm"” is an existence question. The mapping T is
not onto when there is some b in Rm for which the equation T .x/ D b has no solution.
See Figure 3.

m

T is onto m

n

Domain Range

T is not onto m

T

n

Domain Range

m

T

'*(63& 3 Is the range of T all of Rm"
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TABLE 1 ReáeDtJPOT
TransIormation Image oI the 8nit STuare Standard Matrix

Reflection through
the x1-axis 

01
210

210
021

021
10

021
210

10
01

Reflection through
the x2-axis

Reflection through
the line x2 5 x1

x2 5 2x1

Reflection through
the line x2 5 2x1

21
0

21
0

0
21

0
21

x1

x2

Reflection through
the origin

x1

x2

x1

x2

1
0

0
21

x1

x2

0
1

21
0

x1

x2

1
0

0
1

x2 5 x1
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TABLE 2 CPOtraDtJPOT aOE EYpaOTJPOT
TransIormation Image oI the 8nit STuare Standard Matrix

Horizontal
contraction
and expansion

Vertical
contraction
and expansion

0k
10

01
k0

0 , k , 1

0 , k , 1 k . 1

k . 1

0
1

1
0

1
0

0
k

0
1

0
k

k
0

k
0

x1

x2

x2

x1

x2

x1

x2

x1

TABLE 3 ShearT
TransIormation Image oI the 8nit STuare Standard Matrix

Horizontal shear k1
10

01
1k

k , 0 k . 0

0
1

0
1

1
0

k
1

k
1

1
k

1
k

Vertical shear

k , 0 k . 0

x2

k k 1
0

k

k

x2

x1

x2

x1

x2

x1x1
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TABLE 4 PrPKeDtJPOT
TransIormation Image oI the 8nit STuare Standard Matrix

01
00

00
10

1
0

0
0

0
1

Projection onto
the x1-axis

Projection onto
the x2-axis

x1

x2

0
0

x1

x2

DEFINITION A mapping T W Rn ! Rm is said to be one-to-one if each b in Rm is the image of
at most one x in Rn.

Equivalently,T is one-to-one if, for each b inRm, the equationT .x/ D b has either a
unique solution or none at all. “Is T one-to-one"” is a uniqueness question. The mapping
T is not one-to-one when some b in Rm is the image of more than one vector in Rn. If
there is no such b, then T is one-to-one. See Figure 4.

m

T is not one-to-one T is one-to-one

TT

mn n

0 000

RangeRangeDomain Domain

'*(63& 4 Is every b the image of at most one vector"

The projection transformations shown in Table 4 are not one-to-one and do notmap
R2 onto R2. The transformations in Tables 1, 2, and 3 are one-to-one and do map R2

onto R2. Other possibilities are shown in the two examples below.
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Example 4 and the theorems that follow show how the function properties of being
one-to-one and mapping onto are related to important concepts studied earlier in this
chapter.

(;A0P/( � Let T be the linear transformation whose standard matrix is

A D

2
4

1 "4 8 1
0 2 "1 3
0 0 0 5

3
5

Does T map R4 onto R3" Is T a one-to-one mapping"

62/8T,2N Since A happens to be in echelon form, we can see at once that A has a
pivot position in each row. By Theorem 4 in Section 1.4, for each b in R3, the equation
Ax D b is consistent. In other words, the linear transformation T maps R4 (its domain)
onto R3. However, since the equation Ax D b has a free variable (because there are four
variables and only three basic variables), each b is the image of more than one x. That
is, T is not one-to-one.

THEOREM 11 Let T W Rn ! Rm be a linear transformation. Then T is one-to-one if and only if
the equation T .x/ D 0 has only the trivial solution.

Remark: To prove a theorem that says “statement P is true if and only if statement Q is
true,” one must establish two things: (1) If P is true, then Q is true and (2) If Q is true,
then P is true. The second requirement can also be established by showing (2a): If P is
false, then Q is false. (This is called contrapositive reasoning.) This proof uses (1) and
(2a) to show that P and Q are either both true or both false.

PROOF Since T is linear, T .0/ D 0. If T is one-to-one, then the equation T .x/ D 0
has at most one solution and hence only the trivial solution. If T is not one-to-one, then
there is a b that is the image of at least two different vectors in Rn—say, u and v. That
is, T .u/ D b and T .v/ D b. But then, since T is linear,

T .u " v/ D T .u/ " T .v/ D b " b D 0

The vector u " v is not zero, since u ¤ v. Hence the equation T .x/ D 0 has more than
one solution. So, either the two conditions in the theorem are both true or they are both
false.

THEOREM 12 Let T W Rn ! Rm be a linear transformation, and let A be the standard matrix for
T . Then:

a. T maps Rn onto Rm if and only if the columns of A span Rm;

b. T is one-to-one if and only if the columns of A are linearly independent.

Remark: “If and only if” statements can be linked together. For example if “P if and
only if Q” is known and “Q if and only if R” is known, then one can conclude “P if
and only if R.” This strategy is used repeatedly in this proof.
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PROOF

a. By Theorem 4 in Section 1.4, the columns of A span Rm if and only if for each b in
Rm the equation Ax D b is consistent—in other words, if and only if for every b, the
equation T .x/ D b has at least one solution. This is true if and only if T maps Rn

onto Rm.

b. The equations T .x/ D 0 and Ax D 0 are the same except for notation. So, by
Theorem 11, T is one-to-one if and only if Ax D 0 has only the trivial solution.
This happens if and only if the columns ofA are linearly independent, as was already
noted in the boxed statement (3) in Section 1.7.

Statement (a) in Theorem 12 is equivalent to the statement “T maps Rn onto Rm if
and only if every vector inRm is a linear combination of the columns ofA.” See Theorem
4 in Section 1.4.

In the next example and in some exercises that follow, column vectors are written in
rows, such as x D .x1; x2/, and T .x/ is written as T .x1; x2/ instead of the more formal
T ..x1; x2//.

(;A0P/( � Let T .x1; x2/ D .3x1 C x2, 5x1 C 7x2, x1 C 3x2/. Show that T is a
one-to-one linear transformation. Does T map R2 onto R3"

62/8T,2N When x and T .x/ are written as column vectors, you can determine the
standard matrix of T by inspection, visualizing the row–vector computation of each
entry in Ax.

T .x/ D

2
4

3x1 C x2

5x1 C 7x2

x1 C 3x2

3
5 D

2
4
" "
" "
" "

3
5
#

x1

x2

$
D

2
4

3 1
5 7
1 3

3
5
#

x1

x2

$
(4)

A

So T is indeed a linear transformation, with its standard matrix A shown in (4). The
columns ofA are linearly independent because they are notmultiples. By Theorem 12(b),
T is one-to-one. To decide if T is onto R3, examine the span of the columns of A. Since
A is 3 # 2, the columns of A span R3 if and only if A has 3 pivot positions, by Theorem
4. This is impossible, since A has only 2 columns. So the columns of A do not span R3,
and the associated linear transformation is not onto R3.

x2

The transformation T is not
onto     .3

e2

e1
x1

x2

T

T

x3

x1

Span{a1, a2}

a1

a2

Practice Problems

1� Let T W R2 ! R2 be the transformation that first performs a horizontal shear that
maps e2 into e2 " :5e1 (but leaves e1 unchanged) and then reflects the result through
the x2-axis. Assuming that T is linear, find its standard matrix. >Hint:Determine the
final location of the images of e1 and e2.@

2� SupposeA is a 7 # 5matrix with 5 pivots. Let T .x/ D Ax be a linear transformation
from R5 into R7. Is T a one-to-one linear transformation" Is T onto R7"

��� (xercises
In Exercises 1–10, assume that T is a linear transformation. Find
the standard matrix of T .

1� T W R2 ! R4,T .e1/ D .2; 1; 2; 1/ andT .e2/ D ."5; 2; 0; 0/,
where e1 D .1; 0/ and e2 D .0; 1/.

2� T W R3 ! R2, T .e1/ D .1; 3/, T .e2/ D .4; 2/, and T .e3/ D
."5; 4/, where e1, e2, e3 are the columns of the 3 # 3 identity
matrix.

3� T W R2 ! R2 rotates points (about the origin) through 3"=2
radians (in the counterclockwise direction).
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4� T W R2 ! R2 rotates points (about the origin) through ""=4
radians (since the number is negative, the actual rotation is
clockwise). >Hint: T .e1/ D .1=

p
2;"1=

p
2/.@

5� T W R2 ! R2 is a vertical shear transformation that maps e1

into e1 " 2e2 but leaves the vector e2 unchanged.

6� T W R2 ! R2 is a horizontal shear transformation that leaves
e1 unchanged and maps e2 into e2 C 5e1.

7� T W R2 ! R2 first rotates points through "3"=4 radians
(since the number is negative, the actual rotation is clockwise)
and then reflects points through the horizontal x1-axis. >Hint:
T .e1/ D ."1=

p
2; 1=
p

2/.@

8� T W R2 ! R2 first reflects points through the vertical x2-axis
and then reflects points through the line x2 D x1.

9� T W R2 ! R2 first performs a horizontal shear that trans-
forms e2 into e2 " 3e1 (leaving e1 unchanged) and then re-
flects points through the line x2 D "x1.

10� T W R2 ! R2 first reflects points through the vertical x2-axis
and then rotates points 3"=2 radians.

11� A linear transformation T W R2 ! R2 first reflects points
through the x1-axis and then reflects points through the x2-
axis. Show that T can also be described as a linear transfor-
mation that rotates points about the origin. What is the angle
of that rotation"

12� Show that the transformation in Exercise 8 is merely a rota-
tion about the origin. What is the angle of the rotation"

13� LetT W R2 ! R2 be the linear transformation such thatT .e1/
and T .e2/ are the vectors shown in the figure. Using the
figure, sketch the vector T .2; 1/.

T(e1) T(e2)

x1

x2

14� Let T W R2 ! R2 be a linear transformation with standard
matrix A D Œa1 a2!, where a1 and a2 are shown in the

figure. Using the figure, draw the image of
#
"1

3

$
under the

transformation T .

x1

x2

a2

a1

In Exercises 15 and 16, fill in the missing entries of the matrix,
assuming that the equation holds for all values of the variables.

15�

2
4

‹ ‹ ‹
‹ ‹ ‹
‹ ‹ ‹

3
5
2
4

x1

x2

x3

3
5 D

2
4

2x1 " 3x3

4x1

x1 " x2 C x3

3
5

16�

2
4

‹ ‹
‹ ‹
‹ ‹

3
5
#

x1

x2

$
D

2
4

x1 " 3x2

"2x1 C x2

x1

3
5

In Exercises 17–20, show that T is a linear transformation by
finding a matrix that implements the mapping. Note that x1; x2; : : :
are not vectors but are entries in vectors.

17� T .x1; x2; x3; x4/ D .0; x1 C x2; x2 C x3; x3 C x4/

18� T .x1; x2/ D .2x2 " 3x1; x1 " 4x2; 0; x2/

19� T .x1; x2; x3/ D .x1 " 5x2 C 4x3; x2 " 6x3/

20� T .x1; x2; x3; x4/ D 2x1 C 3x3 " 4x4 .T W R4 ! R/

21� Let T W R2 ! R2 be a linear transformation such that
T .x1; x2/ D .x1 C x2; 4x1 C 5x2/. Find x such that T .x/ D
.3; 8/.

22� Let T W R2 ! R3 be a linear transformation such that
T .x1; x2/ D .x1 " 2x2;"x1 C 3x2; 3x1 " 2x2/. Find x such
that T .x/ D ."1; 4; 9/.

In Exercises 23–32, mark each statement True or False �T�)�.
Justify each answer.

23� �T�)� A linear transformation T W Rn ! Rm is completely
determined by its effect on the columns of the n # n identity
matrix.

24� �T�)� A mapping T W Rn ! Rm is one-to-one if each vector
in Rn maps onto a unique vector in Rm.

25� �T�)� If T W R2 ! R2 rotates vectors about the origin
through an angle #, then T is a linear transformation.

26� �T�)� The columns of the standard matrix for a linear trans-
formation from Rn to Rm are the images of the columns of
the n # n identity matrix.

27� �T�)� When two linear transformations are performed one
after another, the combined effect may not always be a linear
transformation.

28� �T�)� Not every linear transformation from Rn to Rm is a
matrix transformation.

29� �T�)� A mapping T W Rn ! Rm is onto Rm if every vector x
in Rn maps onto some vector in Rm.

30� �T�)� The standard matrix of a linear transformation from
R2 to R2 that reflects points through the horizontal axis, the

vertical axis, or the origin has the form
#

a 0
0 d

$
, where a

and d are˙1.
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31� �T�)� A is a 3 # 2 matrix, then the transformation x 7! Ax
cannot be one-to-one.

32� �T�)� A is a 3 # 2 matrix, then the transformation x 7! Ax
cannot map R2 onto R3.

In Exercises 33–36, determine if the specified linear transforma-
tion is (a) one-to-one and (b) onto. Justify each answer.

33� The transformation in Exercise 17

34� The transformation in Exercise 2

35� The transformation in Exercise 19

36� The transformation in Exercise 14

In Exercises 37 and 38, describe the possible echelon forms of the
standard matrix for a linear transformation T . Use the notation of
Example 1 in Section 1.2.

37� T W R3 ! R4 is one-to-one.

38� T W R4 ! R3 is onto.

39� Let T W Rn ! Rm be a linear transformation, with A its
standard matrix. Complete the following statement to make
it true: “T is one-to-one if and only if A has pivot
columns.” Explain why the statement is true. >Hint: Look in
the exercises for Section 1.7.@

40� Let T W Rn ! Rm be a linear transformation, with A its
standard matrix. Complete the following statement to make
it true: “T maps Rn onto Rm if and only if A has pivot
columns.” Find some theorems that explainwhy the statement
is true.

41� Verify the uniqueness ofA in Theorem 10. Let T W Rn ! Rm

be a linear transformation such that T .x/ D Bx for some

m # n matrix B . Show that if A is the standard matrix for
T , then A D B . >Hint: Show that A and B have the same
columns.@

42� Why is the question “Is the linear transformation T onto"”
an existence question"

43� If a linear transformation T W Rn ! Rm maps Rn onto Rm,
can you give a relation between m and n" If T is one-to-one,
what can you say about m and n"

44� Let S W Rp ! Rn and T W Rn ! Rm be linear transforma-
tions. Show that the mapping x 7! T .S.x// is a linear trans-
formation (fromRp toRm). >Hint: Compute T .S.cuC dv//
for u; v in Rp and scalars c and d . Justify each step of the
computation, and explain why this computation gives the
desired conclusion.@

T In Exercises 45–48, let T be the linear transformation whose
standard matrix is given. In Exercises 45 and 46, decide if T is a
one-to-one mapping. In Exercises 47 and 48, decide if T maps R5

onto R5. Justify your answers.

45�

2
664
"5 10 "5 4

8 3 "4 7
4 "9 5 "3
"3 "2 5 4

3
775 46�

2
664

7 5 4 "9
10 6 16 "4
12 8 12 7
"8 "6 "2 5

3
775

47�

2
66664

4 "7 3 7 5
6 "8 5 12 "8
"7 10 "8 "9 14

3 "5 4 2 "6
"5 6 "6 "7 3

3
77775

48�

2
66664

9 13 5 6 "1
14 15 "7 "6 4
"8 "9 12 "5 "9
"5 "6 "8 9 8
13 14 15 2 11

3
77775

STUDY GUIDE offers additional
resources for mastering existence
and uniTueness.

Solution to Practice Problems

1� Follow what happens to e1 and e2. See Figure 5. First, e1 is unaffected by the shear
and then is reflected into "e1. So T .e1/ D "e1. Second, e2 goes to e2 " :5e1 by the
shear transformation. Since reflection through the x2-axis changes e1 into "e1 and
leaves e2 unchanged, the vector e2 " :5e1 goes to e2 C :5e1. So T .e2/ D e2 C :5e1.

1
0

1
0 0

21

Shear transformation Reflection through the x2-axis

x2

0
1

2.5
1

.5
1

x1

x2 x2

x1 x1

'*(63& 5 The composition of two transformations.
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COMPUTER MODELS IN AIRCRAFT DESIGN
To design the next generation of commercial and military
aircraft, engineers at Boeing’s Phantom Works use 3D
modeling and computational fluid dynamics (CFD). They
study the airflow around a virtual airplane to answer
important design questions before physical models are
created. This has drastically reduced design cycle times
and cost—and linear algebra plays a crucial role in the
process.

The virtual airplane begins as a mathematical “wire-
frame” model that exists only in computer memory and
on graphics display terminals. (Model of a Boeing 747 is
shown.) This mathematical model organizes and influences
each step of the design and manufacture of the airplane—
both the exterior and interior. The CFD analysis concerns
the exterior surface.

Although the finished skin of a plane may seem
smooth, the geometry of the surface is complicated. In
addition to wings and a fuselage, an aircraft has nacelles,
stabilizers, slats, flaps, and ailerons. The way air flows
around these structures determines how the plane moves
through the sky. Equations that describe the airflow are
complicated, and they must account for engine intake,
engine exhaust, and the wakes left by the wings of the
plane. To study the airflow, engineers need a highly refined
description of the plane’s surface.

A computer creates a model of the surface by first
superimposing a three-dimensional grid of “boxes” on the

original wire-frame model. Boxes in this grid lie either
completely inside or completely outside the plane, or they
intersect the surface of the plane. The computer selects
the boxes that intersect the surface and subdivides them,
retaining only the smaller boxes that still intersect the
surface. The subdividing process is repeated until the grid
is extremely fine. A typical grid can include more than
400,000 boxes.

The process for finding the airflow around the plane
involves repeatedly solving a system of linear equations
Ax D b that may involve up to 2 million equations and
variables. The vector b changes each time, based on data
from the grid and solutions of previous equations. Using
the fastest computers available commercially, a Phantom
Works team can spend from a few hours to several days
setting up and solving a single airflow problem. After the
team analyzes the solution, they may make small changes
to the airplane surface and begin the whole process again.
Thousands of CFD runs may be required.

This chapter presents two important concepts that
assist in the solution of such massive systems of equations:

! Partitioned matrices: A typical CFD system of
equations has a “sparse” coefficient matrix with
mostly zero entries. Grouping the variables correctly
leads to a partitioned matrix with many zero blocks.
Section 2.4 introduces such matrices and describes
some of their applications.

121
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! Matrix factorizations: Even when written with
partitioned matrices, the system of equations is
complicated. To further simplify the computations,
the CFD software at Boeing uses what is called
an LU factorization of the coefficient matrix.
Section 2.5 discusses LU and other useful matrix
factorizations. Further details about factorizations
appear at several points later in the text.

To analyze a solution of an airflow system, engineers
want to visualize the airflow over the surface of the plane.
They use computer graphics, and linear algebra provides
the engine for the graphics. The wire-frame model of the
plane’s surface is stored as data in many matrices. Once the
image has been rendered on a computer screen, engineers
can change its scale, zoom in or out of small regions, and
rotate the image to see parts that may be hidden from view.

TU-Delft and Air France-KLM are investigating a flying V
aircraft design because of its potential for significantly better fuel
economy.

Each of these operations is accomplished by appropriate
matrix multiplications. Section 2.7 explains the basic
ideas.

Our ability to analyze and solve equations will be greatly enhancedwhenwe can perform
algebraic operations with matrices. Furthermore, the definitions and theorems in this
chapter provide some basic tools for handling the many applications of linear algebra
that involve two or more matrices. For n ! n matrices, the Invertible Matrix Theorem
in Section 2.3 ties together most of the concepts treated earlier in the text. Sections 2.4
and 2.5 examine partitioned matrices and matrix factorizations, which appear in most
modern uses of linear algebra. Sections 2.6 and 2.7 describe two interesting applications
of matrix algebra: to economics and to computer graphics. Sections 2.8 and 2.9 provide
readers enough information about subspaces to move directly into Chapters 5, 6, and
7, without covering Chapter 4. You may want to omit these two sections if you plan to
cover Chapter 4 before moving to Chapter 5.

��� 0atri[ 2Serations
If A is an m ! n matrix—that is, a matrix with m rows and n columns—then the scalar
entry in the i th row and j th column ofA is denoted by aij and is called the .i; j /-entry of
A. See Figure 1. For instance, the .3; 2/-entry is the number a32 in the third row, second
column. Each column of A is a list of m real numbers, which identifies a vector in Rm.
Often, these columns are denoted by a1; : : : ; an, and the matrix A is written as

A D
!
a1 a2 " " " an

"

Observe that the number aij is the i th entry (from the top) of the j th column vector aj .
The diagonal entries in an m ! n matrix A D Œ aij ! are a11; a22; a33; : : : ; and they

form the main diagonal of A. A diagonal matrix is a square n ! n matrix whose
nondiagonal entries are zero. An example is the n ! n identity matrix, In. An m ! n
matrix whose entries are all zero is a ]ero matrix and is written as 0. The size of a zero
matrix is usually clear from the context.
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a11

am1

a1n

amn

ai1 ain

a1 j

Column
j

am j

a1 a na j

ai jRow i 5 A

'*(63& 1 Matrix notation.

6ums and 6calar 0ultiSles
The arithmetic for vectors described earlier has a natural extension to matrices. We say
that two matrices are eTual if they have the same size (i.e., the same number of rows
and the same number of columns) and if their corresponding columns are equal, which
amounts to saying that their corresponding entries are equal. If A and B are m ! n
matrices, then the sum AC B is the m ! n matrix whose columns are the sums of
the corresponding columns in A and B . Since vector addition of the columns is done
entrywise, each entry in AC B is the sum of the corresponding entries in A and B . The
sum AC B is defined only when A and B are the same size.

(;A0P/( � Let

A D
#

4 0 5
#1 3 2

$
; B D

#
1 1 1
3 5 7

$
; C D

#
2 #3
0 1

$

Then
AC B D

#
5 1 6
2 8 9

$

but AC C is not defined because A and C have different sizes.

If r is a scalar and A is a matrix, then the scalar multiple rA is the matrix whose
columns are r times the corresponding columns in A. As with vectors, #A stands for
.#1/A, and A # B is the same as AC .#1/B .

(;A0P/( � If A and B are the matrices in Example 1, then

2B D 2

#
1 1 1
3 5 7

$
D
#

2 2 2
6 10 14

$

A # 2B D
#

4 0 5
#1 3 2

$
#
#

2 2 2
6 10 14

$
D
#

2 #2 3
#7 #7 #12

$

It was unnecessary in Example 2 to compute A # 2B as AC .#1/2B because the
usual rules of algebra apply to sums and scalar multiples of matrices, as the following
theorem shows.

THEOREM 1 Let A; B , and C be matrices of the same size, and let r and s be scalars.

a. AC B D B C A
b. .AC B/C C D AC .B C C /
c. AC 0 D A

d. r.AC B/ D rAC rB
e. .r C s/A D rAC sA
f. r.sA/ D .rs/A
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Each equality in Theorem 1 is verified by showing that the matrix on the left side has
the same size as the matrix on the right and that corresponding columns are equal. Size
is no problem because A, B , and C are equal in size. The equality of columns follows
immediately from analogous properties of vectors. For instance, if the j th columns of
A, B , and C are aj , bj , and cj , respectively, then the j th columns of .AC B/C C and
AC .B C C / are

.aj C bj /C cj and aj C .bj C cj /

respectively. Since these two vector sums are equal for each j , property (b) is verified.
Because of the associative property of addition, we can simply write AC B C C

for the sum, which can be computed either as .AC B/C C or as AC .B C C /. The
same applies to sums of four or more matrices.

0atri[ 0ultiSlication
When a matrix B multiplies a vector x, it transforms x into the vector Bx. If this vector
is then multiplied in turn by a matrix A, the resulting vector is A.Bx/. See Figure 2.

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

'*(63& 2 Multiplication by B and then A.

Thus A.Bx/ is produced from x by a composition of mappings—the linear transfor-
mations studied in Section 1.8. Our goal is to represent this composite mapping as
multiplication by a single matrix, denoted by AB, so that

A.Bx/ D .AB/x (1)

See Figure 3.

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

'*(63& 3 Multiplication by AB.

If A is m ! n, B is n ! p, and x is in Rp , denote the columns of B by b1; : : : ; bp

and the entries in x by x1; : : : ; xp . Then

Bx D x1b1 C " " "C xpbp

By the linearity of multiplication by A,

A.Bx/ D A.x1b1/C " " "C A.xpbp/

D x1Ab1 C " " "C xpAbp
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The vectorA.Bx/ is a linear combination of the vectorsAb1; : : : ; Abp , using the entries
in x as weights. In matrix notation, this linear combination is written as

A.Bx/ D Œ Ab1 Ab2 " " " Abp !x

Thus multiplication by Œ Ab1 Ab2 " " " Abp ! transforms x into A.Bx/. We have
found the matrix we sought!

DEFINITION If A is an m ! n matrix, and if B is an n ! p matrix with columns b1; : : : ; bp , then
the product AB is the m ! p matrix whose columns are Ab1; : : : ; Abp . That is,

AB D A
!
b1 b2 " " " bp

"
D
!
Ab1 Ab2 " " " Abp

"

This definition makes equation (1) true for all x in Rp . Equation (1) proves that the
composite mapping in Figure 3 is a linear transformation and that its standard matrix is
AB . Multiplication of matrices corresponds to composition of linear transformations.

(;A0P/( � Compute AB , where A D
#

2 3
1 #5

$
and B D

#
4 3 6
1 #2 3

$
.

62/8T,2N Write B D Œ b1 b2 b3 !, and compute:

Ab1 D
#

2 3
1 #5

$#
4
1

$
; Ab2 D

#
2 3
1 #5

$#
3
#2

$
; Ab3 D

#
2 3
1 #5

$#
6
3

$

D
#

11
#1

$
D
#

0
13

$
D
#

21
#9

$

❄ ❄❄Then

AB D AŒ b1 b2 b3 ! D
#

11 0 21
#1 13 #9

$

✻ ✻ ✻
Ab1 Ab2 Ab3

Notice that since the first column of AB is Ab1; this column is a linear combination
of the columns of A using the entries in b1 as weights. A similar statement is true for
each column of AB:

Each column ofAB is a linear combination of the columns ofA using weights from
the corresponding column of B .

Obviously, the number of columns of A must match the number of rows in B in
order for a linear combination such as Ab1 to be defined. Also, the definition of AB
shows that AB has the same number of rows as A and the same number of columns
as B.

(;A0P/( � If A is a 3 ! 5 matrix and B is a 5 ! 2 matrix, what are the sizes of
AB and BA, if they are defined"
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62/8T,2N Since A has 5 columns and B has 5 rows, the product AB is defined and
is a 3 ! 2 matrix:

A B AB2
4
$ $ $ $ $
$ $ $ $ $
$ $ $ $ $

3
5
2
66664

$ $
$ $
$ $
$ $
$ $

3
77775
D
2
4
$ $
$ $
$ $

3
5

3 ! 5 5 ! 2 3 ! 2

✻ ✻✻ ✻Match

Size of AB

The product BA is not defined because the 2 columns of B do not match the 3 rows
of A.

The definition of AB is important for theoretical work and applications, but the
following rule provides a more efficient method for calculating the individual entries in
AB when working small problems by hand.

ROW–COLUMN RULE FOR COMPUTING AB
If the product AB is defined, then the entry in row i and column j of AB is the
sum of the products of corresponding entries from row i of A and column j of
B . If .AB/ij denotes the .i; j /-entry in AB , and if A is an m ! n matrix, then

.AB/ij D ai1b1j C ai2b2j C " " "C ainbnj

To verify this rule, let B D Œ b1 " " " bp !. Column j of AB is Abj , and we can
compute Abj by the row–vector rule for computing Ax from Section 1.4. The i th entry
in Abj is the sum of the products of corresponding entries from row i of A and the
vector bj , which is precisely the computation described in the rule for computing the
.i; j /-entry of AB .

(;A0P/( � Use the row–column rule to compute two of the entries in AB for the
matrices in Example 3. An inspection of the numbers involved will make it clear how
the two methods for calculating AB produce the same matrix.

62/8T,2N To find the entry in row 1 and column 3 of AB , consider row 1 of A and
column 3 of B . Multiply corresponding entries and add the results, as shown below:

AB D
✲ #

2 3
1 #5

$#
4 3

❄
6

1 #2 3

$
D
#

! ! 2.6/C 3.3/
! ! !

$
D
#

! ! 21
! ! !

$

For the entry in row 2 and column 2 of AB , use row 2 of A and column 2 of B:

✲

#
2 3
1 #5

$#
4

❄
3 6

1 #2 3

$
D
#

! ! 21
! 1.3/C #5.#2/ !

$
D
#

! ! 21
! 13 !

$
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(;A0P/( � Find the entries in the second row of AB , where

A D

2
664

2 #5 0
#1 3 #4

6 #8 #7
#3 0 9

3
775; B D

2
4

4 #6
7 1
3 2

3
5

62/8T,2N By the row–column rule, the entries of the second row of AB come from
row 2 of A (and the columns of B):

✲

2
664

2 #5 0
#1 3 #4

6 #8 #7
#3 0 9

3
775
2
4

❄
4

❄
# 6

7 1
3 2

3
5

D

2
664

! !
# 4C 21 # 12 6C 3 # 8

! !
! !

3
775 D

2
664

! !
5 1

! !
! !

3
775

Notice that since Example 6 requested only the second row of AB , we could have
written just the second row of A to the left of B and computed

!
#1 3 #4

"
2
4

4 #6
7 1
3 2

3
5 D ! 5 1

"

This observation about rows of AB is true in general and follows from the row–column
rule. Let rowi .A/ denote the i th row of a matrix A. Then

rowi .AB/ D rowi .A/ " B (2)

ProSerties of 0atri[ 0ultiSlication
The following theorem lists the standard properties of matrix multiplication. Recall that
Im represents the m !m identity matrix and Imx D x for all x in Rm.

THEOREM 2 Let A be an m ! n matrix, and let B and C have sizes for which the indicated
sums and products are defined.

a. A.BC / D .AB/C (associative law of multiplication)

b. A.B C C / D AB C AC (left distributive law)

c. .B C C /A D BAC CA (right distributive law)

d. r.AB/ D .rA/B D A.rB/
for any scalar r

e. ImA D A D AIn (identity for matrix multiplication)

PROOF Properties (b)–(e) are considered in the exercises. Property (a) follows from
the fact that matrix multiplication corresponds to composition of linear transformations
(which are functions), and it is known (or easy to check) that the composition of functions
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is associative. Here is another proof of (a) that rests on the “column definition” of the
product of two matrices. Let

C D Œ c1 " " " cp !

By the definition of matrix multiplication,

BC D Œ Bc1 " " " Bcp !

A.BC / D Œ A.Bc1/ " " " A.Bcp/ !

Recall from equation (1) that the definition of AB makes A.Bx/ D .AB/x for all x, so

A.BC / D Œ .AB/c1 " " " .AB/cp ! D .AB/C

The associative and distributive laws in Theorems 1 and 2 say essentially that pairs
of parentheses in matrix expressions can be inserted and deleted in the sameway as in the
algebra of real numbers. In particular, we can write ABC for the product, which can be
computed either as A.BC / or as .AB/C .1 Similarly, a product ABCD of four matrices
can be computed as A.BCD/ or .ABC /D or A.BC /D, and so on. It does not matter
howwe group thematrices when computing the product, so long as the left-to-right order
of the matrices is preserved.

The left-to-right order in products is critical because AB and BA are usually not
the same. This is not surprising, because the columns of AB are linear combinations of
the columns of A, whereas the columns of BA are constructed from the columns of B .
The position of the factors in the product AB is emphasized by saying that A is right-
multiplied by B or that B is left-multiplied by A. If AB D BA, we say that A and B
commute with one another.

(;A0P/( � Let A D
#

5 1
3 #2

$
and B D

#
2 0
4 3

$
. Show that these matrices do

not commute. That is, verify that AB ¤ BA.

62/8T,2N

AB D
#

5 1
3 #2

$#
2 0
4 3

$
D
#

14 3
#2 #6

$

BA D
#

2 0
4 3

$#
5 1
3 #2

$
D
#

10 2
29 #2

$

Example 7 illustrates the first of the following list of important differences between
matrix algebra and the ordinary algebra of real numbers. See Exercises 9–12 for exam-
ples of these situations.

Warnings:
1� In general, AB ¤ BA.

2� The cancellation laws do not hold for matrix multiplication. That is, if
AB D AC , then it is not true in general that B D C . (See Exercise 10.)

3� If a product AB is the zero matrix, you cannot conclude in general that either
A D 0 or B D 0. (See Exercise 12.)

1When B is square and C has fewer columns than A has rows, it is more efficient to compute A.BC / than
.AB/C .
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Powers of a 0atri[
If A is an n ! n matrix and if k is a positive integer, then Ak denotes the product of k
copies of A:

Ak D A " " "A„ƒ‚…
k

If A is nonzero and if x is in Rn; then Akx is the result of left-multiplying x by A
repeatedly k times. If k D 0; then A0x should be x itself. Thus A0 is interpreted as
the identity matrix. Matrix powers are useful in both theory and applications (Sections
2.6, 5.9, and later in the text).

The TransSose of a 0atri[
Given anm ! nmatrixA, the transpose ofA is the n !mmatrix, denoted byAT , whose
columns are formed from the corresponding rows of A.

(;A0P/( � Let

A D
#

a b
c d

$
; B D

2
4
#5 2

1 #3
0 4

3
5; C D

#
1 1 1 1
#3 5 #2 7

$

Then

AT D
#

a c
b d

$
; BT D

#
#5 1 0

2 #3 4

$
; C T D

2
664

1 #3
1 5
1 #2
1 7

3
775

THEOREM 3 Let A and B denote matrices whose sizes are appropriate for the following sums
and products.

a. .AT /T D A

b. .AC B/T D AT C BT

c. For any scalar r , .rA/T D rAT

d. .AB/T D BTAT

Proofs of (a)–(c) are straightforward and are omitted. For (d), see Exercise 41.
Usually, .AB/T is not equal to ATBT, even when A and B have sizes such that the
product ATBT is defined.

The generalization of Theorem 3(d) to products of more than two factors can be
stated in words as follows:

The transpose of a product of matrices equals the product of their transposes in the
reverse order.

The exercises contain numerical examples that illustrate properties of transposes.
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Artificial intelligence (AI) involves having a computer learn to recognize important
information about anything that can be presented in a digitized format. One important
area of AI is identifying whether the object in a picture matches a chosen object such as
a number, fingerprint, or face.

In the next example, matrix transposition and matrix multiplication are used to tell
whether or not a 2 ! 2 block of colored squares matches the chosen checkerboard pattern
in Figure 4.

(;A0P/( � In order to feed a 2 ! 2 colored block into the computer, it first gets
converted into a 4 ! 1 vector by assigning a 1 to each block that is blue and a 0 to each
block that is white. Then, the computer converts the block of numbers into a vector by
placing the numbers in each column below the numbers in the column to its left.

v 5

1
0
0
1

01

10

'*(63& 4

Let M D

2
664

1 0 0 #1
0 1 0 0
0 0 1 0
#1 0 0 1

3
775.

Notice that vT Mv D
!

1 0 0 1
"
2
664

1 0 0 #1
0 1 0 0
0 0 1 0
#1 0 0 1

3
775

2
664

1
0
0
1

3
775 D 0,

and ZT MZ D
!

0 0 0 0
"
2
664

1 0 0 #1
0 1 0 0
0 0 1 0
#1 0 0 1

3
775

2
664

0
0
0
0

3
775 D 0, where Z is the

vector generated by a 2 ! 2 block of all white squares. It can be verified that for any
other vector x generated from a 2 ! 2 block of white and blue squares, if x is not v or
Z, then the product xT Mx is nonzero. Thus, if a computer checks the value of xT Mx
and finds it is nonzero, the computer knows that the pattern corresponding to x is not the
checkerboard with a blue square in the top left corner.

x 5

1
1
0
1

xT Mx 5 1 and xT x 5 3

This pattern is not the checkerboard pattern since xT Mx Þ 0.

x 5

1
0
0
1

xT Mx 5 0 and xT x 5 2

This pattern is the checkerboard pattern since xT Mx 5 0, but xT x Þ 0.

'*(63& 5
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However, if the computer finds that xT Mx D 0, then x could be either v or Z. To
distinguish between the two, the computer can calculate the product xT x, for xT x is zero
if and only if x is Z.2 Thus, to conclude that x is equal to v, the computer must have
xT Mx D 0 and xT x ¤ 0.

Example 5 of Section 6.3 illustrates one way to choose a matrix M so that matrix
multiplication and transposition can be used to identify a particular pattern of colored
squares.

Another important aspect of AI starts even before the data is fed to the machine.
In Section 1.9, it is illustrated how matrix multiplication can be used to move vectors
around in space. In the next example, matrix multiplication is used to scrub data and
prepare it for processing.

(;A0P/( �� The dates of ground crew accidents for January and February of 2020
are listed in the columns of matrix T for Toronto Pearson Airport and matrix C for
Chicago O’Hare Airport:

Toronto: T D
#

1 12 14 15 21 22 23 1 2 3 12 15 17 19 26
1 1 1 1 1 1 1 2 2 2 2 2 2 2 2

$

Chicago: C D
#

1 1 1 1 1 2 2 2 2 2
1 11 22 23 24 1 2 5 20 21

$

Clearly the data is listed differently in the two matrices. Canada and the United states
have different traditions for whether the month or day comes first when writing a date.
For matrix T , the day is listed in the first row and the month is listed in the second row.
For matrix C , the month is listed in the first row and the day is listed in the second
row. In order to use this data, the first and second rows need to be swapped in one of
the matrices. Reviewing the effects of matrix multiplication in Table 1 of Section 1.9,

notice that the matrix A D
#

0 1
1 0

$
switches the x1 and x2 coordinates of any vector

x D
#

x1

x2

$
it is applied to and indeed

AT D
#

1 1 1 1 1 1 1 2 2 2 2 2 2 2 2
1 12 14 15 21 22 23 1 2 3 12 15 17 19 26

$

has the data listed in the same order as it is listed in matrix C . The matrices AT and C
can now be fed into the same machine.

In Exercises 51 and 52 you will be asked to scrub further data for this project.3

2 To see why xT x is zero if and only if x is Z, let xT D Œx1 x2 x3 x4!. Then xT x D x2
1 C x2

2 C x2
3 C x2

4 and
this sum is zero if and only if the coordinates of x are all zero. That is, if and only if x D Z.
3Although the data in this example and the corresponding exercises are fictitious, Data Analytics students at
Washington State University identified scrubbing the data they received as an important first step in their
actual analysis of ground crew accidents at three major airports in the United States.
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Numerical Notes

1� The fastest way to obtain AB on a computer depends on the way in which
the computer stores matrices in its memory. The standard high-performance
algorithms, such as in LAPACK, calculateAB by columns, as in our definition
of the product. (A version of LAPACKwritten in C�� calculatesAB by rows.)

2� The definition ofAB lends itself well to parallel processing on a computer. The
columns of B are assigned individually or in groups to different processors,
which independently and hence simultaneously compute the corresponding
columns of AB .

Practice Problems

1� Since vectors in Rn may be regarded as n ! 1 matrices, the properties of transposes
in Theorem 3 apply to vectors, too. Let

A D
#

1 #3
#2 4

$
and x D

#
5
3

$

Compute .Ax/T , xTAT , xxT , and xTx. Is ATxT defined"

2� Let A be a 4 ! 4 matrix and let x be a vector in R4. What is the fastest way to
compute A2x" Count the multiplications.

3� Suppose A is an m ! n matrix, all of whose rows are identical. Suppose B is
an n ! p matrix, all of whose columns are identical. What can be said about the
entries in AB"

��� (xercises
In Exercises l and 2, compute each matrix sum or product if it is
defined. If an expression is undefined, explain why. Let

A D
#

2 0 #1
4 #3 2

$
; B D

#
7 #5 1
1 #4 #3

$
;

C D
#

1 2
#2 1

$
; D D

#
3 5
#1 4

$
; E D

#
#5

3

$

1� #2A, B # 2A, AC , CD

2� AC 2B , 3C #E, CB , EB

In the rest of this exercise set and in those to follow, you should
assume that each matrix expression is defined. That is, the sizes of
the matrices (and vectors) involved “match” appropriately.

3� Let A D
#

4 #1
5 #2

$
. Compute 3I2 # A and .3I2/A.

4� Compute A # 5I3 and .5I3/A, when

A D

2
4

9 #1 3
#8 7 #3
#4 1 8

3
5:

In Exercises 5 and 6, compute the product AB in two ways: (a) by
the definition, where Ab1 and Ab2 are computed separately, and
(b) by the row–column rule for computing AB.

5� A D

2
4
#1 2

5 4
2 #3

3
5; B D

#
3 #4
#2 1

$

6� A D

2
4

4 #2
#3 0

3 5

3
5; B D

#
1 3
4 #1

$

7� If a matrix A is 5 ! 3 and the product AB is 5 ! 7, what is the
size of B"

8� How many rows does B have if BC is a 3 ! 4 matrix"

9� Let A D
#

3 4
#2 1

$
and B D

#
5 #6
3 k

$
: What value(s) of

k, if any, will make AB D BA"

10� Let A D
#

3 #6
#4 8

$
; B D

#
8 6
5 7

$
; C D

#
6 #2
4 3

$
:

Verify that AB D AC and yet B ¤ C:

11� Let A D

2
4

1 1 1
1 2 3
1 4 5

3
5 and D D

2
4

2 0 0
0 3 0
0 0 5

3
5: Com-

pute AD and DA. Explain how the columns or rows of A
change when A is multiplied by D on the right or on the left.
Find a 3 ! 3 matrix B, not the identity matrix or the zero
matrix, such that AB D BA:
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12� Let A D
#

2 #8
#1 4

$
: Construct a 2 ! 2 matrix B such that

AB is the zero matrix. Use two different nonzero columns
for B.

13� Let r1; : : : ; rp be vectors inRn, and let4 be anm ! nmatrix.
Write the matrix Œ Qr1 " " "Qrp ! as a product of two matrices
(neither of which is an identity matrix).

14� Let U be the 3 ! 2 cost matrix described in Example 6 of
Section 1.8. The first column of U lists the costs per dollar of
output for manufacturing product B, and the second column
lists the costs per dollar of output for product C. (The costs
are categorized as materials, labor, and overhead.) Let T1be
a vector in R2 that lists the output (measured in dollars) of
products B and C manufactured during the first quarter of
the year, and let T2; T3; and T4 be the analogous vectors
that list the amounts of products B and C manufactured in
the second, third, and fourth quarters, respectively. Give an
economic description of the data in the matrix U4, where
Q D ŒT1 T2 T3 T4!:

Exercises 15–24 concern arbitrary matricesA; B , andC for which
the indicated sums and products are defined. Mark each statement
True or False �T�)�. Justify each answer.

15� �T�)� If A and B are 2 ! 2 with columns a1; a2, and b1; b2,
respectively, then AB D Œa1b1 a2b2!.

16� �T�)� If A and B are 3 ! 3 and B D Œb1 b2 b3!, then
AB D ŒAb1 C Ab2 C Ab3!.

17� �T�)� Each column of AB is a linear combination of the
columns of B using weights from the corresponding column
of A.

18� �T�)� The second row of AB is the second row of A multi-
plied on the right by B .

19� �T�)� AB C AC D A.B C C /

20� �T�)� AT C BT D .AC B/T

21� �T�)� .AB/C D .AC /B

22� �T�)� .AB/T D AT BT

23� �T�)� The transpose of a product of matrices equals the
product of their transposes in the same order.

24� �T�)� The transpose of a sum of matrices equals the sum of
their transposes.

25� IfA D
#

1 #3
#3 8

$
andAB D

#
#1 3 #2

1 #7 3

$
; determine

the first and second columns of B.

26� Suppose the first two columns, b1 and b2, ofB are equal.What
can you say about the columns ofAB (ifAB is defined)"Why"

27� Suppose the third column of B is the sum of the first two
columns. What can you say about the third column of AB"
Why"

28� Suppose the second column of B is all zeros. What can you
say about the second column of AB"

29� Suppose the last column of AB is all zeros, but B itself has
no column of zeros. What can you say about the columns
of A"

30� Show that if the columns of B are linearly dependent, then so
are the columns of AB.

31� Suppose CA D In (the n ! n identity matrix). Show that the
equation Ax D 0 has only the trivial solution. Explain why A
cannot have more columns than rows.

32� Suppose AD D Im (the m !m identity matrix). Show that
for any b in Rm, the equation Ax D b has a solution. >Hint:
Think about the equation ADb D b:@ Explain why A cannot
have more rows than columns.

33� Suppose A is an m ! n matrix and there exist n !m matrices
C andD such thatCA D In andAD D Im: Prove thatm D n
and C D D: >Hint: Think about the product CAD.@

34� Suppose A is a 3 ! nmatrix whose columns spanR3. Explain
how to construct an n ! 3 matrix D such that AD D I3:

In Exercises 35 and 36, view vectors in Rn as n ! 1 matrices. For
u and v in Rn, the matrix product uT v is a 1 ! 1 matrix, called the
scalar product, or inner product, of u and v. It is usually written
as a single real number without brackets. The matrix product uvT

is an n ! n matrix, called the outer product of u and v. The
products uT v and uvT will appear later in the text.

35� Let u  

2
4
#2

3
#4

3
5 and v D

2
4

a
b
c

3
5: Compute uT v; vT u; uvT ;

and vuT :

36� If u and v are in Rn, how are uT v and vT u related" How are
uvT and vuT related"

37� Prove Theorem 2(b) and 2(c). Use the row–column rule. The
(i, M)-entry in A.B C C / can be written as

ai1.b1j C c1j /C " " "C ain.bnj C cnj / or
nX

kD1

aik.bkj C ckj /

38� Prove Theorem 2(d). >Hint: The (i, M)-entry in (rA)B is
.rai1/b1j C " " "C .rain/bnj :!

39� Show that ImA D A when A is an m ! n matrix. You can
assume Imx D x for all x in Rm.

40� Show that AIn D A when A is an m ! n matrix. >Hint: Use
the (column) definition of AIn:!

41� Prove Theorem 3(d). >Hint: Consider the Mth row of .AB/T :!

42� Give a formula for .ABx/T ; where x is a vector and A and B
are matrices of appropriate sizes.

T 43� Use a web search engine such as Google to find documenta-
tion for your matrix program, and write the commands that
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will produce the following matrices (without keying in each
entry of the matrix).
a. A 5 ! 6 matrix of zeros

b. A 3 ! 5 matrix of ones

c. The 6 ! 6 identity matrix

d. A 5 ! 5 diagonal matrix, with diagonal entries 3, 5, 7, 2, 4
A useful way to test new ideas in matrix algebra, or to make
conjectures, is to make calculations with matrices selected at
random. Checking a property for a few matrices does not prove
that the property holds in general, but it makes the property more
believable. Also, if the property is actually false, you may discover
this when you make a few calculations.

T 44� Write the command(s) that will create a 6 ! 4 matrix with
random entries. In what range of numbers do the entries lie"
Tell how to create a 3 ! 3 matrix with random integer entries
between #9 and 9. >Hint: If x is a random number such that
0 < x < 1; then #9:5 < 19.x # :5/ < 9:5:!

T 45� Construct a random 4 ! 4 matrix A and test whether .AC I /
.A # I / D A2 # I: The best way to do this is to compute
.AC I /.A # I / # .A2 # I / and verify that this difference is
the zero matrix. Do this for three random matrices. Then test
.AC B/.A # B/ D A2 # B2 the same way for three pairs of
random 4 ! 4 matrices. Report your conclusions.

T 46� Use at least three pairs of random 4 ! 4 matrices A and B
to test the equalities .AC B/T D AT C BT and .AB/T D
AT BT : (See Exercise 45.) Report your conclusions. >Note:
Most matrix programs use A0 for AT :!

T 47� Let

S D

2
66664

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

3
77775

Compute Sk for k D 2; : : : ; 6:

T 48� Describe in words what happens when you compute A5,
A10; A20; and A30 for

A D

2
4

1=6 1=2 1=3
1=2 1=4 1=4
1=3 1=4 5=12

3
5

T 49� The matrix M can detect a particular 2 ! 2 colored pattern
like in Example 9. Create a nonzero 4 ! 1 vector x by choos-
ing each entry to be a zero or one. Test to see if x corresponds

to the right pattern by calculating xT Mx. If xT Mx D 0,
then x is the pattern identified by M . If xT Mx ¤ 0, try a
different nonzero vector of zeros and ones. You may want
to be systematic in the way that you choose each x in order to
avoid testing the same vector twice. You are using “guess and
check” to determine which pattern of 2 ! 2 colored squares
the matrix M detects.

M D

2
664

1 0 #1 0
0 1 0 0
#1 0 1 0

0 0 0 1

3
775

T 50� Repeat Exercise 49 with the matrix

M D

2
664

1 0 0 #1
0 1 0 #1
0 0 1 0
#1 #1 0 2

3
775

T 51� Use the matrix A D
#

0 1
1 0

$
to switch the first and second

rows of the matrix M containing dates of accidents at the
Montreal Trudeau Airport.

Montreal:

M D
"

2 3 16 24 25 26 6 7 19 26

1 1 1 1 1 1 2 2 2 2

#

This data in matrix M has been scrubbed in matrix AM and
can be fed into the same machine as the other data from
Example 10.

T 52� Use the matrix B D
#

1 0 0
0 1 0

$
to remove the last row

from the matrix N containing dates of accidents at the New
York JFK Airport.

New York:

N D

2
64

1 1 1 1 2 2 2

1 12 21 22 3 20 21

2020 2020 2020 2020 2020 2020 2020

3
75

The data in matrix N has been scrubbed in matrix BN and
can be fed into the same machine as the other data from
Example 10.

Solutions to Practice Problems

1� Ax D
#

1 #3
#2 4

$#
5
3

$
D
#
#4

2

$
. So .Ax/T D

!
#4 2

"
. Also,

xTAT D
!

5 3
"# 1 #2
#3 4

$
D
!
#4 2

"
:
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The quantities .Ax/T and xTAT are equal, by Theorem 3(d). Next,

xxT D
#

5
3

$!
5 3

"
D
#

25 15
15 9

$

xTx D
!

5 3
"# 5

3

$
D Œ 25C 9 ! D 34

A 1 ! 1 matrix such as xTx is usually written without the brackets. Finally, ATxT is
not defined, because xT does not have two rows to match the two columns of AT .

2� The fastest way to compute A2x is to compute A.Ax/. The product Ax requires
16 multiplications, 4 for each entry, and A.Ax/ requires 16 more. In contrast, the
productA2 requires 64 multiplications, 4 for each of the 16 entries inA2. After that,
A2x takes 16 more multiplications, for a total of 80.

3� First observe that by the definition of matrix multiplication,

AB D ŒAb1 Ab2 " " " Abn! D ŒAb1 Ab1 " " " Ab1!;

so the columns of AB are identical. Next, recall that rowi .AB/ D rowi .A/ " B:
Since all the rows of A are identical, all the rows of AB are identical. Putting this
information about the rows and columns together, it follows that all the entries in
AB are the same.

��� The ,nverse of a 0atri[
Matrix algebra provides tools for manipulating matrix equations and creating various
useful formulas in ways similar to doing ordinary algebra with real numbers. This section
investigates the matrix analogue of the reciprocal, or multiplicative inverse, of a nonzero
number.

Recall that themultiplicative inverse of a number such as 5 is 1/5 or 5"1. This inverse
satisfies the equations

5"1.5/ D 1 and 5.5"1/ D 1

The matrix generalization requires both equations and avoids the slanted-line notation
(for division) because matrix multiplication is not commutative. Furthermore, a full
generalization is possible only if the matrices involved are square.1

An n ! n matrix A is said to be invertible if there is an n ! n matrix C such that

CA D I and AC D I

where I D In; the n ! n identity matrix. In this case, C is an inverse of A. In fact, C
is uniquely determined by A, because if B were another inverse of A, then B D BI D
B.AC / D .BA/C D IC D C: This unique inverse is denoted by A"1, so that

A"1A D I and AA"1 D I

A matrix that is not invertible is sometimes called a singular matrix, and an invertible
matrix is called a nonsingular matrix.

1One could say that an m# n matrix A is invertible if there exist n#m matrices C and D such that
CA D In and AD D Im: However, these equations imply that A is square and C D D: Thus, A is invertible
as defined above. See Exercises 31–33 in Section 2.1.
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(;A0P/( � If A D
#

2 5
#3 #7

$
and C D

#
#7 #5

3 2

$
, then

AC D
#

2 5
#3 #7

$#
#7 #5

3 2

$
D
#

1 0
0 1

$
and

CA D
#
#7 #5

3 2

$#
2 5
#3 #7

$
D
#

1 0
0 1

$

Thus C D A"1.

Here is a simple formula for the inverse of a 2 ! 2 matrix, along with a test to tell if
the inverse exists.

THEOREM 4 Let A D
#

a b
c d

$
. If ad # bc ¤ 0, then A is invertible and

A"1 D 1

ad # bc

#
d #b
#c a

$

If ad # bc D 0, then A is not invertible.

The simple proof of Theorem 4 is outlined in Exercises 35 and 36. The quantity
ad # bc is called the determinant of A, and we write

detA D ad # bc

Theorem 4 says that a 2 ! 2 matrix A is invertible if and only if detA ¤ 0.

(;A0P/( � Find the inverse of A D
#

3 4
5 6

$
.

62/8T,2N Since detA D 3.6/ # 4.5/ D #2 ¤ 0, A is invertible, and

A"1 D 1

#2

#
6 #4
#5 3

$
D
#

6=.#2/ #4=.#2/
#5=.#2/ 3=.#2/

$
D
#
#3 2
5=2 #3=2

$

Invertible matrices are indispensable in linear algebra—mainly for algebraic calcu-
lations and formula derivations, as in the next theorem. There are also occasions when
an inverse matrix provides insight into a mathematical model of a real-life situation, as
in Example 3.

THEOREM 5 If A is an invertible n ! n matrix, then for each b in Rn, the equation Ax D b has
the unique solution x D A"1b.

PROOF Take any b in Rn. A solution exists because if A"1b is substituted for x,
then Ax D A.A"1b/ D .AA"1/b D Ib D b. So A"1b is a solution. To prove that the
solution is unique, show that if u is any solution, then u; in fact, must be A"1b. Indeed,
if Au D b, we can multiply both sides by A"1 and obtain

A"1Au D A"1b; Iu D A"1b; and u D A"1b



2�2 The Inverse of a Matrix 137

(;A0P/( � A horizontal elastic beam is supported at each end and is subjected to
forces at points 1, 2, and 3, as shown in Figure 1. Let I in R3 list the forces at these
points, and let y in R3 list the amounts of deflection (that is, movement) of the beam at
the three points. Using Hooke’s law from physics, it can be shown that

y D DI

where D is a Ĳexibility matrix. Its inverse is called the stiĳness matrix. Describe the
physical significance of the columns of D and D"1.

⎧
⎨
⎩

⎫
⎬
⎭

⎫
⎬
⎭

#1 # 2 # 3

y1 y2
y3

f3f2
f1

'*(63& 1 Deflection of an elastic beam.

62/8T,2N Write I3 D Œ e1 e2 e3 ! and observe that

D D DI3 D Œ De1 De2 De3 !

Interpret the vector e1 D .1; 0; 0/ as a unit force applied downward at point 1 on the
beam (with zero force at the other two points). Then De1; the first column of D; lists the
beam deflections due to a unit force at point 1. Similar descriptions apply to the second
and third columns of D:

To study the stiffness matrix D"1, observe that the equation I D D"1y computes a
force vector I when a deflection vector y is given. Write

D"1 D D"1I3 D Œ D"1e1 D"1e2 D"1e3 !

Now interpret e1 as a deflection vector. Then D"1e1 lists the forces that create the
deflection. That is, the first column of D"1 lists the forces that must be applied at the
three points to produce a unit deflection at point 1 and zero deflections at the other points.
Similarly, columns 2 and 3 of D"1 list the forces required to produce unit deflections at
points 2 and 3, respectively. In each column, one or two of the forces must be negative
(point upward) to produce a unit deflection at the desired point and zero deflections at
the other two points. If the flexibility is measured, for example, in inches of deflection
per pound of load, then the stiffness matrix entries are given in pounds of load per inch
of deflection.

The formula in Theorem 5 is seldom used to solve an equation Ax D b numerically
because row reduction of Œ A b ! is nearly always faster. (Row reduction is usually
more accurate, too, when computations involve rounding off numbers.) One possible
exception is the 2 ! 2 case. In this case, mental computations to solve Ax D b are
sometimes easier using the formula for A"1, as in the next example.

(;A0P/( � Use the inverse of the matrix A in Example 2 to solve the system

3x1 C 4x2 D 3

5x1 C 6x2 D 7

62/8T,2N This system is equivalent to Ax D b, so

x D A"1b D
#
#3 2
5=2 #3=2

$ #
3
7

$
D
#

5
#3

$
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The next theorem provides three useful facts about invertible matrices.

THEOREM 6 a. If A is an invertible matrix, then A"1 is invertible and

.A"1/"1 D A

b. If A and B are n ! n invertible matrices, then so is AB , and the inverse of AB
is the product of the inverses of A and B in the reverse order. That is,

.AB/"1 D B"1A"1

c. IfA is an invertible matrix, then so isAT , and the inverse ofAT is the transpose
of A"1. That is,

.AT /"1 D .A"1/T

PROOF To verify statement (a), find a matrix C such that

A"1C D I and CA"1 D I

In fact, these equations are satisfied with A in place of C . Hence A"1 is invertible, and
A is its inverse. Next, to prove statement (b), compute:

.AB/.B"1A"1/ D A.BB"1/A"1 D AIA"1 D AA"1 D I

A similar calculation shows that .B"1A"1/.AB/ D I . For statement (c), use The-
orem 3(d), read from right to left, .A"1/T AT D .AA"1/T D I T D I . Similarly,
AT .A"1/T D I T D I . Hence AT is invertible, and its inverse is .A"1/T .

Remark: Part (b) illustrates the important role that definitions play in proofs. The theorem
claims that B"1A"1 is the inverse of AB . The proof establishes this by showing that
B"1A"1 satisfies the definition of what it means to be the inverse of AB . Now, the
inverse of AB is a matrix that when multiplied on the left (or right) by AB , the product
is the identity matrix I . So the proof consists of showing that B"1A"1 has this property.

The following generalization of Theorem 6(b) is needed later.

The product of n ! n invertible matrices is invertible, and the inverse is the product
of their inverses in the reverse order.

There is an important connection between invertible matrices and row operations
that leads to a method for computing inverses. As we shall see, an invertible matrix A is
row equivalent to an identity matrix, and we can findA"1 by watching the row reduction
of A to I.

Elementar\ 0atrices
An elementarymatrix is one that is obtained by performing a single elementary row op-
eration on an identity matrix. The next example illustrates the three kinds of elementary
matrices.
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(;A0P/( � Let

E1 D

2
4

1 0 0
0 1 0
#4 0 1

3
5; E2 D

2
4

0 1 0
1 0 0
0 0 1

3
5; E3 D

2
4

1 0 0
0 1 0
0 0 5

3
5;

A D

2
4

a b c
d e f
g h i

3
5

Compute E1A, E2A, and E3A, and describe how these products can be obtained by
elementary row operations on A.

62/8T,2N Verify that

E1A D

2
4

a b c
d e f

g # 4a h # 4b i # 4c

3
5 ; E2A D

2
4

d e f
a b c
g h i

3
5;

E3A D

2
4

a b c
d e f
5g 5h 5i

3
5 :

Addition of #4 times row 1 of A to row 3 produces E1A. (This is a row replacement
operation.) An interchange of rows 1 and 2 of A produces E2A, and multiplication of
row 3 of A by 5 produces E3A.

Left-multiplication (that is, multiplication on the left) by E1 in Example 5 has the
same effect on any 3 ! n matrix. It adds #4 times row 1 to row 3. In particular, since
E1 " I D E1, we see thatE1 itself is produced by this same row operation on the identity.
Thus Example 5 illustrates the following general fact about elementary matrices. See
Exercises 37 and 38.

If an elementary row operation is performed on an m ! n matrix A, the resulting
matrix can be written as EA, where the m !m matrix E is created by performing
the same row operation on Im.

Since row operations are reversible, as shown in Section 1.1, elementary matrices
are invertible, for if E is produced by a row operation on I, then there is another row op-
eration of the same type that changesE back into I. Hence there is an elementary matrix
F such that FE D I. Since E and F correspond to reverse operations, EF D I, too.

Each elementary matrix E is invertible. The inverse of E is the elementary matrix
of the same type that transforms E back into I.

(;A0P/( � Find the inverse of E1 D

2
4

1 0 0
0 1 0
#4 0 1

3
5.

62/8T,2N To transform E1 into I, add C4 times row 1 to row 3. The elementary
matrix that does this is

E"1
1 D

2
4

1 0 0
0 1 0
C4 0 1

3
5
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The following theorem provides the best way to “visualize” an invertible matrix,
and the theorem leads immediately to a method for finding the inverse of a matrix.

THEOREM 7 An n ! n matrix A is invertible if and only if A is row equivalent to In, and in
this case, any sequence of elementary row operations that reduces A to In also
transforms In into A"1.

Remark: The comment on the proof of Theorem 11 in Chapter 1 noted that “P if and
only if Q” is equivalent to two statements: (1) “If P then Q” and (2) “If Q then P .”
The second statement is called the converse of the first and explains the use of the word
conversely in the second paragraph of this proof.

PROOF Suppose that A is invertible. Then, since the equation Ax D b has a solution
for each b (Theorem 5), A has a pivot position in every row (Theorem 4 in Section 1.4).
Because A is square, the n pivot positions must be on the diagonal, which implies that
the reduced echelon form of A is In. That is, A % In.

Now suppose, conversely, that A % In. Then, since each step of the row reduction
of A corresponds to left-multiplication by an elementary matrix, there exist elementary
matrices E1; : : : ; Ep such that

A % E1A % E2.E1A/ % " " " % Ep.Ep"1 " " "E1A/ D In

That is,
Ep " " "E1A D In (1)

Since the product Ep " " "E1 of invertible matrices is invertible, (1) leads to

.Ep " " "E1/"1.Ep " " "E1/A D .Ep " " "E1/"1In

A D .Ep " " "E1/"1

Thus A is invertible, as it is the inverse of an invertible matrix (Theorem 6). Also,

A"1 D Œ .Ep " " "E1/"1 !
"1 D Ep " " "E1

Then A"1 D Ep " " "E1In, which says that A"1 results from applying E1; : : : ; Ep suc-
cessively to In. This is the same sequence in (1) that reduced A to In.

An Algorithm for Finding A ŋ�

If we place A and I side by side to form an augmented matrix Œ A I !, then row
operations on this matrix produce identical operations on A and on I. By Theorem 7,
either there are row operations that transform A to In and In to A"1 or else A is not
invertible.

ALGORITHM FOR FINDING A–1

Row reduce the augmented matrix Œ A I !. If A is row equivalent to I, then
Œ A I ! is row equivalent to Œ I A"1 !. Otherwise, A does not have an inverse.



2�2 The Inverse of a Matrix 141

(;A0P/( � Find the inverse of the matrix A D

2
4

0 1 2
1 0 3
4 #3 8

3
5, if it exists.

62/8T,2N

Œ A I ! D

2
4

0 1 2 1 0 0
1 0 3 0 1 0
4 #3 8 0 0 1

3
5 %

2
4

1 0 3 0 1 0
0 1 2 1 0 0
4 #3 8 0 0 1

3
5

%

2
4

1 0 3 0 1 0
0 1 2 1 0 0
0 #3 #4 0 #4 1

3
5 %

2
4

1 0 3 0 1 0
0 1 2 1 0 0
0 0 2 3 #4 1

3
5

%

2
4

1 0 3 0 1 0
0 1 2 1 0 0
0 0 1 3=2 #2 1=2

3
5

%

2
4

1 0 0 #9=2 7 #3=2
0 1 0 #2 4 #1
0 0 1 3=2 #2 1=2

3
5

Theorem 7 shows, since A % I, that A is invertible, and

A"1 D

2
4
#9=2 7 #3=2
#2 4 #1
3=2 #2 1=2

3
5

5easonable Answers

Once you have found a candidate for the inverse of a matrix, you can check that
your answer is correct by finding the product ofAwithA"1. For the inverse found
for matrix A in Example 7, notice

AA"1 D

2
4

0 1 2
1 0 3
4 #3 8

3
5
2
4
#9=2 7 #3=2
#2 4 #1

3=2 #2 1=2

3
5 D

2
4

1 0 0
0 1 0
0 0 1

3
5

confirming that answer is correct. It is not necessary to check that A"1A D I
since A is invertible.

Another 9iew of 0atri[ ,nversion
Denote the columns of In by e1; : : : ; en. Then row reduction of Œ A I ! to Œ I A"1 !
can be viewed as the simultaneous solution of the n systems

Ax D e1; Ax D e2; : : : ; Ax D en (2)

where the “augmented columns” of these systems have all been placed next toA to form
Œ A e1 e2 " " " en ! D Œ A I !. The equationAA"1 D I and the definition of matrix
multiplication show that the columns ofA"1 are precisely the solutions of the systems in
(2). This observation is useful because some applied problems may require finding only
one or two columns of A"1. In this case, only the corresponding systems in (2) need to
be solved.
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Numerical Note

In practical work, A"1 is seldom computed, unless the entries of A"1 are needed.
Computing both A"1 and A"1b takes about three times as many arithmetic
operations as solving Ax D b by row reduction, and row reduction may be more
accurate.

Practice Problems

1� Use determinants to determine which of the following matrices are invertible.

a.
#

3 #9
2 6

$
b.
#

4 #9
0 5

$
c.
#

6 #9
#4 6

$

2� Find the inverse of the matrix A D

2
4

1 #2 #1
#1 5 6

5 #4 5

3
5, if it exists.

3� If A is an invertible matrix, prove that 5A is an invertible matrix.

��� (xercises
Find the inverses of the matrices in Exercises 1–4.

1�
#

8 3
5 2

$
2�

#
5 4
9 7

$

3�
#

8 3
#7 #3

$
4�

#
3 #2
7 #4

$

5� Verify that the inverse you found in Exercise 1 is correct.

6� Verify that the inverse you found in Exercise 2 is correct.

7� Use the inverse found in Exercise 1 to solve the system

8x1 C 3x2 D 2
5x1 C 2x2 D #1

8� Use the inverse found in Exercise 2 to solve the system

5x1 C 4x2 D #3
9x1 C 7x2 D #5

9� Let A D
#

1 2
5 12

$
; b1 D

#
#1

3

$
; b2 D

#
1
#5

$
;

b3 D
#

2
6

$
, and b4 D

#
3
5

$
.

a. Find A!1, and use it to solve the four equations Ax D
b1; Ax D b2; Ax D b3; Ax D b4

b. The four equations in part (a) can be solved by the
same set of row operations, since the coefficient ma-
trix is the same in each case. Solve the four equa-
tions in part (a) by row reducing the augmented matrix!

A b1 b2 b3 b4

"

10� Use matrix algebra to show that if A is invertible and D
satisfies AD D I , then D D A!1.

In Exercises 11–20, mark each statement True or False �T�)�.
Justify each answer.

11� �T�)� In order for a matrix B to be the inverse of A, both
equations AB D I and BA D I must be true.

12� �T�)�A product of invertible n ! nmatrices is invertible, and
the inverse of the product is the product of their inverses in
the same order.

13� �T�)� If A and B are n ! n and invertible, then A!1B!1 is
the inverse of AB .

14� �T�)� If A is invertible, then the inverse of A!1 is A itself.

15� �T�)� If A D
#

a b
c d

$
and ab # cd ¤ 0, then A is

invertible.

16� �T�)� If A D
#

a b
c d

$
and ad D bc, then A is not

invertible.

17� �T�)� If A is an invertible n ! n matrix, then the equation
Ax D b is consistent for each b in Rn.

18� �T�)� If A can be row reduced to the identity matrix, then A
must be invertible.

19� �T�)� Each elementary matrix is invertible.

20� �T�)� If A is invertible, then the elementary row operations
that reduce A to the identity In also reduce A!1 to In.

21� Let A be an invertible n ! n matrix, and let B be an n ! p
matrix. Show that the equation AX D B has a unique solu-
tion A!1B:
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22� Let A be an invertible n ! nmatrix, and let B be an n ! p ma-
trix. Explain why A!1B can be computed by row reduction:

If ŒA B! % " " " % ŒI X !; then X D A!1B:

If A is larger than 2 ! 2, then row reduction of ŒA B! is much
faster than computing both A!1 and A!1B:

23� SupposeAB D AC;where B andC are n ! p matrices and A
is invertible. Show that B D C . Is this true, in general, when
A is not invertible"

24� Suppose .B # C /D D 0, where B and C are m ! n matrices
and D is invertible. Show that B D C:

25� Suppose A, B, and C are invertible n ! n matrices. Show that
ABC is also invertible by producing a matrix D such that
.ABC / D D I and D .ABC / D I:

26� Suppose A and B are n ! n; B is invertible, and AB is invert-
ible. Show that A is invertible. >Hint: Let C D AB; and solve
this equation for A.@

27� Solve the equation AB D BC for A, assuming that A, B, and
C are square and B is invertible.

28� Suppose P is invertible and A D PBP!1: Solve for B in
terms of A.

29� If A, B, and C are n ! n invertible matrices, does the equation
C!1.ACX/B!1 D In have a solution, ;" If so, find it.

30� Suppose A, B, and ; are n ! n matrices with A, ;, and
A # AX invertible, and suppose

.A # AX/!1 D X!1B .3/

a. Explain why B is invertible.

b. Solve (3) for ;. If you need to invert a matrix, explain why
that matrix is invertible.

31� Explain why the columns of an n ! n matrix A are linearly
independent when A is invertible.

32� Explain why the columns of an n ! nmatrix A spanRn when
A is invertible. >Hint: Review Theorem 4 in Section 1.4.@

33� Suppose A is n ! n and the equation Ax D 0 has only the
trivial solution. Explain why A has n pivot columns and A is
row equivalent to In: By Theorem 7, this shows that A must
be invertible. (This exercise and Exercise 34 will be cited in
Section 2.3.)

34� Suppose A is n ! n and the equation Ax D b has a solution
for each b in Rn. Explain why A must be invertible. >Hint: Is
A row equivalent to In"@

Exercises 35 and 36 prove Theorem 4 for A D
#

a b
c d

$
:

35� Show that if ad # bc D 0; then the equation Ax D 0 has
more than one solution. Why does this imply that A is not
invertible" >Hint: First, consider a D b D 0: Then, if a and b

are not both zero, consider the vector x D
#
#b

a

$
:!

36� Show that if ad # bc ¤ 0; the formula for A!1 works.

Exercises 37 and 38 prove special cases of the facts about elemen-
tary matrices stated in the box following Example 5. Here A is a
3 ! 3 matrix and I D I3: (A general proof would require slightly
more notation.)

37� a. Use equation (1) from Section 2.1 to show that
rowi .A/ D rowi .I / " A; for i D 1; 2; 3:

b. Show that if rows l and 2 of A are interchanged, then the
result may be written as EA, where E is an elementary
matrix formed by interchanging rows 1 and 2 of I.

c. Show that if row 3 of A is multiplied by 5, then the result
may be written as EA, where E is formed by multiplying
row 3 of I by 5.

38� Show that if row 3 of A is replaced by row3.A/ # 4row1.A/;
the result is EA, where E is formed from I by replacing
row3.I / by row3.I / # 4row1.I /:

Find the inverses of the matrices in Exercises 39–42, if they exist.
Use the algorithm introduced in this section.

39�
#

1 2
4 7

$
40�

#
9 7
8 6

$

41�

2
4

1 0 #2
#3 1 4

2 #3 4

3
5 42�

2
4

1 #2 1
4 #7 3
#2 6 #4

3
5

43� Use the algorithm from this section to find the inverses of
2
4

1 0 0
1 1 0
1 1 1

3
5 and

2
664

1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

3
775:

Let A be the corresponding n ! n matrix, and let B be its
inverse. Guess the form of B , and then prove that AB D I
and BA D I:

44� Repeat the strategy of Exercise 43 to guess the inverse of

A D

2
666664

1 0 0 " " " 0
1 2 0 0
1 2 3 0
:::

: : :
:::

1 2 3 " " " n

3
777775

: Prove that your guess is

correct.

45� Let A D

2
4
#2 #7 #9

2 5 6
1 3 4

3
5: Find the third column of A!1

without computing the other columns.

T 46� Let A D

2
4
#25 #9 #27
546 180 537
154 50 149

3
5: Find the second and third

columns of A!1 without computing the first column.
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47� LetA D

2
4

1 2
1 3
1 5

3
5:Construct a 2 ! 3matrixC (by trial and

error) using only l, #1, and 0 as entries, such that CA D I2:
Compute AC and note that AC ¤ I3:

48� Let A D
#

1 1 1 0
0 1 1 1

$
: Construct a 4 ! 2 matrix D

using only 1 and 0 as entries, such thatAD D I2: Is it possible
that CA D I4 for some 4 ! 2 matrix C" Why or why not"

49� Let D D

2
4

:005 :002 :001
:002 :004 :002
:001 :002 :005

3
5 be a flexibility matrix,

with flexibility measured in inches per pound. Suppose
that forces of 30, 50, and 20 lb are applied at points 1,
2, and 3, respectively, in Figure 1 of Example 3. Find the
corresponding deflections.

T 50� Compute the stiffness matrix D!1 for D in Exercise 49. List
the forces needed to produce a deflection of .04 in. at point
3, with zero deflections at the other points.

T 51� Let D D

2
664

:0040 :0030 :0010 :0005
:0030 :0050 :0030 :0010
:0010 :0030 :0050 :0030
:0005 :0010 :0030 :0040

3
775 be a

flexibility matrix for an elastic beam with four points at
which force is applied. Units are centimeters per newton
of force. Measurements at the four points show deflections
of .08, .12, .16, and .12 cm. Determine the forces at the four
points.

f3

#1 #2 #3 #4

f1 f2
f4

.08 .12 .16 .12

Deflection of elastic beam in Exercises 51 and 52.

T 52� With D as in Exercise 51, determine the forces that produce
a deflection of .24 cm at the second point on the beam, with
zero deflections at the other three points. How is the answer
related to the entries inD!1‹ >Hint: First answer the question
when the deflection is 1 cm at the second point.@

Solutions to Practice Problems

1� a. det
#

3 #9
2 6

$
D 3 " 6 # .#9/ " 2 D 18C 18 D 36. The determinant is nonzero,

so the matrix is invertible.

b. det
#

4 #9
0 5

$
D 4 " 5 # .#9/ " 0 D 20 ¤ 0. The matrix is invertible.

c. det
#

6 #9
#4 6

$
D 6 " 6 # .#9/.#4/ D 36 # 36 D 0. Thematrix is not invertible.

2� Œ A I ! %

2
4

1 #2 #1 1 0 0
#1 5 6 0 1 0

5 #4 5 0 0 1

3
5

%

2
4

1 #2 #1 1 0 0
0 3 5 1 1 0
0 6 10 #5 0 1

3
5

%

2
4

1 #2 #1 1 0 0
0 3 5 1 1 0
0 0 0 #7 #2 1

3
5

So Œ A I ! is row equivalent to a matrix of the form Œ B D !, where B is square
and has a row of zeros. Further row operations will not transform B into I, so we
stop. A does not have an inverse.

3� Since A is an invertible matrix, there exists a matrix C such that AC D I D CA.
The goal is to find a matrix D so that (5A)D D I D D(5A). Set D D 1=5 C .
Applying Theorem 2 from Section 2.1 establishes that (5A)(1=5 C )D (5)(1/5)(AC )
D 1 I D I , and (1/5C )(5A) D (1/5)(5)(CA)  1 I D I . Thus 1/5 C is indeed the
inverse of A, proving that A is invertible.
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WEIGHING DIAMONDS
How is the value of a diamond determined" Jewelers use
the four cs: cut, clarity, color, and carats; a carat is a unit of
mass equal to 0.2 grams. When a jeweler receives a supply
of diamonds, it is vital that they be weighed accurately as
part of determining their value. The difference of half a
carat can have a large impact on a diamond’s value.

When weighing small objects, such as diamonds or
other gemstones, one strategy is to weigh the objects
individually, but there are more accurate strategies that
involve weighing the objects in groups and then deducing
the individual weights from the results.

Suppose there are n small objects to be weighed,
labeled s1, s2; ! ! ! ; sn. One method of determining the
weight of each small object uses a two-pan balance. A
weighing consists of placing some of the small objects
in the left pan and the rest in the right pan. The balance
records the difference between the weights in the pans.

The jeweler (or other individual weighing small
light objects) plans her strategy in advance by creating a
design matrix D with entries determined by the following

scheme: If gemstone sj is placed in the left pan during the
i th weighing, then dij D "1 and if gemstone sj is placed in
the right pan during the i th weighing the dij D 1. Each row
of the matrix D corresponds to a particular weighing. The
j th column ofD tells you where to put sj at each weighing.
Thus D is an m # n matrix, where m corresponds to the
number of weighings and n corresponds to the number of
objects. It has been shown that the accuracy of a weighing
design is highest when a design matrix that maximizes the
value of the determinant of DT D is chosen.

For example, consider the design matrix D D2
664

1 1 1 1
1 "1 1 1
1 1 "1 1
1 1 1 "1

3
775 for weighing the gems

s1; s2; s3; s4. For this design, the first weighing has all four
gems in the right tray (the first row of D consists of all
ones). For the second weighing, gem s2 is in the left tray
and the rest of the gems are in the right tray (the second
row of D has a "1 in the second column). For the third
weighing, gem s3 is in the left tray and the rest of the gems
are in the right tray (the third row ofD has a"1 in the third
column). In the last weighing, gem s4 is in the left tray and
the remaining gems are in the right tray (the fourth row
of D has a "1 in the fourth column). The determinant of
DT D is 64.

However, this is not the best design for using
four weighings to determine the weight of four objects.

1�5
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If D D

2
664

1 1 1 1
1 1 "1 "1
1 "1 1 "1
"1 1 1 "1

3
775, then the determinant

of DTD D 256, and hence this is a better design. Notice
that the first weighing of this design is the same as the
previous one, but then the remaining weighings each have
two objects in each pan.

Calculating determinants of matrices and understand-
ing their properties is the theme of this chapter. As you
learn more about determinants, you may also come up with
strategies for good and bad choices for a weighing design.

Another important use of the determinant is to
calculate the area of a parallelogram or the volume of

a parallelepiped. In Section 1.9, we saw that matrix
multiplication can be used to change the shape of a box or
other object. The determinant of thematrix used determines
how much the area changes when it is multiplied by a
matrix, just as a fish story can transform the size of the fish
caught.

Indeed, the determinant has so many uses that a
summary of the applications known in the early 1900s
filled a four-volume treatise by Thomas Muir. With
changes in emphasis and the greatly increased sizes of the
matrices used in modem applications, many uses that were
important then are no longer critical today. Nevertheless,
the determinant still plays many important theoretical and
practical roles.

Beyond introducing the determinant in Section 3.1, this chapter presents two important
ideas. Section 3.2 derives an invertibility criterion for a square matrix that plays a pivotal
role in Chapter 5. Section 3.3 shows how the determinant measures the amount by which
a linear transformation changes the area of a figure. When applied locally, this technique
answers the question of a map’s expansion rate near the poles. This idea plays a critical
role in multivariable calculus in the form of the Jacobian.

��� ,ntroduction to Determinants
Recall from Section 2.2 that a 2 # 2 matrix is invertible if and only if its determinant
is nonzero. To extend this useful fact to larger matrices, we need a definition for the
determinant of an n # n matrix. We can discover the definition for the 3 # 3 case by
watching what happens when an invertible 3 # 3 matrix A is row reduced.

Consider A D Œaij ! with a11 ¤ 0. If we multiply the second and third rows of A by
a11 and then subtract appropriate multiples of the first row from the other two rows, we
find that A is row equivalent to the following two matrices:

2
4

a11 a12 a13

a11a21 a11a22 a11a23

a11a31 a11a32 a11a33

3
5 $

2
4

a11 a12 a13

0 a11a22 " a12a21 a11a23 " a13a21

0 a11a32 " a12a31 a11a33 " a13a31

3
5 (1)

Since A is invertible, either the .2; 2/-entry or the .3; 2/-entry on the right in (1) is
nonzero. Let us suppose that the .2; 2/-entry is nonzero. (Otherwise, we can make a row
interchange before proceeding.) Multiply row 3 by a11a22 " a12a21, and then to the new
row 3 add ".a11a32 " a12a31/ times row 2. This will show that

A $

2
4

a11 a12 a13

0 a11a22 " a12a21 a11a23 " a13a21

0 0 a11"

3
5
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where

" D a11a22a33 C a12a23a31 C a13a21a32 " a11a23a32 " a12a21a33 " a13a22a31 (2)

Since A is invertible, " must be nonzero. The converse is true, too, as we will see in
Section 3.2. We call " in (2) the determinant of the 3 # 3 matrix A.

Recall that the determinant of a 2 # 2 matrix, A D Œaij !, is the number

detA D a11a22 " a12a21

For a 1 # 1 matrix—say, A D Œa11!—we define detA D a11. To generalize the defini-
tion of the determinant to larger matrices, we’ll use 2 # 2 determinants to rewrite
the 3 # 3 determinant " described above. Since the terms in " can be grouped as
.a11a22a33 " a11a23a32/ " .a12a21a33 " a12a23a31/C .a13a21a32 " a13a22a31/,

" D a11 det
!

a22 a23

a32 a33

"
" a12 det

!
a21 a23

a31 a33

"
C a13 det

!
a21 a22

a31 a32

"

For brevity, write

" D a11 detA11 " a12 detA12 C a13 detA13 (3)

where A11, A12, and A13 are obtained from A by deleting the first row and one of the
three columns. For any square matrixA, letAij denote the submatrix formed by deleting
the i th row and j th column of A. For instance, if

A D

2
664

1 "2 5 0
2 0 4 "1
3 1 0 7
0 4 "2 0

3
775

then A32 is obtained by crossing out row 3 and column 2,
2
664

1 "2 5 0
2 0 4 "1
3 1 0 7
0 4 "2 0

3
775

so that

A32 D

2
4

1 5 0
2 4 "1
0 "2 0

3
5

We can now give a recursive definition of a determinant. When n D 3, detA is defined
using determinants of the 2 # 2 submatricesA1j , as in (3) above.When n D 4, detA uses
determinants of the 3 # 3 submatrices A1j . In general, an n # n determinant is defined
by determinants of .n " 1/ # .n " 1/ submatrices.

DEFINITION For n % 2, the determinant of an n # n matrix A D Œaij ! is the sum of n terms
of the form ˙a1j detA1j , with plus and minus signs alternating, where the entries
a11; a12; : : : ; a1n are from the first row of A. In symbols,

detA D a11 detA11 " a12 detA12 C ! ! !C ."1/1Cna1n detA1n

D
nX

jD1

."1/1Cj a1j detA1j
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(;A0P/( � Compute the determinant of

A D

2
4

1 5 0
2 4 "1
0 "2 0

3
5

62/8T,2N Compute detA D a11 detA11 " a12 detA12 C a13 detA13:

detA D 1 det
!

4 "1
"2 0

"
" 5 det

!
2 "1
0 0

"
C 0 det

!
2 4
0 "2

"

D 1.0 " 2/ " 5.0 " 0/C 0."4 " 0/ D "2

Another common notation for the determinant of a matrix uses a pair of vertical
lines in place of brackets. Thus the calculation in Example 1 can be written as

detA D 1

ˇ̌
ˇ̌ 4 "1
"2 0

ˇ̌
ˇ̌ " 5

ˇ̌
ˇ̌ 2 "1
0 0

ˇ̌
ˇ̌C 0

ˇ̌
ˇ̌ 2 4
0 "2

ˇ̌
ˇ̌ D ! ! ! D "2

To state the next theorem, it is convenient to write the definition of detA in a slightly
different form. Given A D Œaij !, the .i; j /-coIactor of A is the number Cij given by

Cij D ."1/iCj detAij (4)

Then
detA D a11C11 C a12C12 C ! ! !C a1nC1n

This formula is called a coIactor expansion across the ırst roZ of A. We omit the
proof of the following fundamental theorem to avoid a lengthy digression.

THEOREM 1 The determinant of an n # n matrix A can be computed by a cofactor expansion
across any row or down any column. The expansion across the i th row using the
cofactors in (4) is

detA D ai1Ci1 C ai2Ci2 C ! ! !C ainCin

The cofactor expansion down the j th column is

detA D a1j C1j C a2j C2j C ! ! !C anj Cnj

The plus or minus sign in the .i; j /-cofactor depends on the position of aij in the
matrix, regardless of the sign of aij itself. The factor ."1/iCj determines the following
checkerboard pattern of signs:

2
6664

C " C ! ! !
" C "
C " C
:::

: : :

3
7775

(;A0P/( � Use a cofactor expansion across the third row to compute detA, where

A D

2
4

1 5 0
2 4 "1
0 "2 0

3
5
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62/8T,2N Compute

detA D a31C31 C a32C32 C a33C33

D ."1/3C1a31 detA31 C ."1/3C2a32 detA32 C ."1/3C3a33 detA33

D 0

ˇ̌
ˇ̌ 5 0
4 "1

ˇ̌
ˇ̌ " ."2/

ˇ̌
ˇ̌ 1 0
2 "1

ˇ̌
ˇ̌C 0

ˇ̌
ˇ̌ 1 5
2 4

ˇ̌
ˇ̌

D 0C 2."1/C 0 D "2

Theorem 1 is helpful for computing the determinant of a matrix that contains many
zeros. For example, if a row is mostly zeros, then the cofactor expansion across that row
has many terms that are zero, and the cofactors in those terms need not be calculated.
The same approach works with a column that contains many zeros.

(;A0P/( � Compute detA, where

A D

2
66664

3 "7 8 9 "6
0 2 "5 7 3
0 0 1 5 0
0 0 2 4 "1
0 0 0 "2 0

3
77775

62/8T,2N The cofactor expansion down the first column of A has all terms equal to
zero except the first. Thus

detA D 3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

2 "5 7 3
0 1 5 0
0 2 4 "1
0 0 "2 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌C 0 C21 C 0 C31 C 0 C41 C 0 C51

Henceforth we will omit the zero terms in the cofactor expansion. Next, expand this
4 # 4 determinant down the first column to take advantage of the zeros there. We have

detA D 3.2/

ˇ̌
ˇ̌
ˇ̌
1 5 0
2 4 "1
0 "2 0

ˇ̌
ˇ̌
ˇ̌

This 3 # 3 determinant was computed in Example 1 and found to equal "2. Hence
detA D 3.2/."2/ D "12.

The matrix in Example 3 was nearly triangular. The method in that example is easily
adapted to prove the following theorem.

THEOREM 2 If A is a triangular matrix, then detA is the product of the entries on the main
diagonal of A.

The strategy in Example 3 of looking for zeros works extremely well when an entire
row or column consists of zeros. In such a case, the cofactor expansion along such a row
or column is a sum of zeros! So the determinant is zero. Unfortunately, most cofactor
expansions are not so quickly evaluated.
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5easonable Answers

How big can a determinant be" Let A be an n # n matrix. Notice that taking the
determinant ofA consists of adding and subtracting terms with n products each. If
p is the product of the n largest elements in absolute value (the same number may
be repeated if it occurs more than once as a matrix entry), then the determinant

must be between "np and np. For example, consider A D
!

6 5
"7 9

"
and B D

!
7 6
7 "9

"
. The largest number in absolute value of each matrix is 9, and the

second largest number is 7. In these two cases, p D 7.9/ D 63 and np D 126.
The determinant of each of these matrices should be a number between "126
and 126. Notice that detA D 6.9/ " 5."7/ D 54C 35 D 89, detB D 7."9/ "
6.7/ D "63 " 42 D "105, illustrating that because the products are added and
subtracted, any number in the range between "126 and 126 could turn out to be
the determinant.

Next, considerC D
!

7 9
7 9

"
andD D

!
"9 9

9 9

"
. InmatricesC andD, the

number 9 appears twice and so should be selected twice. In this case, p D 9.9/ D
81 and np D 162, so the determinants of C and D should be numbers between
"162 and 162. Indeed, detC D .7/.9/ " .7/.9/ D 0 and detD D ."9/.9/ "
.9/.9/ D "162. Notice that it is important to choose 9 twice as the two largest
numbers in matrix D in order to get the correct bounds for the determinant
of D.

Numerical Note

By today’s standards, a 25 # 25 matrix is small. Yet it would be impossible
to calculate a 25 # 25 determinant by cofactor expansion. In general, a cofac-
tor expansion requires more than nŠ multiplications, and 25Š is approximately
1:55 # 1025.

If a computer performs one trillion multiplications per second, it would have
to run for almost 500,000 years to compute a 25 # 25 determinant by this method.
Fortunately, there are faster methods, as we’ll soon discover.

Exercises 19–38 explore important properties of determinants, mostly for the 2 # 2
case. The results from Exercises 33–36 will be used in the next section to derive the
analogous properties for n # n matrices.

Practice Problem

Compute

ˇ̌
ˇ̌
ˇ̌
ˇ̌

5 "7 2 2
0 3 0 "4
"5 "8 0 3

0 5 0 "6

ˇ̌
ˇ̌
ˇ̌
ˇ̌.
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��� (xercises
Compute the determinants in Exercises 1–8 using a cofactor ex-
pansion across the first row. In Exercises 1–4, also compute the
determinant by a cofactor expansion down the second column.

1�

ˇ̌
ˇ̌
ˇ̌
3 0 4
2 3 2
0 5 "1

ˇ̌
ˇ̌
ˇ̌ 2.

ˇ̌
ˇ̌
ˇ̌
0 4 1
5 "3 0
2 4 1

ˇ̌
ˇ̌
ˇ̌

3�

ˇ̌
ˇ̌
ˇ̌
2 "2 3
3 1 2
1 3 "1

ˇ̌
ˇ̌
ˇ̌ 4.

ˇ̌
ˇ̌
ˇ̌
1 2 4
3 1 1
2 4 2

ˇ̌
ˇ̌
ˇ̌

5�

ˇ̌
ˇ̌
ˇ̌
4 5 "8
1 0 2
7 3 6

ˇ̌
ˇ̌
ˇ̌ 6.

ˇ̌
ˇ̌
ˇ̌
6 "3 2
0 5 "5
3 "7 8

ˇ̌
ˇ̌
ˇ̌

7�

ˇ̌
ˇ̌
ˇ̌
4 3 0
6 5 2
9 7 3

ˇ̌
ˇ̌
ˇ̌ 8.

ˇ̌
ˇ̌
ˇ̌
4 1 2
4 0 3
3 "2 5

ˇ̌
ˇ̌
ˇ̌

Compute the determinants in Exercises 9–14 by cofactor expan-
sions. At each step, choose a row or column that involves the least
amount of computation.

9�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

7 6 8 4
0 0 0 6
8 7 9 3
0 4 0 5

ˇ̌
ˇ̌
ˇ̌
ˇ̌ 10�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "2 4 2
0 0 3 0
2 "4 "3 5
2 0 3 5

ˇ̌
ˇ̌
ˇ̌
ˇ̌

11�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

2 "3 4 5
0 5 3 "1
0 0 "2 7
0 0 0 4

ˇ̌
ˇ̌
ˇ̌
ˇ̌ 12�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

3 0 0 0
7 "2 0 0
2 6 3 0
3 "8 4 "3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

13�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

4 0 "7 3 "5
0 0 2 0 0
7 3 "6 4 "8
5 0 5 2 "3
0 0 9 "1 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

14�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

6 0 2 4 0
9 0 "4 1 0
8 "5 6 7 1
2 0 0 0 0
4 2 3 2 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

The expansion of a 3 # 3 determinant can be remembered by the
following device. Write a second copy of the first two columns to
the right of the matrix, and compute the determinant by multiply-
ing entries on six diagonals:

a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

a31 a32 a33 a31 a32

2 2 2

1 1 1

Add the downward diagonal products and subtract the up-
ward products. Use this method to compute the determinants in
Exercises 15–18. Warning: This trick does not generalize in any
reasonable way to 4 # 4 or larger matrices.

15�

ˇ̌
ˇ̌
ˇ̌
1 0 4
2 3 2
0 5 "2

ˇ̌
ˇ̌
ˇ̌ 16�

ˇ̌
ˇ̌
ˇ̌
6 5 0
4 3 "2
2 0 1

ˇ̌
ˇ̌
ˇ̌

17�

ˇ̌
ˇ̌
ˇ̌
2 "3 3
3 2 2
1 3 "1

ˇ̌
ˇ̌
ˇ̌ 18�

ˇ̌
ˇ̌
ˇ̌
1 4 5
3 4 3
3 3 4

ˇ̌
ˇ̌
ˇ̌

In Exercises 19–24, explore the effect of an elementary row
operation on the determinant of a matrix. In each case, state the
row operation and describe how it affects the determinant.

19�
!

a b
c d

"
,
!

c d
a b

"

20�
!

a b
c d

"
,
!

a b
kc kd

"

21�
!

6 5
3 4

"
,
!

6 5
3C 6k 4C 5k

"

22�
!

a b
c d

"
,
!

aC kc b C kd
c d

"

23�

2
4

1 "2 3
2 3 "4
3 "4 5

3
5,
2
4

k "2k 3k
2 3 "4
3 "4 5

3
5

24�

2
4

a b c
1 4 5
2 3 6

3
5,
2
4

2 3 6
1 4 5
a b c

3
5

Compute the determinants of the elementary matrices given in
Exercises 25–30. (See Section 2.2, Examples 5 and 6.)

25�

2
4

1 0 0
0 1 0
0 k 1

3
5 26�

2
4

0 1 0
1 0 0
0 0 1

3
5

27�

2
4

1 0 0
0 1 0
k 0 1

3
5 28�

2
4

0 0 1
0 1 0
1 0 0

3
5

29�

2
4

1 0 0
0 k 0
0 0 1

3
5 30�

2
4

k 0 0
0 1 0
0 0 1

3
5

Use Exercises 25–30 to answer the questions in Exercises 31
and 32. Give reasons for your answers.

31� What is the determinant of an elementary row replacement
matrix"

32� What is the determinant of an elementary scaling matrix with
k on the diagonal"
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In Exercises 33–36, verify that detEA D .detE/.detA/, where

E is the elementary matrix shown and A D
!

a b
c d

"
.

33�
!

1 k
0 1

"
34�

!
1 0
k 1

"

35�
!

0 1
1 0

"
36�

!
k 0
0 1

"

37� Let A D
!

6 5
3 4

"
. Write 2A. Is det 2A D 2 detA"

38� Let A D
!

a b
c d

"
and let k be a scalar. Find a formula that

relates det kA to k and detA.

In Exercises 39 through 42, A is an n # n matrix. Mark each
statement True or False �T�)�. Justify each answer.

39� �T�)� An n # n determinant is defined by determinants of
.n " 1/ # .n " 1/ submatrices.

40� �T�)� The .i; j /-cofactor of a matrix A is the matrix Aij

obtained by deleting from A its ith row and jth column.

41� �T�)�The cofactor expansion of detA down a column is equal
to the cofactor expansion along a row.

42� �T�)� The determinant of a triangular matrix is the sum of the
entries on the main diagonal.

43� Let u D
!

3
0

"
and v D

!
1
2

"
. Compute the area of the par-

allelogram determined by u, v, uC v, and 0, and compute
the determinant of Œ u v !. How do they compare" Replace
the first entry of v by an arbitrary number x, and repeat the
problem. Draw a picture and explain what you find.

44� Let u D
!

a
b

"
and v D

!
c
0

"
, where a, b, and c are positive

(for simplicity). Compute the area of the parallelogram deter-
mined by u, v, uC v, and 0, and compute the determinants of
the matrices Œ u v ! and Œ v u !. Draw a picture and explain
what you find.

45� Let A be a 2 # 2 matrix all of whose entries are numbers that
are greater than or equal to "10 and less than or equal to 10.
Decide if each of the following is a reasonable answer for
detA.
a. 0

b. 202

c. "110

d. 555

46� Let A be a 3 # 3 matrix all of whose entries are numbers that
are greater than or equal to"5 and less than or equal to 5. De-
cide if each of the following is a reasonable answer for detA.
a. 300

b. "220

c. 1000

d. 10

T 47� Construct a random 4 # 4 matrix A with integer entries
between "9 and 9. How is detA!1 related to detA"
Experiment with random n # n integer matrices for n D 4,
5, and 6, and make a conjecture. Note: In the unlikely event
that you encounter a matrix with a zero determinant, reduce
it to echelon form and discuss what you find.

T 48� Is it true that detAB D .detA/.detB/" To find out,
generate random 5 # 5 matrices A and B , and compute
detAB " .detA detB/. Repeat the calculations for three
other pairs of n # n matrices, for various values of n. Report
your results.

T 49� Is it true that det.AC B/ D detAC detB" Experiment with
four pairs of random matrices as in Exercise 48, and make a
conjecture.

T 50� Construct a random 4 # 4 matrix A with integer entries
between "9 and 9, and compare detA with detAT , det."A/,
det.2A/, and det.10A/. Repeat with two other random 4 # 4
integer matrices, and make conjectures about how these
determinants are related. (Refer to Exercise 44 in Section
2.1.) Then check your conjectures with several random
5 # 5 and 6 # 6 integer matrices. Modify your conjectures, if
necessary, and report your results.

T 51� Recall from the introductory section that the larger the
determinant of DT D, where D is the design matrix, the
better will be the accuracy of the calculated weights for small
light objects. Which of the following matrices corresponds to
the best design for four weighings of four objects" Describe
which of the objects s1; s2; s3, and s4 you would put in
the left and right pans for each weighing corresponding to
the best design matrix.

a. D D

2
664

1 1 1 1
1 "1 1 1
"1 "1 1 "1

1 1 1 "1

3
775

b. D D

2
664
"1 "1 "1 "1

1 "1 "1 1
"1 1 "1 1
"1 "1 1 1

3
775

c. D D

2
664

1 1 "1 "1
1 "1 "1 1
"1 1 1 "1

1 "1 1 "1

3
775

T 52� Repeat Exercise 51 for the case of five weighings of four
objects and the following design matrices.
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a. D D

2
66664

1 1 1 1
1 "1 1 1
"1 "1 1 "1

1 1 1 "1
"1 "1 "1 1

3
77775

b. D D

2
66664

"1 "1 "1 "1
1 "1 "1 1
"1 1 1 1
"1 "1 1 1

1 1 1 "1

3
77775

c. D D

2
66664

1 1 "1 "1
1 "1 "1 1
"1 1 1 "1

1 "1 1 "1
"1 "1 "1 "1

3
77775

Solution to Practice Problem

Take advantage of the zeros. Begin with a cofactor expansion down the third column to
obtain a 3 # 3 matrix, which may be evaluated by an expansion down its first column.

ˇ̌
ˇ̌
ˇ̌
ˇ̌

5 "7 2 2
0 3 0 "4
"5 "8 0 3

0 5 0 "6

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D ."1/1C3.2/

ˇ̌
ˇ̌
ˇ̌

0 3 "4
"5 "8 3

0 5 "6

ˇ̌
ˇ̌
ˇ̌

D 2 ."1/2C1."5/

ˇ̌
ˇ̌ 3 "4
5 "6

ˇ̌
ˇ̌ D 20

The ."1/2C1 in the next-to-last calculation came from the .2; 1/-position of the "5 in
the 3 # 3 determinant.

��� ProSerties of Determinants
The secret of determinants lies in how they change when row operations are performed.
The following theorem generalizes the results of Exercises 19–24 in Section 3.1. The
proof is at the end of this section.

THEOREM 3 RoX Operations
Let A be a square matrix.

a. If a multiple of one row of A is added to another row to produce a matrix B ,
then detB D detA.

b. If two rows of A are interchanged to produce B , then detB D " detA.
c. If one row of A is multiplied by k to produce B , then detB D k detA.

The following examples show how to use Theorem 3 to find determinants
efficiently.

(;A0P/( � Compute detA, where A D

2
4

1 "4 2
"2 8 "9
"1 7 0

3
5.



2�4 CHAPTER 3 Determinants

62/8T,2N The strategy is to reduce A to echelon form and then to use the fact that
the determinant of a triangular matrix is the product of the diagonal entries. The first two
row replacements in column 1 do not change the determinant:

detA D

ˇ̌
ˇ̌
ˇ̌

1 "4 2
"2 8 "9
"1 7 0

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌

1 "4 2
0 0 "5
"1 7 0

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 "4 2
0 0 "5
0 3 2

ˇ̌
ˇ̌
ˇ̌

An interchange of rows 2 and 3 reverses the sign of the determinant, so

detA D "

ˇ̌
ˇ̌
ˇ̌
1 "4 2
0 3 2
0 0 "5

ˇ̌
ˇ̌
ˇ̌ D ".1/.3/."5/ D 15

A common use of Theorem 3(c) in hand calculations is to factor out a common
multiple of one row of a matrix. For instance,

ˇ̌
ˇ̌
ˇ̌
& & &

5k "2k 3k
& & &

ˇ̌
ˇ̌
ˇ̌ D k

ˇ̌
ˇ̌
ˇ̌
& & &
5 "2 3
& & &

ˇ̌
ˇ̌
ˇ̌

where the starred entries are unchanged. We use this step in the next example.

(;A0P/( � Compute detA, where A D

2
664

2 "8 6 8
3 "9 5 10
"3 0 1 "2

1 "4 0 6

3
775.

62/8T,2N To simplify the arithmetic, we want a 1 in the upper-left corner. We could
interchange rows 1 and 4. Instead, we factor out 2 from the top row, and then proceed
with row replacements in the first column:

detA D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "4 3 4
3 "9 5 10
"3 0 1 "2

1 "4 0 6

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "4 3 4
0 3 "4 "2
0 "12 10 10
0 0 "3 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

Next, we could factor out another 2 from row 3 or use the 3 in the second column as a
pivot. We choose the latter operation, adding 4 times row 2 to row 3:

detA D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "4 3 4
0 3 "4 "2
0 0 "6 2
0 0 "3 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

Finally, adding"1=2 times row 3 to row 4, and computing the “triangular” determinant,
we find that

detA D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "4 3 4
0 3 "4 "2
0 0 "6 2
0 0 0 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D 2 .1/.3/."6/.1/ D "36
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Suppose a square matrix A has been reduced to an echelon form U by row replace-

U  5 

det U Þ 0

0
0
0

*

0
0

*
*

0

*
*
*

U  5 

det U 5 0

0
0
0

*

0
0

*
*
0
0

*
*

0

'*(63& 1

Typical echelon forms of square
matrices.

ments and row interchanges. (This is always possible. See the row reduction algorithm
in Section 1.2.) If there are r interchanges, then Theorem 3 shows that

detA D ."1/r detU

SinceU is in echelon form, it is triangular, and so detU is the product of the diagonal
entries u11; : : : ; unn. If A is invertible, the entries uii are all pivots (because A $ In and
the uii have not been scaled to 1’s). Otherwise, at least unn is zero, and the product
u11 ! ! !unn is zero. See Figure 1. Thus

detA D

8̂
<
:̂

."1/r

 
product of
pivots in U

!
when A is invertible

0 when A is not invertible

(1)

It is interesting to note that although the echelon form U described above is not
unique (because it is not completely row reduced), and the pivots are not unique, the
product of the pivots is unique, except for a possible minus sign.

Formula (1) not only gives a concrete interpretation of detA but also proves the
main theorem of this section:

THEOREM 4 A square matrix A is invertible if and only if detA ¤ 0.

Theorem 4 adds the statement “detA ¤ 0” to the Invertible Matrix Theorem. A
useful corollary is that detA D 0 when the columns of A are linearly dependent. Also,
detA D 0 when the rows of A are linearly dependent. (Rows of A are columns of AT ,
and linearly dependent columns of AT make AT singular. When AT is singular, so is A,
by the Invertible Matrix Theorem.) In practice, linear dependence is obvious when two
columns or two rows are the same or a column or a row is zero.

(;A0P/( � Compute detA, where A D

2
664

3 "1 2 "5
0 5 "3 "6
"6 7 "7 4
"5 "8 0 9

3
775.

62/8T,2N Add 2 times row 1 to row 3 to obtain

detA D det

2
664

3 "1 2 "5
0 5 "3 "6
0 5 "3 "6
"5 "8 0 9

3
775 D 0

because the second and third rows of the second matrix are equal.

Numerical Notes

1� Most computer programs that compute detA for a general matrix A use the
method of formula (1) above.

2� It can be shown that evaluation of an n # n determinant using row operations
requires about 2n3=3 arithmetic operations. Any modern microcomputer can
calculate a 25 # 25 determinant in a fraction of a second, since only about
10,000 operations are required.
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Computers can also handle large “sparse” matrices, with special routines that
take advantage of the presence of many zeros. Of course, zero entries can speed
hand computations, too. The calculations in the next example combine the power
of row operations with the strategy from Section 3.1 of using zero entries in cofactor
expansions.

(;A0P/( � Compute detA, where A D

2
664

0 1 2 "1
2 5 "7 3
0 3 6 2
"2 "5 4 "2

3
775.

62/8T,2N A good way to begin is to use the 2 in column 1 as a pivot, eliminating
the "2 below it. Then use a cofactor expansion to reduce the size of the determinant,
followed by another row replacement operation. Thus

detA D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

0 1 2 "1
2 5 "7 3
0 3 6 2
0 0 "3 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D "2

ˇ̌
ˇ̌
ˇ̌
1 2 "1
3 6 2
0 "3 1

ˇ̌
ˇ̌
ˇ̌ D "2

ˇ̌
ˇ̌
ˇ̌
1 2 "1
0 0 5
0 "3 1

ˇ̌
ˇ̌
ˇ̌

An interchange of rows 2 and 3 would produce a “triangular determinant.” Another
approach is to make a cofactor expansion down the first column:

detA D ."2/.1/

ˇ̌
ˇ̌ 0 5
"3 1

ˇ̌
ˇ̌ D "2 .15/ D "30

&olumn 2Serations
We can perform operations on the columns of a matrix in a way that is analogous to
the row operations we have considered. The next theorem shows that column operations
have the same effects on determinants as row operations.

Remark: The Principle of Mathematical Induction says the following: Let P.n/ be a
statement that is either true or false for each natural number n. Then P.n/ is true for
all n % 1 provided that P.1/ is true, and for each natural number k, if P.k/ is true,
then P.k C 1/ is true. The Principle of Mathematical Induction is used to prove the next
theorem.

THEOREM 5 If A is an n # n matrix, then detAT D detA.

PROOF The theorem is obvious for n D 1. Suppose the theorem is true for k # k
determinants and let n D k C 1. Then the cofactor of a1j in A equals the cofactor of aj1

in AT , because the cofactors involve k # k determinants. Hence the cofactor expansion
of detA along the first row equals the cofactor expansion of detAT down the first column.
That is, A and AT have equal determinants. The theorem is true for n D 1, and the truth
of the theorem for one value of n implies its truth for the next value of n. By the Principle
of Mathematical Induction, the theorem is true for all n % 1.
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Because of Theorem 5, each statement in Theorem 3 is true when the word row
is replaced everywhere by column. To verify this property, one merely applies the
original Theorem 3 to AT . A row operation on AT amounts to a column operation
on A.

Column operations are useful for both theoretical purposes and hand computations.
However, for simplicity we’ll perform only row operations in numerical calculations.

Determinants and 0atri[ Products
The proof of the following useful theorem is at the end of the section. Applications are
in the exercises.

THEOREM 6 MultiplicatiWe Property
If A and B are n # n matrices, then detAB D .detA/.detB/.

(;A0P/( � Verify Theorem 6 for A D
!

6 1
3 2

"
and B D

!
4 3
1 2

"
.

62/8T,2N

AB D
!

6 1
3 2

"!
4 3
1 2

"
D
!

25 20
14 13

"

and
detAB D 25.13/ " 20.14/ D 325 " 280 D 45

Since detA D 9 and detB D 5,

.detA/.detB/ D 9.5/ D 45 D detAB

Warning: A common misconception is that Theorem 6 has an analogue for sums of
matrices. However, det.AC B/ is not equal to detAC detB , in general.

A /inearit\ ProSert\ of the Determinant Function
For an n # nmatrixA, we can consider detA as a function of the n column vectors inA.
We will show that if all columns except one are held fixed, then detA is a linear function
of that one (vector) variable.

Suppose that the j th column of A is allowed to vary, and write

A D
#
a1 ! ! ! aj!1 x ajC1 ! ! ! an

$

Define a transformation T from Rn to R by

T .x/ D det
#
a1 ! ! ! aj!1 x ajC1 ! ! ! an

$

Then,

T .cx/ D cT .x/ for all scalars c and all x in Rn (2)

T .uC v/ D T .u/C T .v/ for all u, v in Rn (3)
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Property (2) is Theorem 3(c) applied to the columns ofA. A proof of property (3) follows
from a cofactor expansion of detA down the j th column. (See Exercise 49.) This (multi-)
linearity property of the determinant turns out to have many useful consequences that
are studied in more advanced courses.

Proofs of Theorems � and �
It is convenient to prove Theorem 3 when it is stated in terms of the elementary matrices
discussed in Section 2.2. We call an elementary matrix E a row replacement (matrix) if
E is obtained from the identity I by adding a multiple of one row to another row; E is
an interchange if E is obtained by interchanging two rows of I ; and E is a scale by r if
E is obtained by multiplying a row of I by a nonzero scalar r . With this terminology,
Theorem 3 can be reformulated as follows:

If A is an n # n matrix and E is an n # n elementary matrix, then

detEA D .detE/.detA/

where

detE D

8̂
<
:̂

1 if E is a row replacement
"1 if E is an interchange

r if E is a scale by r

PROOF OF THEOREM 3 The proof is by induction on the size of A. The case of a
2 # 2 matrix was verified in Exercises 33–36 of Section 3.1. Suppose the theorem has
been verified for determinants of k # k matrices with k % 2, let n D k C 1, and let A
be n # n. The action of E on A involves either two rows or only one row. So we can
expand detEA across a row that is unchanged by the action of E, say, row i . Let
Aij (respectively, Bij / be the matrix obtained by deleting row i and column j from
A (respectively, EA). Then the rows of Bij are obtained from the rows of Aij by the
same type of elementary row operation that E performs on A. Since these submatrices
are only k # k, the induction assumption implies that

detBij D ˛ detAij

where ˛ D 1, "1, or r , depending on the nature of E. The cofactor expansion across
row i is

detEA D ai1."1/iC1 detBi1 C ! ! !C ain."1/iCn detBin

D ˛ai1."1/iC1 detAi1 C ! ! !C ˛ain."1/iCn detAin

D ˛ detA

In particular, taking A D In, we see that detE D 1, "1, or r , depending on the nature
of E. Thus the theorem is true for n D 2, and the truth of the theorem for one value of n
implies its truth for the next value of n. By the principle of induction, the theorem must
be true for n % 2. The theorem is trivially true for n D 1.

PROOF OF THEOREM � If A is not invertible, then neither is AB, by Exercise 35
in Section 2.3. In this case, detAB D .detA/.detB/, because both sides are zero, by
Theorem 4. If A is invertible, then A and the identity matrix In are row equivalent
by the Invertible Matrix Theorem. So there exist elementary matrices E1; : : : ; Ep such
that

A D EpEp!1 ! ! !E1 In D EpEp!1 ! ! !E1
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For brevity, write jAj for detA. Then repeated application of Theorem 3, as rephrased
above, shows that

jABj D jEp ! ! !E1Bj D jEpjjEp!1 ! ! !E1Bj D ! ! !
D jEpj ! ! ! jE1jjBj D ! ! ! D jEp ! ! !E1jjBj
D jAjjBj

Practice Problems

1� Compute

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "3 1 "2
2 "5 "1 "2
0 "4 5 1
"3 10 "6 8

ˇ̌
ˇ̌
ˇ̌
ˇ̌ in as few steps as possible.

2� Use a determinant to decide if v1, v2, and v3 are linearly independent, when

v1 D

2
4

5
"7

9

3
5; v2 D

2
4
"3

3
"5

3
5; v3 D

2
4

2
"7

5

3
5

3� Let A be an n # n matrix such that A2 D I . Show that det A D ˙1.

��� (xercises
Each equation in Exercises 1–4 illustrates a property of determi-
nants. State the property.

1�

ˇ̌
ˇ̌
ˇ̌
0 5 "2
1 "3 6
4 "1 8

ˇ̌
ˇ̌
ˇ̌ D "

ˇ̌
ˇ̌
ˇ̌
1 "3 6
0 5 "2
4 "1 8

ˇ̌
ˇ̌
ˇ̌

2�

ˇ̌
ˇ̌
ˇ̌
3 "6 9
3 5 "5
1 3 3

ˇ̌
ˇ̌
ˇ̌ D 3

ˇ̌
ˇ̌
ˇ̌
1 "2 3
3 5 "5
1 3 3

ˇ̌
ˇ̌
ˇ̌

3�

ˇ̌
ˇ̌
ˇ̌
1 2 2
0 3 "4
2 7 4

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 2 2
0 3 "4
0 3 0

ˇ̌
ˇ̌
ˇ̌

4�

ˇ̌
ˇ̌
ˇ̌
1 3 "4
2 0 "3
3 "5 2

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 3 "4
0 "6 5
3 "5 2

ˇ̌
ˇ̌
ˇ̌

Find the determinants in Exercises 5–10 by row reduction to
echelon form.

5�

ˇ̌
ˇ̌
ˇ̌

1 5 "4
"1 "4 5
"2 "8 7

ˇ̌
ˇ̌
ˇ̌ 6�

ˇ̌
ˇ̌
ˇ̌
3 "6 6
3 "5 9
3 "4 8

ˇ̌
ˇ̌
ˇ̌

7�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 3 0 2
"2 "5 7 4

3 5 2 1
1 "1 2 "3

ˇ̌
ˇ̌
ˇ̌
ˇ̌ 8�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 2 "3 4
0 1 5 6
"4 "9 7 "14

2 5 0 7

ˇ̌
ˇ̌
ˇ̌
ˇ̌

9�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "1 "3 0
0 1 5 4
"1 0 5 3

3 "3 "2 3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

10�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 3 "1 0 "2
0 1 "2 "1 "3
"2 "6 2 3 10

1 5 "6 2 "3
0 2 "4 5 9

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

Combine the methods of row reduction and cofactor expansion to
compute the determinants in Exercises 11–14.

11�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

3 4 "3 "1
3 0 1 "3
"6 0 "4 3

6 8 "4 "1

ˇ̌
ˇ̌
ˇ̌
ˇ̌ 12�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

"2 6 0 9
3 4 8 2
4 3 0 1
3 1 2 "1

ˇ̌
ˇ̌
ˇ̌
ˇ̌

13�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

2 5 4 1
4 7 6 2
6 "2 "4 0
"6 7 7 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌ 14�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

4 3 2 1
5 4 "3 0
9 "8 "7 0
4 6 2 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌

Find the determinants in Exercises 15–20, whereˇ̌
ˇ̌
ˇ̌

a b c
d e f
g h i

ˇ̌
ˇ̌
ˇ̌ D 7:
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15�

ˇ̌
ˇ̌
ˇ̌

a b c
d e f
3g 3h 3i

ˇ̌
ˇ̌
ˇ̌ 16�

ˇ̌
ˇ̌
ˇ̌

a b c
d C 3g e C 3h f C 3i

g h i

ˇ̌
ˇ̌
ˇ̌

17�

ˇ̌
ˇ̌
ˇ̌
aC d b C e c C f

d e f
g h i

ˇ̌
ˇ̌
ˇ̌

18�

ˇ̌
ˇ̌
ˇ̌

a b c
8d 8e 8f
g h i

ˇ̌
ˇ̌
ˇ̌

19�

ˇ̌
ˇ̌
ˇ̌

a b c
2d C a 2e C b 2f C c

g h i

ˇ̌
ˇ̌
ˇ̌

20�

ˇ̌
ˇ̌
ˇ̌

g h i
a b c
d e f

ˇ̌
ˇ̌
ˇ̌

In Exercises 21–23, use determinants to find out if the matrix is
invertible.

21�

2
4

1 3 6
2 4 7
0 5 8

3
5 22�

2
4

4 5 0
3 2 1
1 "4 3

3
5

23�

2
664

3 0 0 2
6 8 9 0
4 5 6 0
0 "8 "9 4

3
775

In Exercises 24–26, use determinants to decide if the set of vectors
is linearly independent.

24�

2
4

4
6
2

3
5,
2
4
"6

0
6

3
5,
2
4
"3
"5
"2

3
5

25�

2
4

7
"4
"6

3
5,
2
4
"8

5
7

3
5,
2
4

7
0
"5

3
5

26�

2
664

3
5
"6

4

3
775,

2
664

2
"6

0
7

3
775,

2
664
"2
"1

3
0

3
775,

2
664

0
0
0
"2

3
775

In Exercises 27–34, A and B are n # n matrices. Mark each
statement True or False �T�)�. Justify each answer.

27� �T�)� A row replacement operation does not affect the deter-
minant of a matrix.

28� �T�)� If detA is zero, then two rows or two columns are the
same, or a row or a column is zero.

29� �T�)� If the columns of A are linearly dependent, then
detA D 0.

30� �T�)� The determinant of A is the product of the diagonal
entries in A.

31� �T�)� If three row interchanges are made in succession, then
the new determinant equals the old determinant.

32� �T�)� The determinant of A is the product of the pivots in
any echelon formU ofA, multiplied by ."1/r , where r is the
number of row interchanges made during row reduction from
A to U .

33� �T�)� det.AC B/ D detAC detB .

34� �T�)� detA!1 D ."1/ detA.

35� Compute detB4, where B D

2
4

1 0 1
2 4 5
3 5 6

3
5.

36� Use Theorem 3 (but not Theorem 4) to show that if two rows
of a square matrix A are equal, then detA D 0. The same is
true for two columns. Why"

In Exercises 37–42, mention an appropriate theorem in your
explanation.

37� Show that if A is invertible, then detA!1 D 1

detA
.

38� Suppose that A is a square matrix such that detA3 D 0.
Explain why A cannot be invertible.

39� Let A and B be square matrices. Show that even though
AB and BA may not be equal, it is always true that
detAB D detBA.

40� LetA and P be square matrices, with P invertible. Show that
det.PAP!1/ D detA.

41� Let U be a square matrix such that U T U D I . Show that
detU D ˙1.

42� Find a formula for det.rA/ when A is an n # n matrix.

Verify that detAB D .detA/.detB/ for the matrices in Exercises
43 and 44. (Do not use Theorem 6.)

43� A D
!

3 0
6 1

"
, B D

!
2 0
5 4

"

44� A D
!

2 3
"3 "1

"
, B D

!
2 4
"3 "6

"

45� Let A and B be 3 # 3 matrices, with detA D "2 and
detB D 3. Use properties of determinants (in the text and in
the preceding exercises) to compute:
a. detAB b. det 5A c. detBT

d. detA!1 e. detA3

46� Let A and B be 4 # 4 matrices, with detA D 4 and
detB D "5. Compute:
a. detAB b. det 3A c. detB4

d. detBABT e. detABA!1
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47� Verify that detA D detB C detC , where

A D
!

aC e b C f
c d

"
; B D

!
a b
c d

"
; C D

!
e f
c d

"

48� Let A D
!

1 0
0 1

"
and B D

!
a b
c d

"
. Show that

det.AC B/ D detAC detB if and only if aC d D 0.

49� Verify that detA D detB C detC , where

A D

2
4

a11 a12 u1 C v1

a21 a22 u2 C v2

a31 a32 u3 C v3

3
5;

B D

2
4

a11 a12 u1

a21 a22 u2

a31 a32 u3

3
5; C D

2
4

a11 a12 v1

a21 a22 v2

a31 a32 v3

3
5

Note, however, that A is not the same as B C C .

50� Right-multiplication by an elementary matrix E affects the
columns of A in the same way that left-multiplication affects
the rows. Use Theorems 5 and 3 and the obvious fact that ET

is another elementary matrix to show that

detAE D .detE/.detA/

Do not use Theorem 6.

51� Suppose A is an n # n matrix and a computer suggests
that detA D 5 and det

%
A!1

&
D 1. Should you trust these

answers" Why or why not"

52� SupposeA andB are n # nmatrices and a computer suggests
that detA D 5, detB D 2 and detAB D 7. Should you trust
these answers" Why or why not"

T 53� Compute detAT A and detAAT for several random 4 # 5
matrices and several random 5 # 6 matrices. What can you
say about AT A and AAT when A has more columns than
rows"

T 54� If detA is close to zero, is the matrix A nearly singular"
Experiment with the nearly singular 4 # 4 matrix

A D

2
664

4 0 "7 "7
"6 1 11 9

7 "5 10 19
"1 2 3 "1

3
775

Compute the determinants of A, 10A, and 0:1A. In contrast,
compute the condition numbers of these matrices. Repeat
these calculations when A is the 4 # 4 identity matrix. Dis-
cuss your results.

Solutions to Practice Problems

1� Perform row replacements to create zeros in the first column, and then create a row
of zeros.

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "3 1 "2
2 "5 "1 "2
0 "4 5 1
"3 10 "6 8

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "3 1 "2
0 1 "3 2
0 "4 5 1
0 1 "3 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 "3 1 "2
0 1 "3 2
0 "4 5 1
0 0 0 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D 0

2� det Œ v1 v2 v3 ! D

ˇ̌
ˇ̌
ˇ̌

5 "3 2
"7 3 "7

9 "5 5

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌

5 "3 2
"2 0 "5

9 "5 5

ˇ̌
ˇ̌
ˇ̌ Row 1 added

to row 2

D "."3/

ˇ̌
ˇ̌"2 "5

9 5

ˇ̌
ˇ̌ " ."5/

ˇ̌
ˇ̌ 5 2
"2 "5

ˇ̌
ˇ̌ Cofactors of

column 2

D 3 .35/C 5 ."21/ D 0

By Theorem 4, the matrix Œ v1 v2 v3 ! is not invertible. The columns are linearly
dependent, by the Invertible Matrix Theorem.

3� Recall that det I D 1. By Theorem 6, det .AA/  (det A)(det A). Putting these two
observations together results in

1 D det I D detA2 D det .AA/ D .detA/.detA/ D .detA/2

Taking the square root of both sides establishes that det A D ˙1.
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��� &ramer’s 5ule� 9olume� and /inear Transformations
This section applies the theory of the preceding sections to obtain important theoretical
formulas and a geometric interpretation of the determinant.

&ramer’s 5ule
Cramer’s rule is needed in a variety of theoretical calculations. For instance, it can be
used to study how the solution of Ax D b is affected by changes in the entries of b.
However, the formula is inefficient for hand calculations, except for 2 # 2 or perhaps
3 # 3 matrices.

For any n # n matrix A and any b in Rn, let Ai .b/ be the matrix obtained from A
by replacing column i by the vector b.

Ai .b/ D Œa1 ! ! ! b ! ! ! an!

✲

col i

THEOREM 7 Cramer�s Rule
Let A be an invertible n # n matrix. For any b in Rn, the unique solution x of
Ax D b has entries given by

xi D
detAi .b/

detA
; i D 1; 2; : : : ; n (1)

PROOF Denote the columns of A by a1; : : : ; an and the columns of the n # n identity
matrix I by e1; : : : ; en. If Ax D b, the definition of matrix multiplication shows that

A .Ii .x// D A
#
e1 ! ! ! x ! ! ! en

$
D
#

Ae1 ! ! ! Ax ! ! ! Aen

$
D
#
a1 ! ! ! b ! ! ! an

$
D Ai .b/

By the multiplicative property of determinants,

.detA/.det Ii .x// D detAi .b/

The second determinant on the left is simply xi . (Make a cofactor expansion along
the i th row.) Hence .detA/ xi D detAi .b/. This proves (1) because A is invertible and
detA ¤ 0.

(;A0P/( � Use Cramer’s rule to solve the system

3x1 " 2x2 D 6

"5x1 C 4x2 D 8

62/8T,2N View the system as Ax D b. Using the notation introduced above,

A D
!

3 "2
"5 4

"
; A1.b/ D

!
6 "2
8 4

"
; A2.b/ D

!
3 6
"5 8

"
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Since detA D 2, the system has a unique solution. By Cramer’s rule,

x1 D
detA1.b/

detA
D 24C 16

2
D 20

x2 D
detA2.b/

detA
D 24C 30

2
D 27

ASSlication to Engineering
A number of important engineering problems, particularly in electrical engineering and
control theory, can be analyzed by Laplace transforms. This approach converts an appro-
priate system of linear differential equations into a system of linear algebraic equations
whose coefficients involve a parameter. The next example illustrates the type of algebraic
system that may arise.

(;A0P/( � Consider the following system in which s is an unspecified parameter.
Determine the values of s for which the system has a unique solution, and use Cramer’s
rule to describe the solution.

3sx1 " 2x2 D 4

"6x1 C sx2 D 1

62/8T,2N View the system as Ax D b. Then

A D
!

3s "2
"6 s

"
; A1.b/ D

!
4 "2
1 s

"
; A2.b/ D

!
3s 4
"6 1

"

Since
detA D 3s2 " 12 D 3.s C 2/.s " 2/

the system has a unique solution precisely when s ¤ ˙2. For such an s, the solution is
.x1; x2/, where

x1 D
detA1.b/

detA
D 4s C 2

3.s C 2/.s " 2/

x2 D
detA2.b/

detA
D 3s C 24

3.s C 2/.s " 2/
D s C 8

.s C 2/.s " 2/

A Formula for Aŋ�
Cramer’s rule leads easily to a general formula for the inverse of an n # n matrix A. The
j th column of A!1 is a vector x that satisfies

Ax D ej

where ej is the j th column of the identity matrix, and the i th entry of x is the .i; j /-entry
of A!1. By Cramer’s rule,

˚
.i; j /-entry of A!1

'
D xi D

detAi .ej /

detA
(2)

Recall that Aji denotes the submatrix of A formed by deleting row j and column i . A
cofactor expansion down column i of Ai .ej / shows that

detAi .ej / D ."1/iCj detAji D Cji (3)
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where Cji is a cofactor of A. By (2), the .i; j /-entry of A!1 is the cofactor Cji divided
by detA. >Note that the subscripts on Cji are the reverse of .i; j /.@ Thus

A!1 D 1

detA

2
6664

C11 C21 ! ! ! Cn1

C12 C22 ! ! ! Cn2

:::
:::

:::
C1n C2n ! ! ! Cnn

3
7775 (4)

The matrix of cofactors on the right side of (4) is called the adMugate (or classical
adMoint) ofA, denoted by adjA. (The term adMoint also has another meaning in advanced
texts on linear transformations.) The next theorem simply restates (4).

THEOREM 8 An *nWerse Formula
Let A be an invertible n # n matrix. Then

A!1 D 1

detA
adjA

(;A0P/( � Find the inverse of the matrix A D

2
4

2 1 3
1 "1 1
1 4 "2

3
5.

62/8T,2N The nine cofactors are

C11 D C
ˇ̌
ˇ̌"1 1

4 "2

ˇ̌
ˇ̌ D "2; C12 D "

ˇ̌
ˇ̌ 1 1
1 "2

ˇ̌
ˇ̌ D 3; C13 D C

ˇ̌
ˇ̌ 1 "1
1 4

ˇ̌
ˇ̌ D 5

C21 D "
ˇ̌
ˇ̌ 1 3
4 "2

ˇ̌
ˇ̌ D 14; C22 D C

ˇ̌
ˇ̌ 2 3
1 "2

ˇ̌
ˇ̌ D "7; C23 D "

ˇ̌
ˇ̌ 2 1
1 4

ˇ̌
ˇ̌ D "7

C31 D C
ˇ̌
ˇ̌ 1 3
"1 1

ˇ̌
ˇ̌ D 4; C32 D "

ˇ̌
ˇ̌ 2 3
1 1

ˇ̌
ˇ̌ D 1; C33 D C

ˇ̌
ˇ̌ 2 1
1 "1

ˇ̌
ˇ̌ D "3

The adjugate matrix is the transpose of the matrix of cofactors. >For instance, C12 goes
in the .2; 1/ position.@ Thus

adjA D

2
4
"2 14 4

3 "7 1
5 "7 "3

3
5

We could compute detA directly, but the following computation provides a check on the
calculations for adj A and produces detA:

.adjA/ A D

2
4
"2 14 4

3 "7 1
5 "7 "3

3
5
2
4

2 1 3
1 "1 1
1 4 "2

3
5 D

2
4

14 0 0
0 14 0
0 0 14

3
5 D 14I

Since .adjA/A D 14I , Theorem 8 shows that detA D 14 and

A!1D 1

14

2
4
"2 14 4

3 "7 1
5 "7 "3

3
5 D

2
4
"1=7 1 2=7
3=14 "1=2 1=14
5=14 "1=2 "3=14

3
5
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Numerical Notes

Theorem 8 is useful mainly for theoretical calculations. The formula for A!1

permits one to deduce properties of the inverse without actually calculating it.
Except for special cases, the algorithm in Section 2.2 gives a much better way to
compute A!1, if the inverse is really needed.

Cramer’s rule is also a theoretical tool. It can be used to study how sensitive
the solution of Ax D b is to changes in an entry in b or in A (perhaps due
to experimental error when acquiring the entries for b or A). When A is a
3 # 3 matrix with complex entries, Cramer’s rule is sometimes selected for hand
computation because row reduction of Œ A b ! with complex arithmetic can be
messy, and the determinants are fairly easy to compute. For a larger n # n matrix
(real or complex), Cramer’s rule is hopelessly inefficient. Computing just one
determinant takes about as much work as solving Ax D b by row reduction.

Determinants as Area or 9olume
In the next application, we verify the geometric interpretation of determinants described
in the chapter introduction. Although a general discussion of length and distance in Rn

will not be given until Chapter 6, we assume here that the usual Euclidean concepts of
length, area, and volume are already understood for R2 and R3.

THEOREM 9 If A is a 2 # 2 matrix, the area of the parallelogram determined by the columns of
A is jdetAj. If A is a 3 # 3 matrix, the volume of the parallelepiped determined
by the columns of A is jdetAj.

PROOF The theorem is obviously true for any 2 # 2 diagonal matrix:STUDY GUIDE provides a
geometric proof of the
determinant as area.

ˇ̌
ˇ̌ det

!
a 0
0 d

" ˇ̌
ˇ̌ D jad j D

(
area of
rectangle

)

See Figure 1. It will suffice to show that any 2 # 2 matrix A D Œ a1 a2 ! can be trans-

y

x

0
d

a
0

'*(63& 1

Area D jad j.

formed into a diagonal matrix in a way that changes neither the area of the associated
parallelogram nor jdetAj. From Section 3.2, we know that the absolute value of the
determinant is unchanged when two columns are interchanged or a multiple of one
column is added to another. And it is easy to see that such operations suffice to transform
A into a diagonal matrix. Column interchanges do not change the parallelogram at all.
So it suffices to prove the following simple geometric observation that applies to vectors
in R2 or R3:

Let a1 and a2 be nonzero vectors. Then for any scalar c, the area of the
parallelogram determined by a1 and a2 equals the area of the parallelogram
determined by a1 and a2 C ca1.

To prove this statement, we may assume that a2 is not a multiple of a1, for other-
wise the two parallelograms would be degenerate and have zero area. If L is the line
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through 0 and a1, then a2 C L is the line through a2 parallel to L, and a2 C ca1 is on
this line. See Figure 2. The points a2 and a2 C ca1 have the same perpendicular distance
to L. Hence the two parallelograms in Figure 2 have the same area, since they share the
base from 0 to a1. This completes the proof for R2.

a2 1 ca1 a2

ca1

a2 1 L

a10
L

'*(63& 2 Two parallelograms of equal area.

The proof for R3 is similar. The theorem is obviously true for a 3 # 3 diagonal
matrix. See Figure 3. And any 3 # 3 matrix A can be transformed into a diagonal matrix
using column operations that do not change jdetAj. (Think about doing row operations
on AT .) So it suffices to show that these operations do not affect the volume of the
parallelepiped determined by the columns of A.

0
b
0

0
0
c

a
0
0

z

x

y

'*(63& 3

Volume D jabcj.

A parallelepiped is shown in Figure 4 as a shaded box with two sloping sides.
Its volume is the area of the base in the plane Span fa1; a3g times the altitude of a2

above Span fa1; a3g. Any vector a2 C ca1 has the same altitude because a2 C ca1 lies
in the plane a2 C Span fa1; a3g, which is parallel to Span fa1; a3g. Hence the volume of
the parallelepiped is unchanged when Œ a1 a2 a3 ! is changed to Œ a1 a2 C ca1 a3 !.
Thus a column replacement operation does not affect the volume of the parallelepiped.
Since column interchanges have no effect on the volume, the proof is complete.

a 3

a2

0
a1

Span{a1, a3}

a2 1 Span{a1, a3}

a2

0
a1

Span{a1, a3}

a2 1 Span{a1, a3}

a2 1 ca1

a 3

'*(63& 4 Two parallelepipeds of equal volume.

(;A0P/( � Calculate the area of the parallelogram determined by the points
."2;"2/, .0; 3/, .4;"1/, and .6; 4/. See Figure 5(a).

62/8T,2N First translate the parallelogram to one having the origin as a vertex. For
example, subtract the vertex ."2;"2/ from each of the four vertices. The new paral-
lelogram has the same area, and its vertices are .0; 0/, .2; 5/, .6; 1/, and .8; 6/. See
Figure 5(b). This parallelogram is determined by the columns of

A D
!

2 6
5 1

"

Since jdetAj D j"28j, the area of the parallelogram is 28.
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x2

x1 x1

x2

(a) (b)

'*(63& 5 Translating a parallelogram does not change its
area.

/inear Transformations
Determinants can be used to describe an important geometric property of linear trans-
formations in the plane and in R3. If T is a linear transformation and S is a set in the
domain of T , let T .S/ denote the set of images of points in S . We are interested in how
the area (or volume) of T .S/ compares with the area (or volume) of the original set S .
For convenience, when S is a region bounded by a parallelogram, we also refer to S as
a parallelogram.

THEOREM 10 Let T W R2 ! R2 be the linear transformation determined by a 2 # 2 matrix A. If
S is a parallelogram in R2, then

farea of T .S/g D jdetAj ! farea of Sg (5)

If T is determined by a 3 # 3 matrix A, and if S is a parallelepiped in R3, then

fvolume of T .S/g D jdetAj ! fvolume of Sg (6)

PROOF Consider the 2 # 2 case, with A D Œ a1 a2 !. A parallelogram at the origin in
R2 determined by vectors b1 and b2 has the form

S D fs1b1 C s2b2 W 0 ' s1 ' 1; 0 ' s2 ' 1g

The image of S under T consists of points of the form

T .s1b1 C s2b2/ D s1T .b1/C s2T .b2/

D s1Ab1 C s2Ab2

where 0 ' s1 ' 1, 0 ' s2 ' 1. It follows that T .S/ is the parallelogram determined
by the columns of the matrix Œ Ab1 Ab2 !. This matrix can be written as AB , where
B D Œ b1 b2 !. By Theorem 9 and the product theorem for determinants,

farea of T .S/g D jdetABj D jdetAj jdetBj
D jdetAj ! farea of Sg (7)

An arbitrary parallelogram has the form pC S , where p is a vector and S is a
parallelogram at the origin, as seen previously. It is easy to see that T transformspC S
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into T .p/C T .S/. (See Exercise 26.) Since translation does not affect the area
of a set,

farea of T .pC S/g D farea of T .p/C T .S/g
D farea of T .S/g Translation

D j detAj ! farea of Sg By equation (7)

D j detAj ! farea of (pC S )g Translation

This shows that (5) holds for all parallelograms inR2. The proof of (6) for the 3 # 3 case
is analogous.

When we attempt to generalize Theorem 10 to a region in R2 or R3 that is not
bounded by straight lines or planes, we must face the problem of how to define and
compute its area or volume. This is a question studied in calculus, and we shall only
outline the basic idea for R2. If R is a planar region that has a finite area, then R can
be approximated by a grid of small squares that lie inside R. By making the squares
sufficiently small, the area of R may be approximated as closely as desired by the sum
of the areas of the small squares. See Figure 6.

0 0

'*(63& 6 Approximating a planar region by a union of squares.
The approximation improves as the grid becomes finer.

If T is a linear transformation associated with a 2 # 2 matrix A, then the image of
a planar region R under T is approximated by the images of the small squares inside
R. The proof of Theorem 10 shows that each such image is a parallelogram whose area
is jdetAj times the area of the square. If R0 is the union of the squares inside R, then
the area of T .R0/ is jdetAj times the area of R0. See Figure 7. Also, the area of T .R0/
is close to the area of T .R/. An argument involving a limiting process may be given to
justify the following generalization of Theorem 10.

0 0
R9 T(R9)

T

'*(63& 7 Approximating T .R/ by a union of parallelograms.
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The conclusions of Theorem 10 hold whenever S is a region in R2 with finite area
or a region in R3 with finite volume.

(;A0P/( � Let a and b be positive numbers. Find the area of the regionE bounded
by the ellipse whose equation is

x2
1

a2
C x2

2

b2
D 1

62/8T,2N We claim that E is the image of the unit disk D under the linear transfor-

x2

x1

1

a

b

u1

u2

T

D

E

mation T determined by the matrix A D
!

a 0
0 b

"
, because if u D

!
u1

u2

"
, x D

!
x1

x2

"
,

and x D Au, then
u1 D

x1

a
and u2 D

x2

b

It follows that u is in the unit disk, with u2
1 C u2

2 ' 1, if and only if x is in E, with
.x1=a/2 C .x2=b/2 ' 1. By the generalization of Theorem 10,

farea of ellipseg D farea of T .D/g
D jdetAj ! farea of Dg
D ab$.1/2 D $ab

Practice Problem

Let S be the parallelogram determined by the vectors b1 D
!

1
3

"
and b2 D

!
5
1

"
, and

let A D
!

1 ":1
0 2

"
. Compute the area of the image of S under the mapping x 7!Ax.

��� (xercises
Use Cramer’s rule to compute the solutions of the systems in
Exercises 1–6.

1� 5x1 C 7x2 D 3

2x1 C 4x2 D 1

2� 6x1 C x2 D 3

5x1 C 2x2 D 4

3� 3x1 " 2x2 D 3

"4x1 C 6x2 D "5

4� "5x1 C 2x2 D 9

3x1 " x2 D "4

5� x1 C x2 D 2

"5x1 C 4x3 D 0

x2 " x3 D "1

6� x1 C 3x2 C x3 D 8

"x1 C 2x3 D 4

3x1 C x2 D 4

In Exercises 7–10, determine the values of the parameter s
for which the system has a unique solution, and describe the
solution.

7� 2sx1 C 5x2 D 8

6x1 C 3sx2 D 4

8� 3sx1 C 5x2 D 3

12x1 C 5sx2 D 2

9� sx1 C 2sx2 D "1

3x1 C 6sx2 D 4

10� sx1 " 2x2 D 1

4sx1 C 4sx2 D 2

In Exercises 11–16, compute the adjugate of the given matrix, and
then use Theorem 8 to give the inverse of the matrix.

11�

2
4

0 "2 "1
5 0 0
"1 1 1

3
5 12�

2
4

1 1 "2
"1 1 3

0 "1 3

3
5

13�

2
4

3 5 4
1 0 1
2 1 1

3
5 14�

2
4

1 "1 2
0 2 1
3 0 6

3
5

15�

2
4

1 0 0
"3 4 0
"2 3 "1

3
5 16�

2
4

1 2 4
0 "3 1
0 0 "2

3
5
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17� Show that if A is 2 # 2, then Theorem 8 gives the same
formula for A!1 as that given by Theorem 4 in Section 2.2.

18� Suppose that all the entries in A are integers and detA D 1.
Explain why all the entries in A!1 are integers.

In Exercises 19–22, find the area of the parallelogram whose
vertices are listed.

19� .0; 0/, .5; 2/, .6; 4/, .11; 6/

20� .0; 0/, ."3; 7/, .8;"9/, .5;"2/

21� ."6; 0/, .0; 5/, .4; 5/, ."2; 0/

22� .0;"2/, .5;"2/, ."3; 1/, .2; 1/

23� Find the volume of the parallelepiped with one vertex at
the origin and adjacent vertices at .1; 0;"6/, .1; 3; 5/, and
.6; 7; 0/.

24� Find the volume of the parallelepiped with one vertex at
the origin and adjacent vertices at .1; 5; 0/, ."3; 0; 3/, and
."1; 4;"1/.

25� Use the concept of volume to explain why the determinant of
a 3 # 3 matrix A is zero if and only if A is not invertible. Do
not appeal to Theorem 4 in Section 3.2. >Hint: Think about
the columns of A.@

26� Let T W Rm ! Rn be a linear transformation, and let p be a
vector and S a set inRm. Show that the image of pC S under
T is the translated set T .p/C T .S/ in Rn.

27� Let S be the parallelogram determined by the vectors

b1 D
!
"3

5

"
and b2 D

!
"3

8

"
, and let A D

!
3 "4
"4 6

"
.

Compute the area of the image of S under the mapping
x 7! Ax.

28� Repeat Exercise 27 with b1 D
!
"3

5

"
and b2 D

!
0
"3

"
, and

A D
!

3 4
"2 "2

"
.

29� Find a formula for the area of the triangle whose vertices are
0, v1, and v2 in R2.

30� Let R be the triangle with vertices at .x1; y1/, .x2; y2/, and
.x3; y3/. Show that

farea of triangleg D 1

2
det

2
4

x1 y1 1
x2 y2 1
x3 y3 1

3
5

>Hint: Translate R to the origin by subtracting one of the
vertices, and use Exercise 29.@

31� Let T W R3 ! R3 be the linear transformation determined

by the matrix A D

2
4

a 0 0
0 b 0
0 0 c

3
5, where a, b, and c are

positive numbers. Let S be the unit ball, whose bounding
surface has the equation x2

1 C x2
2 C x2

3 D 1.
a. Show that T .S/ is bounded by the ellipsoid with the

equation
x2

1

a2
C x2

2

b2
C x2

3

c2
D 1.

b. Use the fact that the volume of the unit ball is 4$=3
to determine the volume of the region bounded by the
ellipsoid in part (a).

32� Let S be the tetrahedron in R3 with vertices at the vectors 0,
e1, e2, and e3, and let S 0 be the tetrahedron with vertices at
vectors 0, v1, v2, and v3. See the figure.

e3

e2

x2x2

00

e1

v3 S9
v2

v1

S

x3

x1

x3

x1

a. Describe a linear transformation that maps S onto S 0.
b. Find a formula for the volume of the tetrahedron S 0 using

the fact that

fvolume of Sg D .1=3/ ! farea of baseg ! fheightg

33� LetA be an n # nmatrix. IfA!1 D 1

detA
adjA is computed,

what should AA!1 be equal to in order to confirm that A!1

has been found correctly"

34� If a parallelogram fits inside a circle radius 1 and detA D 4,
whereA is the matrix whose columns correspond to the edges
of the parallelogram, does it seem like A and its determinant
have been calculated correctly to correspond to the area of
this parallelogram" Explain why or why not.

In Exercises 35–38, mark each statement as True or False �T�)�.
Justify each answer.

35� �T�)� Two parallelograms with the same base and height have
the same area.

36� �T�)� Applying a linear transformation to a region does not
change its area.

37� �T�)� If A is an invertible n # n matrix, then A!1 D adjA.

38� �T�)� Cramer’s rule can only be used for invertible matrices.

T 39� Test the inverse formula of Theorem 8 for a random 4 # 4
matrix A. Use your matrix program to compute the cofac-
tors of the 3 # 3 submatrices, construct the adjugate, and
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set B D .adjA/=.detA/. Then compute B " inv.A/, where
inv.A/ is the inverse ofA as computed by thematrix program.
Use floating point arithmetic with the maximum possible
number of decimal places. Report your results.

T 40� Test Cramer’s rule for a random 4 # 4matrixA and a random
4 # 1 vector b. Compute each entry in the solution ofAx D b,
and compare these entries with the entries inA!1b. Write the

command (or keystrokes) for your matrix program that uses
Cramer’s rule to produce the second entry of x.

T 41� If your version of MATLAB has the flops command, use it
to count the number of floating point operations to compute
A!1 for a random 30 # 30matrix. Compare this number with
the number of flops needed to form .adjA/=.detA/.

Solution to Practice Problem

The area of S is
ˇ̌
ˇ̌ det

!
1 5
3 1

" ˇ̌
ˇ̌ D 14; and detA D 2. By Theorem 10, the area of the

image of S under the mapping x 7! Ax is

jdetAj ! farea of Sg D 2 ! 14 D 28

C+APT(5 � P52-E&T6
Chapter 3 projects are available online.

A� Weighing Design: This project develops the concept of
weighing design and their corresponding matrices for use
in weighing a few small, light objects.

B� Jacobians: This set of exercises examines how a particular
determinant called the Jacobian may be used to allow us to
change variables in double and triple integrals.

C+APT(5 � 68PP/E0ENTA5< E;E5&,6E6
In Exercises 1-15, mark each statement True or False �T�)�. Justify
each answer. Assume that all matrices here are square.

1� �T�)� If A is a 2 # 2 matrix with a zero determinant, then one
column of A is a multiple of the other.

2� �T�)� If two rows of a 3 # 3 matrix A are the same, then
detA D 0.

3� �T�)� If A is a 3 # 3 matrix, then det 5A D 5 detA.

4� �T�)� If A and B are n # n matrices, with detA D 2 and
detB D 3, then det.AC B/ D 5.

5� �T�)� If A is n # n and detA D 2, then detA3 D 6.

6� �T�)� If B is produced by interchanging two rows of A, then
detB D detA.

7� �T�)� If B is produced by multiplying row 3 of A by 5, then
detB D 5 detA.

8� �T�)� If B is formed by adding to one row of A a linear
combination of the other rows, then detB D detA.

9� �T�)� detAT D " detA.

10� �T�)� det."A/ D " detA.

11� �T�)� detATA % 0.

12� �T�)� Any system of n linear equations in n variables can be
solved by Cramer’s rule.

13� �T�)� If u and v are in R2 and det Œ u v ! D 10, then the
area of the triangle in the plane with vertices at 0, u, and v
is 10.

14� �T�)� If A3 D 0, then detA D 0.

15� �T�)� If A is invertible, then detA!1 D detA.

Use row operations to show that the determinants in Exercises 16–
18 are all zero.

16�

ˇ̌
ˇ̌
ˇ̌
12 13 14
15 16 17
18 19 20

ˇ̌
ˇ̌
ˇ̌ 17�

ˇ̌
ˇ̌
ˇ̌
1 a b C c
1 b aC c
1 c aC b

ˇ̌
ˇ̌
ˇ̌

18�

ˇ̌
ˇ̌
ˇ̌

a b c
aC x b C x c C x
aC y b C y c C y

ˇ̌
ˇ̌
ˇ̌

Compute the determinants in Exercises 19 and 20.

19�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 5 4 3 2
0 8 5 9 0
0 7 0 0 0
3 9 6 5 4
0 8 0 6 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
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20�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

5 5 6 6 7
4 0 4 4 0
3 0 0 3 0
0 0 0 2 0
5 6 7 1 8

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

21� Show that the equation of the line in R2 through distinct
points .x1; y1/ and .x2; y2/ can be written as

det

2
4

1 x y
1 x1 y1

1 x2 y2

3
5 D 0

22� Find a 3 # 3 determinant equation similar to that in Exer-
cise 21 that describes the equation of the line through .x1; y1/
with slope m.

Exercises 23 and 24 concern determinants of the following Van-
dermonde matrices.

T D

2
64

1 a a2

1 b b2

1 c c2

3
75; V .t/ D

2
66664

1 t t2 t 3

1 x1 x2
1 x3

1

1 x2 x2
2 x3

2

1 x3 x2
3 x3

3

3
77775

23� Use row operations to show that

detV D .x2 " x1/.x3 " x1/.x3 " x2/

24� Let x1, x2, and x3 fixed numbers all distinct. Matrix V can
be used to find an interpolating quadratic polynomial for the
points (x1, y1), (x2, y2) and (x3, y3), where y1, y2 and y3 are
arbitrary (see Supplementary Exercise 11 in Chapter 2). Use
Exercise 9 to prove the existence of an interpolating polyno-
mial p.t/ D c0 C c1t C c2t2 such that p.x1/ D y1; p.x2/ D
y2 and p.x3/ D y3.

25� Find the area of the parallelogram determined by the points
.1; 4/, ."1; 5/, .3; 9/, and .5; 8/. How can you tell that the
quadrilateral determined by the points is actually a parallelo-
gram"

26� Use the concept of area of a parallelogram towrite a statement
about a 2 # 2matrixA that is true if and only ifA is invertible.

27� Show that if A is invertible, then adjA is invertible, and

.adjA/!1 D 1

detA
A

>Hint: Given matrices B and C , what calculation(s) would
show that C is the inverse of B‹!

28� LetA,B ,C ,D, and I be n # nmatrices. Use the definition or
properties of a determinant to justify the following formulas.
Part (c) is useful in applications of eigenvalues (Chapter 5).

a. det
!

A 0
0 I

"
D detA b. det

!
I 0
C D

"
D detD

c. det
!

A 0
C D

"
D .detA/.detD/ D det

!
A B
0 D

"

29� Let A, B , C , and D be n # n matrices with A invertible.
a. Find matrices X and Y to produce the block LU

factorization

!
A B
C D

"
D
!

I 0
X I

"!
A B
0 Y

"

and then show that

det
!

A B
C D

"
D .detA/ ! det.D " CA!1B/

b. Show that if AC D CA, then

det
!

A B
C D

"
D det.AD " CB/

30� Let J be the n # n matrix of all 1’s and consider
A D bI C aJ ; that is,

A D

2
666664

aC b a a ! ! ! a
a aC b a ! ! ! a
a a aC b ! ! ! a
:::

:::
:::

: : :
:::

a a a ! ! ! aC b

3
777775

Confirm that detA D .naC b/bn!1 as follows:
a. Subtract row n from rows 1 to n " 1 and explain why this

does not change the determinant of the matrix.

b. With the resulting matrix from part (a), add column 1 to
column n, then add column 2 to column n and so on, and
explain why this does not change the determinant of the
matrix.

c. Find the determinant of the resulting matrix from (b).

31� Let A be the original matrix given in Exercise 16, and let

B D

2
666664

a a a ! ! ! a
a aC b a ! ! ! a
a a aC b ! ! ! a
:::

:::
:::

: : :
:::

a a a ! ! ! aC b

3
777775
,

Notice that A, B are nearly the same except for the (1; 1)-
entry.
a. Compute the determinant of B .

b. Use part (a) to prove the formula in Exercise 16 by
induction on the size of matrix A.

T 32� Apply the result of Exercise 16 to find the determinants of the
following matrices, and confirm your answers using a matrix
program.
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2
664
"2 7 7 7

7 "2 7 7
7 7 "2 7
7 7 7 "2

3
775

2
66664

7 "2 "2 "2 "2
"2 7 "2 "2 "2
"2 "2 7 "2 "2
"2 "2 "2 7 "2
"2 "2 "2 "2 7

3
77775

T 33� Use a matrix program to compute the determinants of the
following matrices.
2
4

1 1 1
1 2 2
1 2 3

3
5

2
664

1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4

3
775

2
66664

1 1 1 1 1
1 2 2 2 2
1 2 3 3 3
1 2 3 4 4
1 2 3 4 5

3
77775

Use the results to guess the determinant of the matrix M, and

confirm your guess by using row operations to evaluate that
determinant.

M D

2
666664

1 1 1 ! ! ! 1
1 2 2 ! ! ! 2
1 2 3 ! ! ! 3
:::

:::
:::

: : :
:::

1 2 3 ! ! ! n

3
777775

T 34� Use the method of Exercise 33 to guess the determinant of2
666664

1 1 1 ! ! ! 1
1 3 3 ! ! ! 3
1 3 6 ! ! ! 6
:::

:::
:::

: : :
:::

1 3 6 ! ! ! 3.n " 1/

3
777775

Justify your conjecture. >Hint: Use Exercise 28(c) and the
result of Exercise 33.@
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DISCRETE�TIME SIGNALS AND DIGITAL
SIGNAL PROCESSING
What is digital signal processing" Just ask Alexa, who
uses signal processing to record your question and deliver
the answer. In 2500 BC, the Egyptians created the first
recorded discrete-time signal by carving information about
the flooding of the Nile into a Palermo Stone. Despite the
early beginnings of discrete-time signals, it was not until
the 1940s that Claude Shannon set off the digital revolution
with the ideas articulated in his paper “A Mathematical
Theory of Communication.”

When a person speaks into a digital processor like
Alexa, it converts the sounds made by the voice into
a discrete-time signal—basically a sequence of numbers
fykg, where k represents the time at which the value yk was
recorded. Then using linear time invariant (LTI) transfor-
mations, the signal is processed to filter out unwanted noise,
such as the sound of a fan running in the background. The
processed signal is then compared to the signals produced
by recordings of the individual sounds that make up the
language of the speaker. Figure 1 shows a recording of
the word “yes” and of the word “no” illustrating that
the signals produced are quite distinct. Once the sounds
spoken in the question are identified, machine learning
is used to make a best guess at the intended question for
a digital processor like Alexa. The digital processor then
searches through digitized data to find the most appropriate
response. Finally, the signal is processed further to produce
the virtual sounds that replicate a spoken answer.

Digital signal processing (DSP) is the branch of
engineering that, in the span of just a few decades,
has revolutionized interpersonal communication and the
entertainment industry. By reworking the principles of
electronics, telecommunication, and computer science into
a unifying paradigm, DSP is at the heart of the digital
revolution. A smartphone fits easily in the palm of your
hand, replacing numerous other devices such as cameras,
video recorders, CD players, day planners, and calculators,
and taking the fantasy component out of Borges’s imagined
Library of Babel.

The usefulness of discrete-time signals and DSP goes
well beyond systems engineering. Technical analysis is
employed in the investment sector. Trading opportunities
are identified by applying DSP to the discrete-time signals
created when the price or volume traded of a stock is
recorded over time. In Example 11 of Section 4.2, price
data is smoothed using a linear transformation. In the
entertainment industry, audio and video are produced

“Yes”

“No”

'*(63& 1

225
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virtually and synthesized using DSP. In Example 3 of
Section 4.7, we see how signal processing can be used to
add richness to virtual sounds.

Discrete-time signals and DSP have become signifi-
cant tools in many industries and areas of research. Math-
ematically speaking, discrete-time signals can be viewed
as vectors that are processed using linear transformations.
The operations of adding, scaling, and applying linear
transformations to signals is completely analogous to the
same operations for vectors in Rn. For this reason, the

set of all possible signals, S, is treated as a vector space.
In Sections 4.7 and 4.8, we look at the vector space of
discrete-time signals in more detail.

The focus of Chapter 4 is to extend the theory of
vectors in Rn to include signals and other mathematical
structures that behave like the vectors you are already
familiar with. Later on in the text, you will see how
other vector spaces and their corresponding linear
transformations arise in engineering, physics, biology, and
statistics.

The mathematical seeds planted in Chapters 1 and 2 germinate and begin to blossom in
this chapter. The beauty and power of linear algebra will be seen more clearly when you
viewRn as only one of a variety of vector spaces that arise naturally in applied problems.

Beginning with basic definitions in Section 4.1, the general vector space frame-
work develops gradually throughout the chapter. A goal of Sections 4.5 and 4.6 is to
demonstrate how closely other vector spaces resemble Rn. Sections 4.7 and 4.8 apply
the theory of this chapter to discrete-time signals, DSP, and difference equations—the
mathematics underlying the digital revolution.

��� 9ector 6Saces and 6ubsSaces
Much of the theory in Chapters 1 and 2 rested on certain simple and obvious alge-
braic properties of Rn, listed in Section 1.3. In fact, many other mathematical systems
have the same properties. The specific properties of interest are listed in the following
definition.

DEFINITION A vector space is a nonempty set V of objects, called vectors, on which are defined
two operations, called addition and multiplication by scalars (real numbers),
subject to the ten axioms (or rules) listed below.1 The axioms must hold for all
vectors u, v, and Z in V and for all scalars c and d .

1� The sum of u and v, denoted by uC v, is in V .

2� uC v D vC u.
3� .uC v/C Z D uC .vC Z/.

4� There is a ]ero vector 0 in V such that uC 0 D u.
5� For each u in V , there is a vector !u in V such that uC .!u/ D 0.

1 Technically, V is a real vector space. All of the theory in this chapter also holds for a complex vector space
in which the scalars and matrix entries are complex numbers. We will look at this briefly in Chapter 5. Until
then, all scalars and matrix entries are assumed to be real.
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6� The scalar multiple of u by c, denoted by cu, is in V .

7� c.uC v/ D cuC cv.
8� .c C d/u D cuC du.
9� c.du/ D .cd/u.
10� 1u D u.

Using only these axioms, one can show that the zero vector in Axiom 4 is unique,
and the vector !u, called the negative of u, in Axiom 5 is unique for each u in V .
See Exercises 33 and 34. Proofs of the following simple facts are also outlined in the
exercises:

For each u in V and scalar c,
0u D 0 (1)

c0 D 0 (2)

!u D .!1/u (3)

(;A0P/( � The spaces Rn, where n " 1, are the premier examples of vector
spaces. The geometric intuition developed forR3 will help you understand and visualize
many concepts throughout the chapter.

(;A0P/( � Let V be the set of all arrows (directed line segments) in three-
dimensional space, with two arrows regarded as equal if they have the same length and
point in the same direction. Define addition by the parallelogram rule (from Section 1.3),
and for each v in V , define cv to be the arrow whose length is jcj times the length of
v, pointing in the same direction as v if c " 0 and otherwise pointing in the opposite
direction. (See Figure 1.) Show that V is a vector space. This space is a common model
in physical problems for various forces.

v 3v 2v

'*(63& 1

62/8T,2N The definition of V is geometric, using concepts of length and direction.
No xy´-coordinate system is involved. An arrow of zero length is a single point and
represents the zero vector. The negative of v is .!1/v. So Axioms 1, 4, 5, 6, and 10 are
evident. The rest are verified by geometry. For instance, see Figures 2 and 3.

v u
u

v 1 u

u 1 v

'*(63& 2 uC v D vC u.

v

w

u v 1 w

u 1 v 1 w

u 1 v

'*(63& 3 .uC v/C Z D uC .vC Z/.

(;A0P/( � Let S be the space of all doubly infinite sequences of numbers (usually
written in a row rather than a column):

fykg D .: : : ; y!2; y!1; y0; y1; y2; : : :/
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If f´kg is another element of S, then the sum fykg C f´kg is the sequence fyk C ´kg
formed by adding corresponding terms of fykg and f´kg. The scalar multiple c fykg is
the sequence fcykg. The vector space axioms are verified in the same way as for Rn.

Elements of S arise in engineering, for example, whenever a signal is measured (or
sampled) at discrete times. A signal might be electrical, mechanical, optical, biological,
audio, and so on. The digital signal processors mentioned in the chapter introduction use
discrete (or digital) signals. For convenience, we will call S the space of (discrete-time)
signals. A signal may be visualized by a graph as in Figure 4.

25 0 5 10

'*(63& 4 A discrete-time signal.

(;A0P/( � For n " 0, the set Pn of polynomials of degree at most n consists of
all polynomials of the form

p.t/ D a0 C a1t C a2t2 C # # #C antn (4)

where the coefficients a0; : : : ; an and the variable t are real numbers. The degree of
p is the highest power of t in (4) whose coefficient is not zero. If p.t/ D a0 ¤ 0, the
degree of p is zero. If all the coefficients are zero, p is called the zero polynomial. The
zero polynomial is included in Pn even though its degree, for technical reasons, is not
defined.

If p is given by (4) and if T.t/ D b0 C b1t C # # #C bntn, then the sum pC T is
defined by

.pC T/.t/ D p.t/C T.t/

D .a0 C b0/C .a1 C b1/t C # # #C .an C bn/tn

The scalar multiple cp is the polynomial defined by

.cp/.t/ D cp.t/ D ca0 C .ca1/t C # # #C .can/tn

These definitions satisfy Axioms 1 and 6 because pC T and cp are polynomials of
degree less than or equal to n. Axioms 2, 3, and 7–10 follow from properties of the real
numbers. Clearly, the zero polynomial acts as the zero vector in Axiom 4. Finally, .!1/p
acts as the negative of p, so Axiom 5 is satisfied. Thus Pn is a vector space.

The vector spaces Pn for various n are used, for instance, in statistical trend analysis
of data, discussed in Section 6.8.

(;A0P/( � Let V be the set of all real-valued functions defined on a set D. (Typi-
cally, D is the set of real numbers or some interval on the real line.) Functions are added
in the usual way: IC g is the function whose value at t in the domain D is I.t/C g.t/.
Likewise, for a scalar c and an I in V , the scalar multiple cI is the function whose value
at t is cI.t/. For instance, if D D R, I.t/ D 1C sin 2t , and g.t/ D 2C :5t , then

.IC g/.t/ D 3C sin 2t C :5t and .2g/.t/ D 4C t
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Two functions in V are equal if and only if their values are equal for every t in D.
Hence the zero vector in V is the function that is identically zero, I.t/ D 0 for all t ,
and the negative of I is .!1/I. Axioms 1 and 6 are obviously true, and the other axioms
follow from properties of the real numbers, so V is a vector space.

It is important to think of each function in the vector space V of Example 5 as a
single object, as just one “point” or vector in the vector space. The sum of two vectors I
and g (functions in V , or elements of any vector space) can be visualized as in Figure 5,
because this can help you carry over to a general vector space the geometric intuition
you have developed while working with the vector space Rn. See the Study Guide for
help as you learn to adopt this more general point of view.

f 1 g

g

f

0

'*(63& 5

The sum of two vectors
(functions).

6ubsSaces
In many problems, a vector space consists of an appropriate subset of vectors from some
larger vector space. In this case, only three of the ten vector space axioms need to be
checked; the rest are automatically satisfied.

DEFINITION A subspace of a vector space V is a subset H of V that has three properties:

a. The zero vector of V is in H .2

b. H is closed under vector addition. That is, for each u and v inH , the sum uC v
is in H .

c. H is closed under multiplication by scalars. That is, for each u in H and each
scalar c, the vector cu is in H .

Properties (a), (b), and (c) guarantee that a subspace H of V is itself a vector space,
under the vector space operations already defined inV . To verify this, note that properties
(a), (b), and (c) are Axioms 1, 4, and 6. Axioms 2, 3, and 7–10 are automatically true
in H because they apply to all elements of V , including those in H . Axiom 5 is also
true in H , because if u is in H , then .!1/u is in H by property (c), and we know from
equation (3) earlier in this section that .!1/u is the vector !u in Axiom 5.

So every subspace is a vector space. Conversely, every vector space is a subspace
(of itself and possibly of other larger spaces). The term subspace is used when at least
two vector spaces are in mind, with one inside the other, and the phrase subspace of V
identifies V as the larger space. (See Figure 6.)

0

H

V

'*(63& 6

A subspace of V .

(;A0P/( � The set consisting of only the zero vector in a vector space V is a
subspace of V , called the ]ero subspace and written as f0g.

(;A0P/( � Let P be the set of all polynomials with real coefficients, with opera-
tions in P defined as for functions. Then P is a subspace of the space of all real-valued
functions defined on R. Also, for each n " 0, Pn is a subspace of P , because Pn is a
subset of P that contains the zero polynomial, the sum of two polynomials in Pn is also
in Pn, and a scalar multiple of a polynomial in Pn is also in Pn.

2 Some texts replace property (a) in this definition by the assumption that H is nonempty. Then (a) could be
deduced from (c) and the fact that 0u D 0. But the best way to test for a subspace is to look first for the zero
vector. If 0 is in H , then properties (b) and (c) must be checked. If 0 is not in H , then H cannot be a
subspace and the other properties need not be checked.
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(;A0P/( � The set of finitely supported signals Sf consists of the signals
fykg, where only finitely many of the yk are nonzero. Since the zero signal 0 D
.: : : ; 0; 0; 0; : : :/ has no nonzero entries, it is clearly an element of Sf . If two signals
with finitely many nonzeros are added, the resulting signal will have finitely many
nonzeros. Similarly if a signal with finitely many nonzeros is scaled, the result will still
have finitely many nonzeros. Thus Sf is a subspace of S, the discrete-time signals. See
Figure 7.

t

c 1 d

t

c
d c

bc

'*(63& 7

(;A0P/( � The vector space R2 is not a subspace of R3 because R2 is not even a
subset of R3. (The vectors in R3 all have three entries, whereas the vectors in R2 have
only two.) The set

H D

8<
:

2
4

s
t
0

3
5 W s and t are real

9=
;

is a subset of R3 that “looks” and “acts” like R2, although it is logically distinct from
R2. See Figure 8. Show that H is a subspace of R3.

62/8T,2N The zero vector is in H , and H is closed under vector addition and scalar
multiplication because these operations on vectors in H always produce vectors whose
third entries are zero (and so belong to H/. Thus H is a subspace of R3.

x3

x2

x1

H

'*(63& 8

The x1x2-plane as a subspace
of R3.

(;A0P/( �� A plane inR3 not through the origin is not a subspace ofR3, because
the plane does not contain the zero vector of R3. Similarly, a line in R2 not through the
origin, such as in Figure 9, is not a subspace of R2.

A 6ubsSace 6Sanned b\ a 6et
The next example illustrates one of the most common ways of describing a subspace.
As in Chapter 1, the term linear combination refers to any sum of scalar multiples of
vectors, and Span fv1; : : : ; vpg denotes the set of all vectors that can be written as linear
combinations of v1; : : : ; vp .

H

x2

x1

'*(63& �

A line that is not a vector space.

(;A0P/( �� Given v1 and v2 in a vector space V , let H D Span fv1; v2g. Show
that H is a subspace of V .

62/8T,2N The zero vector is in H , since 0 D 0v1 C 0v2. To show that H is closed
under vector addition, take two arbitrary vectors in H , say,

u D s1v1 C s2v2 and Z D t1v1 C t2v2

By Axioms 2, 3, and 8 for the vector space V ,

uC Z D .s1v1 C s2v2/C .t1v1 C t2v2/

D .s1 C t1/v1 C .s2 C t2/v2
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So uC Z is in H . Furthermore, if c is any scalar, then by Axioms 7 and 9,

cu D c.s1v1 C s2v2/ D .cs1/v1 C .cs2/v2

which shows that cu is in H and H is closed under scalar multiplication. Thus H is a
subspace of V .

In Section 4.5, you will see that every nonzero subspace of R3, other than R3 itself,
is either Span fv1, v2g for some linearly independent v1 and v2 or Span fvg for v ¤ 0.
In the first case, the subspace is a plane through the origin; in the second case, it is a
line through the origin. (See Figure 10.) It is helpful to keep these geometric pictures in
mind, even for an abstract vector space.

x3

x2

x1

v2v1
0

'*(63& 1�

An example of a subspace.
The argument in Example 11 can easily be generalized to prove the following

theorem.

THEOREM 1 If v1; : : : ; vp are in a vector space V , then Span fv1; : : : ; vpg is a subspace of V .

We call Span fv1; : : : ; vpg the subspace spanned (or generated) by fv1; : : : ; vpg.
Given any subspace H of V , a spanning (or generating) set for H is a set fv1; : : : ; vpg
in H such that H D Span fv1; : : : ; vpg.

The next example shows how to use Theorem 1.

(;A0P/( �� Let H be the set of all vectors of the form .a ! 3b; b ! a; a; b/,
where a and b are arbitrary scalars. That is, let H D f.a ! 3b; b ! a; a; b/ W a and b
in Rg. Show that H is a subspace of R4.

62/8T,2N Write the vectors in H as column vectors. Then an arbitrary vector in H
has the form

2
664

a ! 3b
b ! a

a
b

3
775 D a

2
664

1
!1

1
0

3
775

✻
v1

C b

2
664
!3

1
0
1

3
775

✻
v2

This calculation shows thatH D Span fv1; v2g, where v1 and v2 are the vectors indicated
above. Thus H is a subspace of R4 by Theorem 1.

Example 12 illustrates a useful technique of expressing a subspace H as the set
of linear combinations of some small collection of vectors. If H D Span fv1; : : : ; vpg,
we can think of the vectors v1; : : : ; vp in the spanning set as “handles” that allow us to
hold on to the subspace H . Calculations with the infinitely many vectors in H are often
reduced to operations with the finite number of vectors in the spanning set.

(;A0P/( �� For what value(s) of h will y be in the subspace of R3 spanned by
v1; v2; v3, if

v1 D

2
4

1
!1
!2

3
5; v2 D

2
4

5
!4
!7

3
5; v3 D

2
4
!3

1
0

3
5; and y D

2
4
!4

3
h

3
5
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62/8T,2N This question is Practice Problem 2 in Section 1.3, written here with
the term subspace rather than Span fv1; v2; v3g. The solution there shows that y is in
Span fv1; v2; v3g if and only if h D 5. That solution is worth reviewing now, along with
Exercises 11–16 and 19–21 in Section 1.3.

Although many vector spaces in this chapter will be subspaces ofRn, it is important
to keep in mind that the abstract theory applies to other vector spaces as well. Vector
spaces of functions arise in many applications, and they will receive more attention later.

Practice Problems

1� Show that the setH of all points inR2 of the form .3s; 2C 5s/ is not a vector space,
by showing that it is not closed under scalar multiplication. (Find a specific vector
u in H and a scalar c such that cu is not in H .)

2� Let W D Span fv1; : : : ; vpg, where v1; : : : ; vp are in a vector space V . Show that
vk is in W for 1 $ k $ p. >Hint: First write an equation that shows that v1 is in W .
Then adjust your notation for the general case.@

3� An n % n matrix A is said to be symmetric if AT D A. Let S be the set of all 3 % 3
symmetric matrices. Show that S is a subspace of M3"3, the vector space of 3 % 3
matrices.

��� (xercises
1� Let V be the first quadrant in the xy-plane; that is, let

V D
!"

x
y

#
W x " 0; y " 0

$

a. If u and v are in V , is uC v in V " Why"

b. Find a specific vector u in V and a specific scalar c such
that cu is not in V . (This is enough to show that V is not
a vector space.)

2� Let W be the union of the first and third quadrants in the xy-

plane. That is, let W D
!"

x
y

#
W xy " 0

$
.

a. If u is in W and c is any scalar, is cu in W " Why"

b. Find specific vectors u and v in W such that uC v is not
in W . (This is enough to show that W is not a vector
space.)

3� Let H be the set of points inside and on the unit circle in

the xy-plane. That is, let H D
!"

x
y

#
W x2 C y2 $ 1

$
. Find

a specific example—two vectors or a vector and a scalar—to
show that H is not a subspace of R2.

4� Construct a geometric figure that illustrates why a line in R2

not through the origin is not closed under vector addition.

In Exercises 5–8, determine if the given set is a subspace of Pn for
an appropriate value of n. Justify your answers.

5� All polynomials of the form p.t/ D at2, where a is in R.

6� All polynomials of the form p.t/ D aC t 2, where a is in R.

7� All polynomials of degree at most 3, with integers as coeffi-
cients.

8� All polynomials in Pn such that p.0/ D 0.

9� Let H be the set of all vectors of the form

2
4

s
3s
2s

3
5. Find a

vector v in R3 such that H D Span fvg. Why does this show
that H is a subspace of R3"

10� Let H be the set of all vectors of the form

2
4

2t
0
!t

3
5. Show that

H is a subspace of R3. (Use the method of Exercise 9.)

11� Let W be the set of all vectors of the form

2
4

6b C 7c
b
c

3
5,

where b and c are arbitrary. Find vectors u and v such that
W D Span u; v. Why does this show that W is a subspace
of R3"

12� Let W be the set of all vectors of the form

2
664

s C 3t
s ! t
2s ! t

4t

3
775. Show

that W is a subspace of R4. (Use the method of Exercise 11.)

13� Let v1 D

2
4

1
0
!1

3
5, v2 D

2
4

2
1
3

3
5, v3 D

2
4

4
2
6

3
5, and Z D

2
4

3
1
2

3
5.
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a. IsZ in fv1; v2; v3g" Howmany vectors are in fv1; v2; v3g"
b. How many vectors are in Span fv1; v2; v3g"
c. Is Z in the subspace spanned by fv1; v2; v3g" Why"

14� Let v1; v2; v3 be as in Exercise 13, and let Z D

2
4

8
4
7

3
5. Is Z in

the subspace spanned by fv1; v2; v3g" Why"

In Exercises 15–18, let W be the set of all vectors of the form
shown, where a, b, and c represent arbitrary real numbers. In each
case, either find a set S of vectors that spansW or give an example
to show that W is not a vector space.

15�

2
4

3aC b
4

a ! 5b

3
5 16�

2
4
!aC 1
a ! 6b
2b C a

3
5

17�

2
664

a ! b
b ! c
c ! a

b

3
775 18�

2
664

4aC 3b
0

aC b C c
c ! 2a

3
775

19� If a mass m is placed at the end of a spring, and if the mass is
pulled downward and released, the mass–spring system will
begin to oscillate. The displacement y of the mass from its
resting position is given by a function of the form

y.t/ D c1 cos!t C c2 sin!t (5)

where ! is a constant that depends on the spring and the
mass. (See the figure below.) Show that the set of all functions
described in (5) (with ! fixed and c1, c2 arbitrary) is a vector
space.

y

20� The set of all continuous real-valued functions defined on a
closed interval Œa; b! in R is denoted by C Œa; b!. This set is
a subspace of the vector space of all real-valued functions
defined on Œa; b!.
a. What facts about continuous functions should be proved

in order to demonstrate that C Œa; b! is indeed a subspace
as claimed" (These facts are usually discussed in a calcu-
lus class.)

b. Show that fI in C Œa; b! W I.a/ D I.b/g is a subspace of
C Œa; b!.

For fixed positive integers m and n, the set Mm!n of all m % n
matrices is a vector space, under the usual operations of addition
of matrices and multiplication by real scalars.

21� Determine if the set H of all matrices of the form
"

a b
0 d

#

is a subspace of M2!2.

22� Let F be a fixed 3 % 2 matrix, and let H be the set of all
matrices A in M2!4 with the property that FA D 0 (the zero
matrix in M3!4/. Determine if H is a subspace of M2!4.

In Exercises 23–32, mark each statement True or False �T�)�.
Justify each answer.

23� �T�)� If I is a function in the vector space V of all real-valued
functions on R and if I.t/ D 0 for some t , then I is the zero
vector in V .

24� �T�)� A vector is any element of a vector space.

25� �T�)�An arrow in three-dimensional space can be considered
to be a vector.

26� �T�)� If u is a vector in a vector space V , then .!1/ u is the
same as the negative of u.

27� �T�)� A subset H of a vector space V is a subspace of V if
the zero vector is in H .

28� �T�)� A vector space is also a subspace.

29� �T�)� A subspace is also a vector space.

30� �T�)� R2 is a subspace of R3.

31� �T�)� The polynomials of degree two or less are a subspace
of the polynomials of degree three or less.

32� �T�)� A subset H of a vector space V is a subspace of V if
the following conditions are satisfied: (i) the zero vector of V
is in H , (ii) u; v, and uC v are in H , and (iii) c is a scalar
and cu is in H .

Exercises 33–36 show how the axioms for a vector space V can
be used to prove the elementary properties described after the
definition of a vector space. Fill in the blanks with the appropriate
axiom numbers. Because of Axiom 2, Axioms 4 and 5 imply,
respectively, that 0C u D u and !uC u D 0 for all u.

33� Complete the following proof that the zero vector is
unique. Suppose that Z in V has the property that
uC Z D ZC u D u for all u in V . In particular, 0C Z D 0.
But 0C Z D Z, by Axiom . Hence Z D 0C Z D 0.

34� Complete the following proof that !u is the unique vec-
tor in V such that uC .!u/ D 0. Suppose that Z satisfies
uC Z D 0. Adding !u to both sides, we have
.!u/C ŒuC Z! D .!u/C 0

Œ.!u/C u!C Z D .!u/C 0 by Axiom (a)

0C Z D .!u/C 0 by Axiom (b)

Z D !u by Axiom (c)

35� Fill in the missing axiom numbers in the following proof that
0u D 0 for every u in V .

0u D .0C 0/u D 0uC 0u by Axiom (a)
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Add the negative of 0u to both sides:

0uC .!0u/ D Œ0uC 0u!C .!0u/

0uC .!0u/ D 0uC Œ0uC .!0u/! by Axiom (b)

0 D 0uC 0 by Axiom (c)

0 D 0u by Axiom (d)

36� Fill in the missing axiom numbers in the following proof that
c0 D 0 for every scalar c.

c0 D c.0C 0/ by Axiom (a)

D c0C c0 by Axiom (b)

Add the negative of c0 to both sides:

c0C .!c0/ D Œc0C c0!C .!c0/

c0C .!c0/ D c0C Œc0C .!c0/! by Axiom (c)

0 D c0C 0 by Axiom (d)

0 D c0 by Axiom (e)

37� Prove that .!1/u D !u. >Hint: Show that uC .!1/u D 0.
Use some axioms and the results of Exercises 34 and 35.@

38� Suppose cu D 0 for some nonzero scalar c. Show that u D 0.
Mention the axioms or properties you use.

39� Let u and v be vectors in a vector space V , and let H be any
subspace of V that contains both u and v. Explain why H
also contains Span fu; vg. This shows that Span fu; vg is the
smallest subspace of V that contains both u and v.

40� LetH andK be subspaces of a vector space V . The intersec-
tion of H and K, written as H \K, is the set of v in V that
belong to both H and K. Show that H \K is a subspace of
V . (See the figure.) Give an example in R2 to show that the
union of two subspaces is not, in general, a subspace.

0

K

H

V

H > K

41� Given subspacesH andK of a vector space V , the sum ofH
and K, written as H CK, is the set of all vectors in V that

can be written as the sum of two vectors, one in H and the
other in K; that is,

H CK D fZ : Z  u � v for some u in H

and some v in Kg
a. Show that H CK is a subspace of V .

b. Show thatH is a subspace ofH CK andK is a subspace
of H CK.

42� Suppose u1; : : : ; up and v1; : : : ; vq are vectors in a vector
space V , and let

H D Span fu1; : : : ; upg and K D Span fv1; : : : ; vqg
Show that H CK D Span fu1; : : : ; up; v1; : : : ; vqg.

T 43� Show that Z is in the subspace of R4 spanned by v1; v2; v3,
where

Z D

2
664

6
!7

8
!9

3
775; v1 D

2
664

7
!6
!5

4

3
775; v2 D

2
664
!3

2
!1
!4

3
775; v3 D

2
664
!2

1
2
!5

3
775

T 44� Determine if y is in the subspace of R4 spanned by the
columns of A, where

y D

2
664
!4
!8

6
!5

3
775; A D

2
664

3 !5 !9
8 7 !6
!5 !8 3

2 !2 !9

3
775

T 45� The vector space H D Span f1; cos2 t; cos4 t; cos6 tg con-
tains at least two interesting functions that will be used in
a later exercise:
I.t/ D 1 ! 8 cos2 t C 8 cos4 t

g.t/ D !1C 18 cos2 t ! 48 cos4 t C 32 cos6 t

Study the graph of I for 0 $ t $ 2" , and guess a simple
formula for I.t/. Verify your conjecture by graphing the
difference between 1C I.t/ and your formula for I.t/. (Hope-
fully, you will see the constant function 1.) Repeat for g.

T 46� Repeat Exercise 45 for the functions

I.t/ D 3 sin t ! 4 sin3 t

g.t/ D 1 ! 8 sin2 t C 8 sin4 t

h.t/ D 5 sin t ! 20 sin3 t C 16 sin5 t

in the vector space Span f1; sin t; sin2 t; : : : ; sin5 tg.

Solutions to Practice Problems

1� Take any u in H—say, u D
"

3
7

#
—and take any c ¤ 1—say, c D 2. Then

cu D
"

6
14

#
. If this is in H , then there is some s such that

"
3s

2C 5s

#
D
"

6
14

#
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That is, s D 2 and s D 12=5, which is impossible. So 2u is not in H and H is not
a vector space.

2� v1 D 1v1 C 0v2 C # # #C 0vp . This expresses v1 as a linear combination of
v1; : : : ; vp , so v1 is in W . In general, vk is in W because

vk D 0v1 C # # #C 0vk!1 C 1vk C 0vkC1 C # # #C 0vp

3� The subset S is a subspace of M3"3 since it satisfies all three of the requirements
listed in the definition of a subspace:
a. Observe that the 0 in M3"3 is the 3 % 3 zero matrix and since 0T D 0, the matrix

0 is symmetric and hence 0 is in S .

b. LetA andB in S . Notice thatA andB are 3 % 3 symmetric matrices soAT D A
and BT D B . By the properties of transposes of matrices, .AC B/T D AT C
BT D AC B . Thus AC B is symmetric and hence AC B is in S .

c. Let A be in S and let c be a scalar. Since A is symmetric, by the properties of
symmetric matrices, .cA/T D c.AT / D cA. Thus cA is also a symmetric matrix
and hence cA is in S .

��� Null 6Saces� &olumn 6Saces� 5ow 6Saces� and /inear
Transformations

In applications of linear algebra, subspaces ofRn usually arise in one of two ways: (1) as
the set of all solutions to a system of homogeneous linear equations or (2) as the set of all
linear combinations of certain specified vectors. In this section, we compare and contrast
these two descriptions of subspaces, allowing us to practice using the concept of a
subspace. Actually, as youwill soon discover, we have beenworkingwith subspaces ever
since Section 1.3. The main new feature here is the terminology. The section concludes
with a discussion of the kernel and range of a linear transformation.

The Null 6Sace of a 0atri[
Consider the following system of homogeneous equations:

x1 ! 3x2 ! 2x3 D 0

!5x1 C 9x2 C x3 D 0
(1)

In matrix form, this system is written as Ax D 0, where

A D
"

1 !3 !2
!5 9 1

#
(2)

Recall that the set of all x that satisfy (1) is called the solution set of the system (1).
Often it is convenient to relate this set directly to the matrix A and the equation Ax D 0.
We call the set of x that satisfy Ax D 0 the null space of the matrix A.
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DEFINITION The null space of an m % n matrix A, written as NulA, is the set of all solutions of
the homogeneous equation Ax D 0. In set notation,

NulA D fx W x is in Rn and Ax D 0g

A more dynamic description of NulA is the set of all x in Rn that are mapped into
the zero vector of Rm via the linear transformation x 7! Ax. See Figure 1.

0
0

R
n

Nul A

Rm

'*(63& 1

(;A0P/( � LetA be the matrix in (2), and let u D

2
4

5
3
!2

3
5. Determine if u belongs

to the null space of A.

62/8T,2N To test if u satisfies Au D 0, simply compute

Au D
"

1 !3 !2
!5 9 1

#2
4

5
3
!2

3
5 D

"
5 ! 9C 4

!25C 27 ! 2

#
D
"

0
0

#

Thus u is in NulA.

The term space in null space is appropriate because the null space of a matrix is a
vector space, as shown in the next theorem.

THEOREM 2 The null space of anm % nmatrixA is a subspace ofRn. Equivalently, the set of all
solutions to a system Ax D 0 of m homogeneous linear equations in n unknowns
is a subspace of Rn.

PROOF Certainly NulA is a subset of Rn because A has n columns. We must show
that NulA satisfies the three properties of a subspace. Of course, 0 is in NulA. Next, let
u and v represent any two vectors in NulA. Then

Au D 0 and Av D 0

To show that uC v is in NulA, we must show that A.uC v/ D 0. Using a property of
matrix multiplication, compute

A.uC v/ D AuC Av D 0C 0 D 0

Thus uC v is in NulA, and NulA is closed under vector addition. Finally, if c is any
scalar, then

A.cu/ D c.Au/ D c.0/ D 0
which shows that cu is in NulA. Thus NulA is a subspace of Rn.
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(;A0P/( � Let H be the set of all vectors in R4 whose coordinates a, b, c, d
satisfy the equations a ! 2b C 5c D d and c ! a D b. Show that H is a subspace of
R4.

62/8T,2N Rearrange the equations that describe the elements of H , and note that H
is the set of all solutions of the following system of homogeneous linear equations:

a ! 2b C 5c ! d D 0

!a ! b C c D 0

By Theorem 2, H is a subspace of R4.

It is important that the linear equations defining the set H are homogeneous.
Otherwise, the set of solutions will definitely not be a subspace (because the zero vector
is not a solution of a nonhomogeneous system). Also, in some cases, the set of solutions
could be empty.

An E[Slicit DescriStion of Nul A
There is no obvious relation between vectors in NulA and the entries in A. We say that
NulA is defined implicitly, because it is defined by a condition that must be checked.
No explicit list or description of the elements in NulA is given. However, solving
the equation Ax D 0 amounts to producing an explicit description of NulA. The next
example reviews the procedure from Section 1.5.

(;A0P/( � Find a spanning set for the null space of the matrix

A D

2
4
!3 6 !1 1 !7

1 !2 2 3 !1
2 !4 5 8 !4

3
5

62/8T,2N The first step is to find the general solution of Ax D 0 in terms of free
variables. Row reduce the augmented matrix Œ A 0 ! to reduced echelon form in order
to write the basic variables in terms of the free variables:

2
4

1 !2 0 !1 3 0
0 0 1 2 !2 0
0 0 0 0 0 0

3
5;

x1 ! 2x2 ! x4 C 3x5 D 0

x3 C 2x4 ! 2x5 D 0

0 D 0

The general solution is x1 D 2x2 C x4 ! 3x5, x3 D !2x4 C 2x5, with x2, x4, and x5

free. Next, decompose the vector giving the general solution into a linear combination
of vectors where the weights are the free variables. That is,

2
66664

x1

x2

x3

x4

x5

3
77775
D

2
66664

2x2 C x4 ! 3x5

x2

!2x4 C 2x5

x4

x5

3
77775
D x2

2
66664

2
1
0
0
0

3
77775

"
u

C x4

2
66664

1
0
!2

1
0

3
77775

"
v

C x5

2
66664

!3
0
2
0
1

3
77775

"
Z

D x2uC x4vC x5Z (3)

Every linear combination of u, v, and Z is an element of NulA and vice versa. Thus
fu; v;Zg is a spanning set for NulA.
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Two points should be made about the solution of Example 3 that apply to all
problems of this type where NulA contains nonzero vectors. We will use these facts
later.

1� The spanning set produced by the method in Example 3 is automatically linearly
independent because the free variables are the weights on the spanning vectors. For
instance, look at the 2nd, 4th, and 5th entries in the solution vector in (3) and note
that x2uC x4vC x5Z can be 0 only if the weights x2; x4, and x5 are all zero.

2� When NulA contains nonzero vectors, the number of vectors in the spanning set for
NulA equals the number of free variables in the equation Ax D 0.

The &olumn 6Sace of a 0atri[
Another important subspace associated with a matrix is its column space. Unlike the null
space, the column space is defined explicitly via linear combinations.

DEFINITION The column space of an m % n matrix A, written as ColA, is the set of all linear
combinations of the columns of A. If A D Œ a1 # # # an !, then

ColA D Span fa1; : : : ; ang

Since Span fa1; : : : ; ang is a subspace, by Theorem 1, the next theorem follows from
the definition of ColA and the fact that the columns of A are in Rm.

THEOREM 3 The column space of an m % n matrix A is a subspace of Rm.

Note that a typical vector in ColA can be written as Ax for some x because the
notation Ax stands for a linear combination of the columns of A. That is,

ColA D fb W b D Ax for some x in Rng

The notation Ax for vectors in ColA also shows that ColA is the range of the linear
transformation x 7! Ax. We will return to this point of view at the end of the section.

(;A0P/( � Find a matrix A such that W D ColA.

W D

8<
:

2
4

6a ! b
aC b
!7a

3
5 W a, b in R

9=
;

62/8T,2N First, write W as a set of linear combinations.

W D

8<
:a

2
4

6
1
!7

3
5C b

2
4
!1

1
0

3
5 W a, b in R

9=
; D Span

8<
:

2
4

6
1
!7

3
5;

2
4
!1

1
0

3
5
9=
;

Second, use the vectors in the spanning set as the columns of A. Let A D

2
4

6 !1
1 1
!7 0

3
5.W

x3

x2

x1

0

Then W D ColA, as desired.
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Recall from Theorem 4 in Section 1.4 that the columns of A span Rm if and only if
the equation Ax D b has a solution for each b. We can restate this fact as follows:

The column space of an m % n matrix A is all of Rm if and only if the equation
Ax D b has a solution for each b in Rm.

The 5ow 6Sace
If A is an m % n matrix, each row of A has n entries and thus can be identified with
a vector in Rn. The set of all linear combinations of the row vectors is called the roZ
space of A and is denoted by Row A. Each row has n entries, so Row A is a subspace
of Rn. Since the rows of A are identified with the columns of AT , we could also write
Col AT in place of Row A.

(;A0P/( � Let

A D

2
664
!2 !5 8 0 !17

1 3 !5 1 5
3 11 !19 7 1
1 7 !13 5 !3

3
775 and

r1 D .!2;!5; 8; 0;!17/
r2 D .1; 3;!5; 1; 5/
r3 D .3; 11;!19; 7; 1/
r4 D .1; 7;!13; 5;!3/

The row space of A is the subspace of R5 spanned by fr1; r2; r3; r4g. That is, Row A D
Span fr1; r2; r3; r4g. It is natural to write row vectors horizontally; however, they may
also be written as column vectors if that is more convenient.

The &ontrast %etween Nul A and &ol A
It is natural to wonder how the null space and column space of a matrix are related.
In fact, the two spaces are quite dissimilar, as Examples 6–8 will show. Nevertheless,
a surprising connection between the null space and column space will emerge in
Section 4.5, after more theory is available.

(;A0P/( � Let

A D

2
4

2 4 !2 1
!2 !5 7 3

3 7 !8 6

3
5

a. If the column space of A is a subspace of Rk , what is k"

b. If the null space of A is a subspace of Rk , what is k"

62/8T,2N

a. The columns ofA each have three entries, so ColA is a subspace ofRk , where k D 3.

b. A vector x such that Ax is defined must have four entries, so NulA is a subspace of
Rk , where k D 4.

When a matrix is not square, as in Example 6, the vectors in NulA and ColA live in
entirely different “universes.” For example, no linear combination of vectors in R3 can
produce a vector in R4. When A is square, NulA and ColA do have the zero vector in
common, and in special cases it is possible that some nonzero vectors belong to both
NulA and ColA.
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(;A0P/( � With A as in Example 6, find a nonzero vector in ColA and a nonzero
vector in NulA.

62/8T,2N It is easy to find a vector in ColA. Any column of A will do, say,

2
4

2
!2

3

3
5.

To find a nonzero vector in NulA, row reduce the augmented matrix Œ A 0 ! and obtain

Œ A 0 ! &

2
4

1 0 9 0 0
0 1 !5 0 0
0 0 0 1 0

3
5

Thus, if x satisfies Ax D 0, then x1 D !9x3, x2 D 5x3, x4 D 0, and x3 is free. As-
signing a nonzero value to x3—say, x3 D 1—we obtain a vector in NulA, namely,
x D .!9; 5; 1; 0/.

(;A0P/( � With A as in Example 6, let u D

2
664

3
!2
!1

0

3
775 and v D

2
4

3
!1

3

3
5.

a. Determine if u is in NulA. Could u be in ColA"

b. Determine if v is in ColA. Could v be in NulA"

62/8T,2N

a. An explicit description of NulA is not needed here. Simply compute the product Au.

Au D

2
4

2 4 !2 1
!2 !5 7 3

3 7 !8 6

3
5
2
664

3
!2
!1

0

3
775 D

2
4

0
!3

3

3
5 ¤

2
4

0
0
0

3
5

Obviously, u is not a solution ofAx D 0, so u is not in NulA. Also, with four entries,
u could not possibly be in ColA, since ColA is a subspace of R3.

b. Reduce Œ A v ! to an echelon form.

Œ A v ! D

2
4

2 4 !2 1 3
!2 !5 7 3 !1

3 7 !8 6 3

3
5 &

2
4

2 4 !2 1 3
0 1 !5 !4 !2
0 0 0 17 1

3
5

At this point, it is clear that the equation Ax D v is consistent, so v is in ColA.
With only three entries, v could not possibly be in NulA, since NulA is a subspace
of R4.

The table on page 241 summarizes what we have learned about NulA and ColA.
Item 8 is a restatement of Theorems 11 and 12(a) in Section 1.9.

.ernel and 5ange of a /inear Transformation
Subspaces of vector spaces other than Rn are often described in terms of a linear
transformation instead of a matrix. To make this precise, we generalize the definition
given in Section 1.8.
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CPOtraTt BetXeeO NVM A aOE CPM A GPr aO m % n MatrJY A
Nul $ Col $

1. NulA is a subspace of Rn. 1. ColA is a subspace of Rm.

2. NulA is implicitly defined; that is, you are
given only a condition .Ax D 0/ that vec-
tors in NulA must satisfy.

2. ColA is explicitly defined; that is, you are
told how to build vectors in ColA.

3. It takes time to find vectors in NulA. Row
operations on Œ A 0 ! are required.

3. It is easy to find vectors in ColA. The
columns of A are displayed; others are
formed from them.

4. There is no obvious relation between NulA
and the entries in A.

4. There is an obvious relation between ColA
and the entries in A, since each column of
A is in ColA.

5. A typical vector v in NulA has the property
that Av D 0.

5. A typical vector v in ColA has the property
that the equation Ax D v is consistent.

6. Given a specific vector v, it is easy to tell if
v is in NulA. Just compute Av.

6. Given a specific vector v, it may take time
to tell if v is in ColA. Row operations on
Œ A v ! are required.

7. NulA D f0g if and only if the equation
Ax D 0 has only the trivial solution.

7. ColA D Rm if and only if the equation
Ax D b has a solution for every b in Rm.

8. NulA D f0g if and only if the linear trans-
formation x 7! Ax is one-to-one.

8. ColA D Rm if and only if the linear trans-
formation x 7! Ax maps Rn onto Rm.

DEFINITION A linear transIormation T from a vector space V into a vector space W is a rule
that assigns to each vector x in V a unique vector T .x/ in W , such that

(i) T .uC v/ D T .u/C T .v/ for all u, v in V , and

(ii) T .cu/ D cT .u/ for all u in V and all scalars c.

The Nernel (or null space) of such a T is the set of all u in V such that T .u/ D 0
(the zero vector in W /. The range of T is the set of all vectors in W of the form T .x/
for some x in V . If T happens to arise as a matrix transformation—say, T .x/ D Ax for
somematrixA—then the kernel and the range of T are just the null space and the column
space of A, as defined earlier.

It is not difficult to show that the kernel of T is a subspace of V . The proof is
essentially the same as the one for Theorem 2. Also, the range of T is a subspace of W .
See Figure 2 and Exercise 42.

Kernel is a 
subspace of V

Range is a 
subspace of W

Domain
Range

0

T

0

V

Kern
el

W

'*(63& 2 Subspaces associated with
a linear transformation.
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In applications, a subspace usually arises as either the kernel or the range of an
appropriate linear transformation. For instance, the set of all solutions of a homogeneous
linear differential equation turns out to be the kernel of a linear transformation. Typically,
such a linear transformation is described in terms of one ormore derivatives of a function.
To explain this in any detail would take us too far afield at this point. So we consider
only two examples. The first explains why the operation of differentiation is a linear
transformation.

(;A0P/( � (Calculus required) Let V be the vector space of all real-valued func-
tions f defined on an interval Œa; b! with the property that they are differentiable and
their derivatives are continuous functions on Œa; b!. Let W be the vector space C Œa; b!
of all continuous functions on Œa; b!, and let D W V ! W be the transformation that
changes f in V into its derivative f 0. In calculus, two simple differentiation rules are

D.f C g/ D D.f /CD.g/ and D.cf / D cD.f /

That is, D is a linear transformation. It can be shown that the kernel of D is the set of
constant functions on Œa; b! and the range of D is the set W of all continuous functions
on Œa; b!.

(;A0P/( �� (Calculus required) The differential equation

y00 C !2y D 0 (4)

where ! is a constant, is used to describe a variety of physical systems, such as the
vibration of a weighted spring, the movement of a pendulum, and the voltage in an
inductance-capacitance electrical circuit. The set of solutions of (4) is precisely the
kernel of the linear transformation that maps a function y D f .t/ into the function
f 00.t/C !2f .t/. Finding an explicit description of this vector space is a problem in
differential equations. The solution set turns out to be the space described in Exercise 19
in Section 4.1.

A common technique used in the stockmarket is technical analysis. Statistical trends
gathered from stock-trading activity, such as price movement and volume, are analyzed.
Technical analysts focus on patterns of stock-price movements, trading signals, and
various other analytical charting tools to evaluate a security’s strength or weakness. A
moving average is a commonly used indicator in technical analysis. It smooths out price
action by filtering out the effects from random price fluctuations. In the final example
for this section, we examine the linear transformation that creates the two-day moving
average from a “signal” of daily prices. We will look at moving average transformations
that average over a longer period of time in Section 4.7.

(;A0P/( �� Let fpkg in S represent the price of a stock that has been recorded
daily over an extended period of time. Note that we can assume that pk D 0 for k outside
the time period under study. To create a two-daymoving average, themappingM2 W S!
S defined by M2.fpkg/ D

!
pk C pk!1

2

$
is applied to the data. Show that M2 is a linear

transformation and find its kernel.

62/8T,2N To see thatM2 is a linear transformation, observe that for two signals fpkg
and fqkg in S and any scalar c,
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M2.fpkg C fqkg/ DM2.fpk C qkg/ D
!

pk C qk C pk!1 C qk!1

2

$

D
!

pk C pk!1

2

$
C
!

qk C qk!1

2

$

DM2.fpkg/CM2.fqkg/
and

M2.cfpkg/ DM2.fcpkg/ D
!

cpk C cpk!1

2

$
D c

!
pk C pk!1

2

$
D cM2.fpkg/

thus M2 is a linear transformation.
To find the kernel of M2, notice that fpkg is in the kernel if and only if

pk C pk!1

2
D 0 for all k, and hence pk D !pk!1. Since this relationship is true for

all integers k, it can be applied recursively resulting in pk D !pk!1 D .!1/2pk!2 D
.!1/3pk!3 : : : . Working out from k D 0, any signal in the kernel can be written as
pk D p0.!1/k , a multiple of the alternating signal described by f.!1/kg. Since the
kernel of the two-day moving average function consists of all multiples of the alternating
sequence, it smooths out daily fluctuations, without leveling out overall trends. (See
Figure 3.)

k

Moving average
Original signal

'*(63& 3

Practice Problems

1� Let W D

8<
:

2
4

a
b
c

3
5 W a ! 3b ! c D 0

9=
;. Show in two different ways that W is a

subspace of R3. (Use two theorems.)

2� LetA D

2
4

7 !3 5
!4 1 !5
!5 2 !4

3
5, v D

2
4

2
1
!1

3
5, andZ D

2
4

7
6
!3

3
5. Suppose you know that

the equations Ax D v and Ax D Z are both consistent. What can you say about the
equation Ax D vC Z"

3� Let A be an n % n matrix. If Col A D Nul A, show that Nul A2 D Rn.

��� (xercises

1� Determine if Z D

2
4

1
3
!4

3
5 is in NulA, where

A D

2
4

3 !5 !3
6 !2 0
!8 4 1

3
5 :

2� Determine if Z D

2
4

5
!3

2

3
5 is in NulA, where

A D

2
4

5 21 19
13 23 2
8 14 1

3
5 :
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In Exercises 3–6, find an explicit description of NulA by listing
vectors that span the null space.

3� A D
"

1 3 5 0
0 1 4 !2

#

4� A D
"

1 !6 4 0
0 0 2 0

#

5� A D

2
4

1 !2 0 4 0
0 0 1 !9 0
0 0 0 0 1

3
5

6� A D

2
4

1 5 !4 !3 1
0 1 !2 1 0
0 0 0 0 0

3
5

In Exercises 7–14, either use an appropriate theorem to show that
the given set, W , is a vector space, or find a specific example to
the contrary.

7�

8<
:

2
4

a
b
c

3
5 W aC b C c D 2

9=
; 8�

8<
:

2
4

r
s
t

3
5 W 5r ! 1 D s C 2t

9=
;

9�

8̂
<̂
ˆ̂:

2
664

a
b
c
d

3
775 W

a ! 2b D 4c
2a D c C 3d

9>>=
>>;

10�

8̂
<̂
ˆ̂:

2
664

a
b
c
d

3
775 W

aC 3b D c
b C c C a D d

9>>=
>>;

11�

8̂
<̂
ˆ̂:

2
664

b ! 2d
5C d
b C 3d

d

3
775 W b; d real

9>>=
>>;

12�

8̂
<̂
ˆ̂:

2
664

b ! 5d
2b

2d C 1
d

3
775 W b; d real

9>>=
>>;

13�

8<
:

2
4

c ! 6d
d
c

3
5 W c; d real

9=
; 14�

8<
:

2
4
!aC 2b
a ! 2b
3a ! 6b

3
5 W a; b real

9=
;

In Exercises 15 and 16, find A such that the given set is ColA.

15�

8̂
<̂
ˆ̂:

2
664

2s C 3t
r C s ! 2t

4r C s
3r ! s ! t

3
775 W r; s; t real

9>>=
>>;

16�

8̂
<̂
ˆ̂:

2
664

b ! c
2b C c C d

5c ! 4d
d

3
775 W b; c; d real

9>>=
>>;

For the matrices in Exercises 17–20, (a) find k such that NulA
is a subspace of Rk , and (b) find k such that ColA is a subspace
of Rk .

17� A D

2
4

2 !8
!1 4

1 !4

3
5 18� A D

2
4

8 !3 0 !1
!3 0 !1 8

0 !1 8 !3

3
5

19� A D
"

4 5 !2 6 0
1 1 0 1 0

#

20� A D
%
1 !3 9 0 !5

&

21� With A as in Exercise 17, find a nonzero vector in NulA, a
nonzero vector in ColA, and a nonzero vector in Row A.

22� With A as in Exercise 3, find a nonzero vector in NulA, a
nonzero vector in ColA, and a nonzero vector in Row A.

23� Let A D
"
!6 12
!3 6

#
and Z D

"
2
1

#
. Determine if Z is in

ColA. Is Z in NulA"

24� Let A D

2
4
!8 !2 !9

6 4 8
4 0 4

3
5 and Z D

2
4

2
1
!2

3
5. Determine if

Z is in ColA. Is Z in NulA"

In Exercises 25–38, A denotes an m % n matrix. Mark each state-
ment True or False �T�)�. Justify each answer.

25� �T�)� The null space of A is the solution set of the equation
Ax D 0.

26� �T�)� A null space is a vector space.

27� �T�)� The null space of an m % n matrix is in Rm.

28� �T�)� The column space of an m % n matrix is in Rm.

29� �T�)� The column space of A is the range of the mapping
x 7! Ax.

30� �T�)� Col A is the set of all solutions of Ax D b.

31� �T�)� If the equation Ax D b is consistent, then Col A  Rm.

32� �T�)� Nul A is the kernel of the mapping x 7! Ax.

33� �T�)� The kernel of a linear transformation is a vector space.

34� �T�)� The range of a linear transformation is a vector space.

35� �T�)� Col A is the set of all vectors that can be written as Ax
for some x.

36� �T�)� The set of all solutions of a homogeneous linear differ-
ential equation is the kernel of a linear transformation.

37� �T�)� The row space of A is the same as the column space
of AT .

38� �T�)� The null space ofA is the same as the row space ofAT .

39� It can be shown that a solution of the system below is x1 D 3,
x2 D 2, and x3 D !1. Use this fact and the theory from this
section to explain why another solution is x1 D 30, x2 D 20,
and x3 D !10. (Observe how the solutions are related, but
make no other calculations.)

x1 ! 3x2 ! 3x3 D 0

!2x1 C 4x2 C 2x3 D 0

!x1 C 5x2 C 7x3 D 0
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40� Consider the following two systems of equations:

5x1 C x2 ! 3x3 D 0 5x1 C x2 ! 3x3 D 0

!9x1 C 2x2 C 5x3 D 1 !9x1 C 2x2 C 5x3 D 5

4x1 C x2 ! 6x3 D 9 4x1 C x2 ! 6x3 D 45

It can be shown that the first system has a solution. Use this
fact and the theory from this section to explainwhy the second
system must also have a solution. (Make no row operations.)

41� Prove Theorem 3 as follows: Given an m % n matrix A, an
element in ColA has the form Ax for some x in Rn. Let Ax
and AZ represent any two vectors in ColA.
a. Explain why the zero vector is in ColA.

b. Show that the vector AxC AZ is in ColA.

c. Given a scalar c, show that c.Ax/ is in ColA.

42� Let T W V ! W be a linear transformation from a vector
space V into a vector space W . Prove that the range of T is
a subspace of W . >Hint: Typical elements of the range have
the form T .x/ and T .Z/ for some x, Z in V .@

43� Define T W P2 ! R2 by T .p/ D
"
p.0/
p.1/

#
. For instance, if

p.t/ D 3C 5t C 7t2, then T .p/ D
"

3
15

#
.

a. Show thatT is a linear transformation. >Hint: For arbitrary
polynomials p, T in P2, compute T .pC T/ and T .cp/.@

b. Find a polynomial p in P2 that spans the kernel of T , and
describe the range of T .

44� Define a linear transformation T W P2 ! R2 by

T .p/ D
"
p.0/
p.0/

#
. Find polynomials p1 and p2 in P2 that

span the kernel of T , and describe the range of T .

45� Let M2!2 be the vector space of all 2 % 2 matrices,
and define T WM2!2 !M2!2 by T .A/ D AC AT , where

A D
"

a b
c d

#
.

a. Show that T is a linear transformation.

b. Let B be any element of M2!2 such that BT D B . Find
an A in M2!2 such that T .A/ D B .

c. Show that the range of T is the set of B in M2!2 with the
property that BT D B .

d. Describe the kernel of T .

46� (Calculus required) Define T W C Œ0; 1!! C Œ0; 1! as follows:
For I in C Œ0; 1!, let T .I/ be the antiderivative ) of I such
that ).0/ D 0. Show that T is a linear transformation, and
describe the kernel of T . (See the notation in Exercise 20 of
Section 4.1.)

47� LetV andW be vector spaces, and let T W V ! W be a linear
transformation. Given a subspace U of V , let T .U / denote
the set of all images of the form T .x/, where x is in U . Show
that T .U / is a subspace of W .

48� Given T W V ! W as in Exercise 47, and given a subspace
Z of W , let U be the set of all x in V such that T .x/ is in Z.
Show that U is a subspace of V .

T 49� Determine whether Z is in the column space of A, the null
space of A, or both, where

Z D

2
664

1
1
!1
!3

3
775; A D

2
664

7 6 !4 1
!5 !1 0 !2

9 !11 7 !3
19 !9 7 1

3
775

T 50� Determine whether Z is in the column space of A, the null
space of A, or both, where

Z D

2
664

1
2
1
0

3
775; A D

2
664
!8 5 !2 0
!5 2 1 !2
10 !8 6 !3
3 !2 1 0

3
775

T 51� Let a1; : : : ; a5 denote the columns of the matrix A, where

A D

2
664

5 1 2 2 0
3 3 2 !1 !12
8 4 4 !5 12
2 1 1 0 !2

3
775; B D Œ a1 a2 a4 !

a. Explain why a3 and a5 are in the column space of B .

b. Find a set of vectors that spans NulA.

c. Let T W R5 ! R4 be defined by T .x/ D Ax. Explain why
T is neither one-to-one nor onto.

T 52� Let H D Span fv1; v2g and K D Span fv3; v4g, where

v1 D

2
4

5
3
8

3
5; v2 D

2
4

1
3
4

3
5; v3 D

2
4

2
!1

5

3
5; v4 D

2
4

0
!12
!28

3
5:

Then H and K are subspaces of R3. In fact, H and K
are planes in R3 through the origin, and they intersect
in a line through 0. Find a nonzero vector Z that gen-
erates that line. >Hint: Z can be written as c1v1 C c2v2

and also as c3v3 C c4v4. To build Z, solve the equation
c1v1 C c2v2 D c3v3 C c4v4 for the unknown cj ’s.@

STUDY GUIDE offers additional
resources for mastering vector
spaces, subspaces, and column
row, and null spaces.
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Solutions to Practice Problems

1� First method: W is a subspace of R3 by Theorem 2 because W is the set of
all solutions to a system of homogeneous linear equations (where the system
has only one equation). Equivalently, W is the null space of the 1 % 3 matrix
A D Œ 1 !3 !1 !.
Second method: Solve the equation a ! 3b ! c D 0 for the leading variable a in

terms of the free variables b and c. Any solution has the form

2
4

3b C c
b
c

3
5, where b

and c are arbitrary, and
2
4

3b C c
b
c

3
5 D b

2
4

3
1
0

3
5

"
v1

C c

2
4

1
0
1

3
5

"
v2

This calculation shows that W D Span fv1; v2g. Thus W is a subspace of R3 by
Theorem 1. We could also solve the equation a ! 3b ! c D 0 for b or c and get
alternative descriptions of W as a set of linear combinations of two vectors.

2� Both v and Z are in ColA. Since ColA is a vector space, vC Z must be in ColA.
That is, the equation Ax D vC Z is consistent.

3� Let x be any vector in Rn. Notice Ax is in Col A, since it is a linear combination
of the columns of A. Since Col A D Nul A, the vector Ax is also in Nul A. Hence
A2x D A.Ax/ D 0 establishing that every vector x from Rn is in Nul A2.

��� /inearl\ ,ndeSendent 6ets� %ases
In this section we identify and study the subsets that span a vector space V or a subspace
H as “efficiently” as possible. The key idea is that of linear independence, defined as
in Rn.

An indexed set of vectors fv1; : : : ; vpg in V is said to be linearly independent if
the vector equation

c1v1 C c2v2 C # # #C cpvp D 0 (1)

has only the trivial solution, c1 D 0; : : : ; cp D 0.1

The set fv1; : : : ; vpg is said to be linearly dependent if (1) has a nontrivial solution,
that is, if there are some weights, c1; : : : ; cp , not all zero, such that (1) holds. In such a
case, (1) is called a linear dependence relation among v1; : : : ; vp .

Just as in Rn, a set containing a single vector v is linearly independent if and only
if v ¤ 0. Also, a set of two vectors is linearly dependent if and only if one of the vectors
is a multiple of the other. And any set containing the zero vector is linearly dependent.
The following theorem has the same proof as Theorem 7 in Section 1.7.

1 It is convenient to use c1; : : : ; cp in (1) for the scalars instead of x1; : : : ; xp , as we did previously.
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THEOREM 4 An indexed set fv1; : : : ; vpg of two or more vectors, with v1 ¤ 0, is linearly
dependent if and only if some vj (with j > 1/ is a linear combination of the
preceding vectors, v1; : : : ; vj!1.

The main difference between linear dependence in Rn and in a general vector space
is that when the vectors are not n-tuples, the homogeneous equation (1) usually cannot
be written as a system of n linear equations. That is, the vectors cannot be made into the
columns of a matrix A in order to study the equation Ax D 0. We must rely instead on
the definition of linear dependence and on Theorem 4.

(;A0P/( � Let p1.t/ D 1, p2.t/ D t , and p3.t/ D 4 ! t . Then fp1; p2; p3g is
linearly dependent in P because p3 D 4p1 ! p2.

(;A0P/( � The set fsin t; cos tg is linearly independent in C Œ0; 1!, the space of
all continuous functions on 0 $ t $ 1, because sin t and cos t are not multiples of one
another as vectors in C Œ0; 1!. That is, there is no scalar c such that cos t D c # sin t for all
t in Œ0; 1!. (Look at the graphs of sin t and cos t .) However, fsin t cos t; sin 2tg is linearly
dependent because of the identity sin 2t D 2 sin t cos t , for all t .

DEFINITION Let H be a subspace of a vector space V . A set of vectors B in V is a basis for
H if

(i) B is a linearly independent set, and

(ii) the subspace spanned by B coincides with H ; that is,

H D Span B

The definition of a basis applies to the case when H D V , because any vector
space is a subspace of itself. Thus a basis of V is a linearly independent set that spans
V . Observe that when H ¤ V , condition (ii) includes the requirement that each of the
vectors b in Bmust belong toH , because Span B contains every element in B, as shown
in Section 4.1.

(;A0P/( � Let A be an invertible n % n matrix—say, A D Œ a1 # # # an !. Then
the columns of A form a basis for Rn because they are linearly independent and they
span Rn, by the Invertible Matrix Theorem.

(;A0P/( � Let e1; : : : ; en be the columns of the n % n identity matrix, In. That is,

e1 D

2
6664

1
0
:::
0

3
7775; e2 D

2
6664

0
1
:::
0

3
7775; : : : ; en D

2
6664

0
:::
0
1

3
7775

The set fe1; : : : ; eng is called the standard basis for Rn (Figure 1).

x1

x2

x3

e3

e2

e1

'*(63& 1

The standard basis for R3.
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(;A0P/( � Let v1 D

2
4

3
0
!6

3
5, v2 D

2
4
!4

1
7

3
5, and v3 D

2
4
!2

1
5

3
5. Determine if

fv1; v2; v3g is a basis for R3.

62/8T,2N Since there are exactly three vectors here in R3, we can use any of several
methods to determine if the matrix A D Œ v1 v2 v3 ! is invertible. For instance, two
row replacements reveal that A has three pivot positions. Thus A is invertible. As in
Example 3, the columns of A form a basis for R3.

(;A0P/( � Let S D f1; t; t 2; : : : ; tng. Verify that S is a basis for Pn. This basis is
called the standard basis for Pn.

62/8T,2N Certainly S spans Pn. To show that S is linearly independent, suppose that
c0; : : : ; cn satisfy

c01C c1t C c2t2 C # # #C cntn D 0.t/ (2)

This equality means that the polynomial on the left has the same values as the zero
polynomial on the right. A fundamental theorem in algebra says that the only polynomial
in Pn with more than n zeros is the zero polynomial. That is, equation (2) holds for all
t only if c0 D # # # D cn D 0. This proves that S is linearly independent and hence is a
basis for Pn. See Figure 2.

y 5 1

y 5 t

y 5 t2

tt

y

'*(63& 2

The standard basis for P2.

Problems involving linear independence and spanning in Pn are handled best by a
technique to be discussed in Section 4.4.

The 6Sanning 6et Theorem
Aswewill see, a basis is an “efficient” spanning set that contains no unnecessary vectors.
In fact, a basis can be constructed from a spanning set by discarding unneeded vectors.

(;A0P/( � Let

v1 D

2
4

0
2
!1

3
5; v2 D

2
4

2
2
0

3
5; v3 D

2
4

6
16
!5

3
5; and H D Span fv1; v2; v3g:

Note that v3 D 5v1 C 3v2, and show that Span fv1; v2; v3g D Span fv1; v2g. Then find a
basis for the subspace H .

62/8T,2N Every vector in Span fv1; v2g belongs to H because

c1v1 C c2v2 D c1v1 C c2v2 C 0v3

Now let x be any vector inH—say, x D c1v1 C c2v2 C c3v3. Since v3 D 5v1 C 3v2, we
may substitute

H

v1

v3

v2

x D c1v1 C c2v2 C c3.5v1 C 3v2/

D .c1 C 5c3/v1 C .c2 C 3c3/v2

Thus x is in Span fv1; v2g, so every vector in H already belongs to Span fv1; v2g. We
conclude that H and Span fv1; v2g are actually the same set of vectors. It follows that
fv1; v2g is a basis of H since fv1; v2g is obviously linearly independent.

The next theorem generalizes Example 7.
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THEOREM 5 The SpanninH Set Theorem
Let S D fv1; : : : ; vpg be a set in a vector space V , and letH D Span fv1; : : : ; vpg.
a. If one of the vectors in S—say, vk—is a linear combination of the remaining

vectors in S , then the set formed from S by removing vk still spans H .

b. If H ¤ f0g, some subset of S is a basis for H .

PROOF

a. By rearranging the list of vectors in S , if necessary, we may suppose that vp is a linear
combination of v1; : : : ; vp!1—say,

vp D a1v1 C # # #C ap!1vp!1 (3)

Given any x in H , we may write

x D c1v1 C # # #C cp!1vp!1 C cpvp (4)

for suitable scalars c1; : : : ; cp . Substituting the expression for vp from (3) into (4),
it is easy to see that x is a linear combination of v1; : : : ; vp!1. Thus fv1; : : : ; vp!1g
spans H , because x was an arbitrary element of H .

b. If the original spanning set S is linearly independent, then it is already a basis for H .
Otherwise, one of the vectors in S depends on the others and can be deleted, by part
(a). So long as there are two or more vectors in the spanning set, we can repeat this
process until the spanning set is linearly independent and hence is a basis for H . If
the spanning set is eventually reduced to one vector, that vector will be nonzero (and
hence linearly independent) because H ¤ f0g.

%ases for Nul A� &ol A� and 5ow A
We already know how to find vectors that span the null space of a matrix A. The
discussion in Section 4.2 pointed out that our method always produces a linearly
independent set when NulA contains nonzero vectors. So, in this case, that method
produces a basis for NulA.

The next two examples describe a simple algorithm for finding a basis for the
column space.

(;A0P/( � Find a basis for ColB , where

B D
%
b1 b2 # # # b5

&
D

2
664

1 4 0 2 0
0 0 1 !1 0
0 0 0 0 1
0 0 0 0 0

3
775

62/8T,2N Each nonpivot column of B is a linear combination of the pivot columns.
In fact, b2 D 4b1 and b4 D 2b1 ! b3. By the Spanning Set Theorem, we may discard
b2 and b4, and fb1; b3; b5g will still span ColB . Let

S D fb1; b3; b5g D

8̂
<̂
ˆ̂:

2
664

1
0
0
0

3
775;

2
664

0
1
0
0

3
775;

2
664

0
0
1
0

3
775

9>>=
>>;
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Since b1 ¤ 0 and no vector in S is a linear combination of the vectors that precede it, S
is linearly independent (Theorem 4). Thus S is a basis for ColB .

What about a matrix A that is not in reduced echelon form" Recall that any
linear dependence relationship among the columns of A can be expressed in the form
Ax D 0, where x is a column of weights. (If some columns are not involved in a
particular dependence relation, then their weights are zero.) When A is row reduced
to a matrix B , the columns of B are often totally different from the columns of A.
However, the equations Ax D 0 and Bx D 0 have exactly the same set of solutions.
If A D Œ a1 # # # an ! and B D Œ b1 # # # bn !, then the vector equations

x1a1 C # # #C xnan D 0 and x1b1 C # # #C xnbn D 0

also have the same set of solutions. That is, the columns of A have exactly the same
linear dependence relationships as the columns of B .

(;A0P/( � It can be shown that the matrix

A D
%
a1 a2 # # # a5

&
D

2
664

1 4 0 2 !1
3 12 1 5 5
2 8 1 3 2
5 20 2 8 8

3
775

is row equivalent to the matrix B in Example 8. Find a basis for ColA.

62/8T,2N In Example 8 we saw that

b2 D 4b1 and b4 D 2b1 ! b3

so we can expect that
a2 D 4a1 and a4 D 2a1 ! a3

Check that this is indeed the case! Thus we may discard a2 and a4 when selecting a
minimal spanning set for ColA. In fact, fa1; a3; a5gmust be linearly independent because
any linear dependence relationship among a1, a3, a5 would imply a linear dependence
relationship among b1, b3, b5. But we know that fb1; b3; b5g is a linearly independent
set. Thus fa1; a3; a5g is a basis for ColA. The columns we have used for this basis are
the pivot columns of A.

Examples 8 and 9 illustrate the following useful fact.

THEOREM 6 The pivot columns of a matrix A form a basis for ColA.

PROOF The general proof uses the arguments discussed above. Let B be the reduced
echelon form of A. The set of pivot columns of B is linearly independent, for no
vector in the set is a linear combination of the vectors that precede it. Since A is row
equivalent to B , the pivot columns of A are linearly independent as well, because any
linear dependence relation among the columns of A corresponds to a linear dependence
relation among the columns of B . For this same reason, every nonpivot column of A is
a linear combination of the pivot columns of A. Thus the nonpivot columns of A may
be discarded from the spanning set for ColA, by the Spanning Set Theorem. This leaves
the pivot columns of A as a basis for ColA.
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Warning: The pivot columns of a matrix A are evident when A has been reduced only
to echelon form. But, be careful to use the pivot columns ofA itself for the basis of ColA.
Row operations can change the column space of a matrix. The columns of an echelon
form B of A are often not in the column space of A. For instance, the columns of matrix
B in Example 8 all have zeros in their last entries, so they cannot span the column space
of matrix A in Example 9.

In contrast, the following theorem establishes that row reduction does not change
the row space of a matrix.

THEOREM 7 If two matrices A and B are row equivalent, then their row spaces are the same. If
B is in echelon form, the nonzero rows of B form a basis for the row space of A
as well as for that of B .

PROOF If B is obtained from A by row operations, the rows of B are linear com-
binations of the rows of A. It follows that any linear combination of the rows of B
is automatically a linear combination of the rows of A. Thus the row space of B is
contained in the row space of A. Since row operations are reversible, the same argument
shows that the row space of A is a subset of the row space of B . So the two row spaces
are the same. If B is in echelon form, its nonzero rows are linearly independent because
no nonzero row is a linear combination of the nonzero rows below it. (Apply Theorem
4 to the nonzero rows of B in reverse order, with the first row last.) Thus the nonzero
rows of B form a basis of the (common) row space of B and A.

(;A0P/( �� Find a basis for the row space of the matrix A from Example 9.

62/8T,2N To find a basis for the row space, recall that matrix A from Example 9 is
row equivalent to matrix B from Example 8:

A D

2
664

1 4 0 2 !1
3 12 1 5 5
2 8 1 3 2
5 20 2 8 8

3
775 & B D

2
664

1 4 0 2 0
0 0 1 !1 0
0 0 0 0 1
0 0 0 0 0

3
775

By Theorem 7, the first three rows of B form a basis for the row space of A (as well as
for the row space of B). Thus

Basis for Row A W f.1; 4; 0; 2; 0/; .0; 0; 1;!1; 0/; .0; 0; 0; 0; 1/g

Observe that, unlike the basis for Col A, the bases for Row A and Nul A have no simple
connection with the entries in A itself.2

Two 9iews of a %asis
When the Spanning Set Theorem is used, the deletion of vectors from a spanning set
must stop when the set becomes linearly independent. If an additional vector is deleted,

2 It is possible to find a basis for the row space Row A that uses rows of A. First form AT , and then row
reduce until the pivot columns of AT are found. These pivot columns of AT are rows of A, and they form a
basis for the row space of A.
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it will not be a linear combination of the remaining vectors, and hence the smaller set
will no longer span V . Thus a basis is a spanning set that is as small as possible.

A basis is also a linearly independent set that is as large as possible. If S is a basis
for V , and if S is enlarged by one vector—say, Z—from V , then the new set cannot be
linearly independent, because S spans V , and Z is therefore a linear combination of the
elements in S .

(;A0P/( �� The following three sets in R3 show how a linearly independent set
can be enlarged to a basis and how further enlargement destroys the linear independence
of the set. Also, a spanning set can be shrunk to a basis, but further shrinking destroys
the spanning property.

8<
:

2
4

1
0
0

3
5;

2
4

2
3
0

3
5
9=
;

8<
:

2
4

1
0
0

3
5;

2
4

2
3
0

3
5;

2
4

4
5
6

3
5
9=
;

8<
:

2
4

1
0
0

3
5;

2
4

2
3
0

3
5;

2
4

4
5
6

3
5;

2
4

7
8
9

3
5
9=
;

Linearly independent A basis Spans R3 but is
but does not span R3 for R3 linearly dependent

Practice Problems

1� Let v1 D

2
4

1
!2

3

3
5 and v2 D

2
4
!2

7
!9

3
5. Determine if fv1; v2g is a basis for R3. Is

fv1; v2g a basis for R2"

2� Let v1 D

2
4

1
!3

4

3
5, v2 D

2
4

6
2
!1

3
5, v3 D

2
4

2
!2

3

3
5, and v4 D

2
4
!4
!8

9

3
5. Find a basis for

the subspace W spanned by fv1; v2; v3; v4g.

3� Let v1 D

2
4

1
0
0

3
5, v2 D

2
4

0
1
0

3
5, and H D

8<
:

2
4

s
s
0

3
5 W s in R

9=
;. Then every vector in H

is a linear combination of v1 and v2 because
2
4

s
s
0

3
5 D s

2
4

1
0
0

3
5C s

2
4

0
1
0

3
5

Is fv1; v2g a basis for H"

4� Let V and W be vector spaces, let T W V ! W and U W V ! W be linear transfor-
mations, and let fv1;ő; vpg be a basis for V . If T .vj / D U.vj / for every value of

STUDY GUIDE offers additional
resources for mastering the
concept of basis. j between 1 and p, show that T .x/ D U.x/ for every vector x in V .

��� (xercises
Determinewhich sets in Exercises 1–8 are bases forR3. Of the sets
that are not bases, determine which ones are linearly independent
and which ones span R3. Justify your answers.

1�

2
4

1
0
0

3
5,
2
4

1
1
0

3
5,
2
4

1
1
1

3
5 2�

2
4

1
0
1

3
5,
2
4

0
0
0

3
5,
2
4

0
1
0

3
5

3�

2
4

1
0
!2

3
5,
2
4

3
2
!4

3
5,
2
4
!3
!5

1

3
5 4�

2
4

2
!2

1

3
5,
2
4

1
!3

2

3
5,
2
4
!7

5
4

3
5

5�

2
4

1
!3

0

3
5,
2
4
!2

9
0

3
5,
2
4

0
0
0

3
5,
2
4

0
!3

5

3
5 6�

2
4

1
2
!3

3
5,
2
4
!4
!5

6

3
5
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7�

2
4
!2

3
0

3
5,
2
4

6
!1

5

3
5 8�

2
4

1
!4

3

3
5,
2
4

0
3
!1

3
5,
2
4

3
!5

4

3
5,
2
4

0
2
!2

3
5

Find bases for the null spaces of the matrices given in Exercises 9
and 10. Refer to the remarks that follow Example 3 in Section 4.2.

9�

2
4

1 0 !3 2
0 1 !5 4
3 !2 1 !2

3
5 10�

2
4

1 0 !5 1 4
!2 1 6 !2 !2

0 2 !8 1 9

3
5

11� Find a basis for the set of vectors in R3 in the plane
x C 4y ! 5´ D 0. >Hint: Think of the equation as a “system”
of homogeneous equations.@

12� Find a basis for the set of vectors in R2 on the line y D 5x.

In Exercises 13 and 14, assume thatA is row equivalent toB . Find
bases for NulA, ColA, and RowA.

13� A D

2
4
!2 4 !2 !4

2 !6 !3 1
!3 8 2 !3

3
5, B D

2
4

1 0 6 5
0 2 5 3
0 0 0 0

3
5

14� A D

2
664

1 2 !5 11 !3
2 4 !5 15 2
1 2 0 4 5
3 6 !5 19 !2

3
775,

B D

2
664

1 2 0 4 5
0 0 5 !7 8
0 0 0 0 !9
0 0 0 0 0

3
775

In Exercises 15–18, find a basis for the space spanned by the given
vectors, v1; : : : ; v5.

15�

2
664

1
0
!3

2

3
775,

2
664

0
1
2
!3

3
775,

2
664
!3
!4

1
6

3
775,

2
664

1
!3
!8

7

3
775,

2
664

2
1
!6

9

3
775

16�

2
664

1
0
0
1

3
775,

2
664
!2

1
!1

1

3
775,

2
664

6
!1

2
!1

3
775,

2
664

5
!3

3
!4

3
775,

2
664

0
3
!1

1

3
775

T 17�

2
66664

8
9
!3
!6

0

3
77775
,

2
66664

4
5
1
!4

4

3
77775
,

2
66664

!1
!4
!9

6
!7

3
77775
,

2
66664

6
8
4
!7
10

3
77775
,

2
66664

!1
4

11
!8
!7

3
77775

T 18�

2
66664

!8
7
6
5
!7

3
77775
,

2
66664

8
!7
!9
!5

7

3
77775
,

2
66664

!8
7
4
5
!7

3
77775
,

2
66664

1
4
9
6
!7

3
77775
,

2
66664

!9
3
!4
!1

0

3
77775

19� Let v1 D

2
4

4
!3

7

3
5, v2 D

2
4

1
9
!2

3
5, v3 D

2
4

7
11
6

3
5, and H D

Span fv1; v2; v3g. It can be verified that 4v1 C 5v2 ! 3v3 D 0.
Use this information to find a basis forH . There is more than
one answer.

20� Let v1 D

2
664

7
4
!9
!5

3
775, v2 D

2
664

4
!7

2
5

3
775, v3 D

2
664

1
!5

3
4

3
775. It can be ver-

ified that v1 ! 3v2 C 5v3 D 0. Use this information to find a
basis for H D Span fv1; v2; v3g.

In Exercises 21–32, mark each statement True or False �T�)�.
Justify each answer.

21� �T�)� A single vector by itself is linearly dependent.

22� �T�)� A linearly independent set in a subspace H is a basis
for H .

23� �T�)� If H D Span fb1; : : : ; bpg, then fb1; : : : ; bpg is a basis
for H .

24� �T�)� If a finite set S of nonzero vectors spans a vector space
V , then some subset of S is a basis for V .

25� �T�)� The columns of an invertible n % n matrix form a basis
for Rn.

26� �T�)� A basis is a linearly independent set that is as large as
possible.

27� �T�)� A basis is a spanning set that is as large as possible.

28� �T�)� The standard method for producing a spanning set for
Nul A, described in Section 4.2, sometimes fails to produce
a basis for Nul A.

29� �T�)� In some cases, the linear dependence relations among
the columns of a matrix can be affected by certain elementary
row operations on the matrix.

30� �T�)� If B is an echelon form of a matrix A, then the pivot
columns of B form a basis for Col A.

31� �T�)� Row operations preserve the linear dependence rela-
tions among the rows of A.

32� �T�)� If A and B are row equivalent, then their row spaces
are the same.

33� Suppose R4 D Span fv1; : : : ; v4g. Explain why fv1; : : : ; v4g
is a basis for R4.

34� Let B D fv1; : : : ; vng be a linearly independent set in Rn.
Explain why B must be a basis for Rn.
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35� Let v1 D

2
4

1
0
1

3
5, v2 D

2
4

0
1
1

3
5, v3 D

2
4

0
1
0

3
5, and let H be the

set of vectors in R3 whose second and third entries are equal.
Then every vector in H has a unique expansion as a linear
combination of v1; v2; v3, because2
4

s
t
t

3
5 D s

2
4

1
0
1

3
5C .t ! s/

2
4

0
1
1

3
5C s

2
4

0
1
0

3
5

for any s and t . Is fv1; v2; v3g a basis forH"Why or why not"

36� In the vector space of all real-valued functions, find a basis
for the subspace spanned by fsin t; sin 2t; sin t cos tg.

37� Let V be the vector space of functions that describe the
vibration of a mass–spring system. (Refer to Exercise 19 in
Section 4.1.) Find a basis for V .

38� (RLC circuit) The circuit in the figure consists of a resistor
(R ohms), an inductor (L henrys), a capacitor (C farads),
and an initial voltage source. Let b D R=.2L/, and sup-
pose R, L, and C have been selected so that b also equals
1=
p

LC . (This is done, for instance, when the circuit is used
in a voltmeter.) Let v.t/ be the voltage (in volts) at time
t , measured across the capacitor. It can be shown that v is
in the null space H of the linear transformation that maps
v.t/ into Lv00.t/CRv0.t/C .1=C /v.t/, and H consists of
all functions of the form v.t/ D e"bt .c1 C c2t/. Find a basis
for H .

Voltage
source

L

R

C

Exercises 39 and 40 show that every basis for Rn must contain
exactly n vectors.

39� Let S D fv1; : : : ; vkg be a set of k vectors in Rn, with k < n.
Use a theorem from Section 1.4 to explain why S cannot be
a basis for Rn.

40� Let S D fv1; : : : ; vkg be a set of k vectors in Rn, with k > n.
Use a theorem from Chapter 1 to explain why S cannot be a
basis for Rn.

Exercises 41 and 42 reveal an important connection between
linear independence and linear transformations and provide prac-
tice using the definition of linear dependence. Let V and W be
vector spaces, let T W V ! W be a linear transformation, and let
fv1; : : : ; vpg be a subset of V .

41� Show that if fv1; : : : ; vpg is linearly dependent in V , then
the set of images, fT .v1/; : : : ; T .vp/g, is linearly dependent
in W . This fact shows that if a linear transformation
maps a set fv1; : : : ; vpg onto a linearly independent set
fT .v1/; : : : ; T .vp/g, then the original set is linearly indepen-
dent, too (because it cannot be linearly dependent).

42� Suppose that T is a one-to-one transformation, so that an
equationT .u/ D T .v/ always implies u D v. Show that if the
set of images fT .v1/; : : : ; T .vp/g is linearly dependent, then
fv1; : : : ; vpg is linearly dependent. This fact shows that a one-
to-one linear transformation maps a linearly independent set
onto a linearly independent set (because in this case the set
of images cannot be linearly dependent).

43� Consider the polynomials p1.t/ D 1C t 2 and p2.t/ D 1 !
t 2. Is fp1; p2g a linearly independent set in P3" Why or why
not"

44� Consider the polynomials p1.t/ D 1C t , p2.t/ D 1 ! t , and
p3.t/ D 2 (for all t ). By inspection, write a linear depen-
dence relation among p1, p2, and p3. Then find a basis for
Span fp1; p2; p3g.

45� Let V be a vector space that contains a linearly indepen-
dent set fu1; u2; u3; u4g. Describe how to construct a set of
vectors fv1; v2; v3; v4g in V such that fv1; v3g is a basis for
Span fv1; v2; v3; v4g.

T 46� LetH D Span fu1; u2; u3g andK D Span fv1; v2; v3g, where

u1 D

2
664

1
3
0
!1

3
775; u2 D

2
664

0
3
!2

1

3
775; u3 D

2
664

2
!3

6
!5

3
775;

v1 D

2
664
!4

3
2
1

3
775; v2 D

2
664

1
9
!4

1

3
775; v3 D

2
664
!1

7
6
5

3
775

Find bases for H , K, and H CK. (See Exercises 41 and 42
in Section 4.1.)

T 47� Show that ft; sin t; cos 2t; sin t cos tg is a linearly independent
set of functions defined on R. Start by assuming that

c1t C c2 sin t C c3 cos 2t C c4 sin t cos t D 0 (5)

Equation (5)must hold for all real t , so choose several specific
values of t (say, t D 0; :1; :2/ until you get a system of
enough equations to determine that all the cj must be zero.

T 48� Show that f1; cos t; cos2 t; : : : ; cos6 tg is a linearly indepen-
dent set of functions defined on R. Use the method of
Exercise 47. (This result will be needed in Exercise 54 in
Section 4.5.)
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��� The Dimension of a 9ector 6Sace
Theorem 9 in Section 4.4 implies that a vector space V with a basis B containing n
vectors is isomorphic toRn. This section shows that this number n is an intrinsic property
(called the dimension) of the space V that does not depend on the particular choice of
basis. The discussion of dimension will give additional insight into properties of bases.

The first theorem generalizes a well-known result about the vector space Rn.

THEOREM 10 If a vector space V has a basis B D fb1; : : : ; bng, then any set in V containing
more than n vectors must be linearly dependent.

PROOF Let fu1; : : : ; upg be a set in V with more than n vectors. The coordinate vectors
Œ u1 !B; : : : ; Œ up !B form a linearly dependent set in Rn, because there are more vectors
(p) than entries (n) in each vector. So there exist scalars c1; : : : ; cp , not all zero, such
that

c1Œ u1 !B C # # #C cpŒ up !B D

2
64

0
:::
0

3
75 The zero vector in Rn

Since the coordinate mapping is a linear transformation,

%
c1u1 C # # #C cpup

&
B D

2
64

0
:::
0

3
75

The zero vector on the right displays the n weights needed to build the vector c1u1

C # # #C cpup from the basis vectors in B. That is, c1u1 C # # #C cpup D 0b1 C # # #C
0bn D 0. Since the ci are not all zero, fu1; : : : ; upg is linearly dependent.1

Theorem 10 implies that if a vector space V has a basis B D fb1; : : : ; bng, then each
linearly independent set in V has no more than n vectors.

THEOREM 11 If a vector space V has a basis of n vectors, then every basis of V must consist of
exactly n vectors.

PROOF Let B1 be a basis of n vectors and B2 be any other basis (of V ). Since B1 is
a basis and B2 is linearly independent, B2 has no more than n vectors, by Theorem 10.
Also, since B2 is a basis and B1 is linearly independent, B2 has at least n vectors. Thus
B2 consists of exactly n vectors.

1 Theorem 10 also applies to infinite sets in V . An infinite set is said to be linearly dependent if some finite
subset is linearly dependent; otherwise, the set is linearly independent. If S is an infinite set in V , take any
subset fu1; : : : ;upg of S , with p > n. The proof above shows that this subset is linearly dependent and
hence so is S .
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If a nonzero vector space V is spanned by a finite set S , then a subset of S is a basis
for V , by the Spanning Set Theorem. In this case, Theorem 11 ensures that the following
definition makes sense.

DEFINITION If a vector spaceV is spanned by a finite set, thenV is said to be ınite-dimensional,
and the dimension of V , written as dimV , is the number of vectors in a basis for
V . The dimension of the zero vector space f0g is defined to be zero. If V is not
spanned by a finite set, then V is said to be inınite-dimensional.

(;A0P/( � The standard basis for Rn contains n vectors, so dimRn D n. The
standard polynomial basis f1; t; t 2g shows that dimP2 D 3. In general, dimPn D nC 1.
The space P of all polynomials is infinite-dimensional.

(;A0P/( � LetH D Span fv1; v2g, where v1 D

2
4

3
6
2

3
5 and v2 D

2
4
!1

0
1

3
5. ThenH

is the plane studied in Example 7 in Section 4.4. A basis for H is fv1; v2g, since v1 and
v2 are not multiples and hence are linearly independent. Thus dimH D 2.

(;A0P/( � Find the dimension of the subspace
x2

0

x3

x1

2v1

v1

3v2

2v2

v2

H D

8̂
<̂
ˆ̂:

2
664

a ! 3b C 6c
5aC 4d

b ! 2c ! d
5d

3
775 W a, b, c, d in R

9>>=
>>;

62/8T,2N It is easy to see that H is the set of all linear combinations of the vectors

v1 D

2
664

1
5
0
0

3
775; v2 D

2
664
!3

0
1
0

3
775; v3 D

2
664

6
0
!2

0

3
775; v4 D

2
664

0
4
!1

5

3
775

Clearly, v1 ¤ 0, v2 is not a multiple of v1, but v3 is a multiple of v2. By the Spanning
Set Theorem, we may discard v3 and still have a set that spans H . Finally, v4 is not a
linear combination of v1 and v2. So fv1; v2; v4g is linearly independent (by Theorem 4
in Section 4.3) and hence is a basis for H . Thus dimH D 3.

(;A0P/( � The subspaces of R3 can be classified by dimension. See Figure 1.

0-dimensional subspaces. Only the zero subspace.

1-dimensional subspaces. Any subspace spanned by a single nonzero vector. Such
subspaces are lines through the origin.

2-dimensional subspaces. Any subspace spanned by two linearly independent
vectors. Such subspaces are planes through the origin.

3-dimensional subspaces. Only R3 itself. Any three linearly independent vectors
in R3 span all of R3, by the Invertible Matrix Theorem.
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x2

x1

(a)

0-dim

1-dim

x2

x1

(b) (c)

3-dim

2-dim2-dim

x1

x2

x3x3x3

'*(63& 1 Sample subspaces of R3.

6ubsSaces of a Finite�Dimensional 6Sace
The next theorem is a natural counterpart to the Spanning Set Theorem.

THEOREM 12 Let H be a subspace of a finite-dimensional vector space V . Any linearly inde-
pendent set in H can be expanded, if necessary, to a basis for H . Also, H is
finite-dimensional and

dimH $ dimV

PROOF If H D f0g, then certainly dimH D 0 $ dimV . Otherwise, let S D fu1; : : : ;
ukg be any linearly independent set in H . If S spans H , then S is a basis for H .
Otherwise, there is some ukC1 in H that is not in SpanS . But then fu1; : : : ; uk; ukC1g
will be linearly independent, because no vector in the set can be a linear combination of
vectors that precede it (by Theorem 4).

So long as the new set does not span H , we can continue this process of expanding
S to a larger linearly independent set in H . But the number of vectors in a linearly
independent expansion of S can never exceed the dimension of V , by Theorem 10.
So eventually the expansion of S will span H and hence will be a basis for H , and
dimH $ dimV .

When the dimension of a vector space or subspace is known, the search for a basis
is simplified by the next theorem. It says that if a set has the right number of elements,
then one has only to show either that the set is linearly independent or that it spans the
space. The theorem is of critical importance in numerous applied problems (involving
differential equations or difference equations, for example) where linear independence
is much easier to verify than spanning.

THEOREM 13 The Basis Theorem
Let V be a p-dimensional vector space, p " 1. Any linearly independent set of
exactly p elements in V is automatically a basis for V . Any set of exactly p
elements that spans V is automatically a basis for V .

PROOF By Theorem 12, a linearly independent set S of p elements can be extended
to a basis for V . But that basis must contain exactly p elements, since dimV D p. So S
must already be a basis for V . Now suppose that S has p elements and spans V . Since
V is nonzero, the Spanning Set Theorem implies that a subset S 0 of S is a basis of V .
Since dimV D p, S 0 must contain p vectors. Hence S D S 0.
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The Dimensions of Nul A� &ol A� and 5ow A
Since the dimensions of the null space and column space of anm % nmatrix are referred
to frequently, they have specific names:

DEFINITION The ranN of anm % nmatrixA is the dimension of the column space and the nullity
of A is the dimension of the null space.

The pivot columns of a matrix A form a basis for Col A, so the rank of A is just
the number of pivot columns. Since a basis for Row A can be found by taking the pivot
rows from the row reduced echelon form of A, the dimension of Row A is also equal to
the rank of A.

The nullity of A might seem to require more work, since finding a basis for Nul A
usually takes more time than finding a basis for Col A. There is a shortcut: Let A be
an m % n matrix, and suppose the equation Ax D 0 has k free variables. From Section
4.2, we know that the standard method of finding a spanning set for Nul A will produce
exactly k linearly independent vectors—say, u1; : : : ; uk – one for each free variable. So
u1; : : : ; uk is a basis for Nul A, and the number of free variables determines the size of
the basis.

To summarize these facts for future reference:

The rank of an m % n matrix A is the number of pivot columns and the nullity of A
is the number of free variables. Since the dimension of the row space is the number
of pivot rows, it is also equal to the rank of A.

Putting these observations together results in the rank theorem.

THEOREM 14 The RanL Theorem
The dimensions of the column space and the null space of an m % n matrix A
satisfy the equation

rank AC nullity A D number of columns in A

PROOF By Theorem 6 in Section 4.3, rank A is the number of pivot columns in A.
The nullity of A equals the number of free variables in the equation Ax D 0. Expressed
another way, the nullity of A is the number of columns of A that are not pivot columns.
(It is the number of these columns, not the columns themselves, that is related to NulA.)
Obviously,

!
number of

pivot columns

$
C
!

number of
nonpivot columns

$
D
!
number of
columns

$

This proves the theorem.
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(;A0P/( � Find the nullity and rank of

A D

2
4
!3 6 !1 1 !7

1 !2 2 3 !1
2 !4 5 8 !4

3
5

62/8T,2N Row reduce the augmented matrix ŒA 0! to echelon form:

B D

2
4

1 !2 2 3 !1 0
0 0 1 2 !2 0
0 0 0 0 0 0

3
5

There are three free variables: x2; x4, and x5. Hence the nullity of A is 3. Also, the rank
of A is 2 because A has two pivot columns.

The ideas behind Theorem 14 are visible in the calculations in Example 5. The two
pivot positions in B , an echelon form of A, determine the basic variables and identify
the basis vectors for Col A and those for Row A.

(;A0P/( �

a. If A is a 7 % 9 matrix with nullity 2, what is the rank of A"

b. Could a 6 % 9 matrix have nullity 2"

62/8T,2N

a. Since A has 9 columns, .rank A/C 2 D 9, and hence rank A D 7.

b. No. If a 6 % 9 matrix, call it B , had a two-dimensional null space, it would have to
have rank 7, by the Rank Theorem. But the columns of B are vectors in R6, and so
the dimension of Col B cannot exceed 6; that is, rank B cannot exceed 6.

The next example provides a nice way to visualize the subspaces we have been
studying. In Chapter 6, we will learn that Row A and Nul A have only the zero vector in
common and are actually perpendicular to each other. The same fact applies to Row AT

.D ColA/ and Nul AT . So Figure 2, which accompanies Example 7, creates a good
mental image for the general case.

(;A0P/( � Let A D

2
4

3 0 !1
3 0 !1
4 0 5

3
5. It is readily checked that Nul A is the

x2-axis, Row A is the x1x3-plane, Col A is the plane whose equation is x1 ! x2 D 0,
and Nul AT is the set of all multiples of .1;!1; 0/. Figure 2 shows Nul A and Row A
in the domain of the linear transformation x 7! Ax; the range of this mapping, Col A, is
shown in a separate copy of R3, along with Nul AT .

A

00

x3

x1

x2

x1

x2

x3

3 3

Nul A Nul A
T

Row A Col A

'*(63& 2 Subspaces determined by a
matrix A.
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ASSlications to 6\stems of ETuations
The Rank Theorem is a powerful tool for processing information about systems of
linear equations. The next example simulates the way a real-life problem using linear
equations might be stated, without explicit mention of linear algebra terms such as
matrix, subspace, and dimension.

(;A0P/( � A scientist has found two solutions to a homogeneous system of 40
equations in 42 variables. The two solutions are not multiples, and all other solutions
can be constructed by adding together appropriate multiples of these two solutions.
Can the scientist be certain that an associated nonhomogeneous system (with the same
coefficients) has a solution"

62/8T,2N Yes. Let A be the 40 % 42 coefficient matrix of the system. The given
information implies that the two solutions are linearly independent and span Nul A.
So nullity A D 2. By the Rank Theorem, rank A D 42 ! 2 D 40. Since R40 is the only
subspace ofR40 whose dimension is 40, ColAmust be all ofR40. This means that every
nonhomogeneous equation Ax D b has a solution.

5ank and the ,nvertible 0atri[ Theorem
The various vector space concepts associated with a matrix provide several more
statements for the Invertible Matrix Theorem. The new statements listed here follow
those in the original Invertible Matrix Theorem in Section 2.3 and other theorems in the
text where statements have been added to it.

THEOREM The *nWertiCle Matrix Theorem (continued)
Let A be an n % n matrix. Then the following statements are each equivalent to
the statement that A is an invertible matrix.

m. The columns of A form a basis of Rn.

n. Col A D Rn

o. rankA D n

p. nullity A D 0

q. Nul A D f0g

PROOF Statement (m) is logically equivalent to statements (e) and (h) regarding linear
independence and spanning. The other five statements are linked to the earlier ones of
the theorem by the following chain of almost trivial implications:

.g/) .n/) .o/) .p/) .q/) .d/

Statement (g), which says that the equationAx D b has at least one solution for each b in
Rn, implies (n), because ColA is precisely the set of all b such that the equationAx D b
is consistent. The implication .n/) .o/ follows from the definitions of dimension and
rank. If the rank of A is n, the number of columns of A, then nullity A D 0, by the
Rank Theorem, and so Nul A D f0g. Thus .o/) .p/) .q/. Also, (q) implies that the
equation Ax D 0 has only the trivial solution, which is statement (d). Since statements
(d) and (g) are already known to be equivalent to the statement that A is invertible, the
proof is complete.
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We have refrained from adding to the InvertibleMatrix Theorem obvious statements
about the row space of A, because the row space is the column space of AT . Recall from
statement (1) of the Invertible Matrix Theorem that A is invertible if and only if AT is
invertible. Hence every statement in the Invertible Matrix Theorem can also be stated
for AT . To do so would double the length of the theorem and produce a list of more than
30 statements!

Numerical Notes

Many algorithms discussed in this text are useful for understanding concepts
and making simple computations by hand. However, the algorithms are often
unsuitable for large-scale problems in real life.

Rank determination is a good example. It would seem easy to reduce a matrix
to echelon form and count the pivots. But unless exact arithmetic is performed
on a matrix whose entries are specified exactly, row operations can change the

apparent rank of a matrix. For instance, if the value of x in the matrix
"

5 7
5 x

#

is not stored exactly as 7 in a computer, then the rank may be 1 or 2, depending
on whether the computer treats x ! 7 as zero.

In practical applications, the effective rank of a matrix A is often determined
from the singular value decomposition of A, to be discussed in Section 7.4. This
decomposition is also a reliable source of bases for Col A, Row A, Nul A, and
Nul AT.

Practice Problems

1� Decide whether each statement is True or False, and give a reason for each answer.
Here V is a nonzero finite-dimensional vector space.
a. If dimV D p and if S is a linearly dependent subset of V , then S contains more

than p vectors.

b. If S spans V and if T is a subset of V that contains more vectors than S , then T
is linearly dependent.

2� Let H and K be subspaces of a vector space V . In Section 4.1, Exercise 40, it is
established that H \K is also a subspace of V . Prove dim (H \K) Ɖ dim H .

��� (xercises
For each subspace in Exercises 1–8, (a) find a basis, and (b) state
the dimension.

1�

8<
:

2
4

s ! 2t
s C t

3t

3
5 W s; t in R

9=
; 2�

8<
:

2
4

5s
!t
!7s

3
5 W s; t 2 R

9=
;

3�

8̂
<̂
ˆ̂:

2
664

2c
a ! b
b ! 3c
aC 2b

3
775 W a; b; c in R

9>>=
>>;

4�

8̂
<̂
ˆ̂:

2
664

aC b
2a

3a ! b
!b

3
775 W a; b inR

9>>=
>>;

5�

8̂
<̂
ˆ̂:

2
664

a ! 4b ! 2c
2aC 5b ! 4c
!aC 2c

!3aC 7b C 6c

3
775 W a; b; c in R

9>>=
>>;

6�

8̂
<̂
ˆ̂:

2
664

3aC 6b ! c
6a ! 2b ! 2c
!9aC 5b C 3c
!3aC b C c

3
775 W a; b; c in R

9>>=
>>;

7� f.a; b; c/ W a ! 3b C c D 0; b ! 2c D 0; 2b ! c D 0g

8� f.a; b; c; d/ W a ! 3b C c D 0g

In Exercises 9 and 10, find the dimension of the subspace spanned
by the given vectors.

9�

2
4

1
0
2

3
5,
2
4

3
1
1

3
5,
2
4

9
4
!2

3
5,
2
4
!7
!3

1

3
5
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10�

2
4

1
!2

0

3
5,
2
4
!3

4
1

3
5,
2
4
!8

6
5

3
5,
2
4
!3

0
7

3
5

Determine the dimensions of NulA, ColA, and RowA for the
matrices shown in Exercises 11–16.

11� A D

2
664

1 !6 9 0 !2
0 1 2 !4 5
0 0 0 5 1
0 0 0 0 0

3
775

12� A D

2
664

1 3 !4 2 !1 6
0 0 1 !3 7 0
0 0 0 1 4 !3
0 0 0 0 0 0

3
775

13� A D
"

1 2 3 4 5
0 0 0 1 !6

#

14� A D
"

3 4
!6 10

#

15� A D

2
4

1 !1 0
0 4 7
0 0 5

3
5 16� A D

2
4

1 4 !1
0 7 0
0 0 0

3
5

In Exercises 17–26, V is a vector space and A is an m % n matrix.
Mark each statement True or False �T�)�. Justify each answer.

17� �T�)� The number of pivot columns of a matrix equals the
dimension of its column space.

18� �T�)� The number of variables in the equationAx D 0 equals
the nullity A.

19� �T�)� A plane in R3 is a two-dimensional subspace of R3.

20� �T�)� The dimension of the vector space P4 is 4.

21� �T�)� The dimension of the vector space of signals, S, is 10.

22� �T�)� The dimensions of the row space and the column space
of A are the same, even if A is not square.

23� �T�)� If B is any echelon form of A, then the pivot columns
of B form a basis for the column space of A.

24� �T�)� The nullity of A is the number of columns of A that are
not pivot columns.

25� �T�)� If a set fv1; : : : ; vpg spans a finite-dimensional vector
space V and if T is a set of more than p vectors in V, then T
is linearly dependent.

26� �T�)� A vector space is infinite-dimensional if it is spanned
by an infinite set.

27� The first four Hermite polynomials are 1, 2t , !2C 4t2, and
!12t C 8t3. These polynomials arise naturally in the study
of certain important differential equations in mathematical

physics.2 Show that the first four Hermite polynomials form
a basis of P3.

28� The first four Laguerre polynomials are 1, 1 ! t , 2 ! 4t C t 2,
and 6 ! 18t C 9t2 ! t 3. Show that these polynomials form a
basis of P3.

29� Let B be the basis of P3 consisting of the Hermite polyno-
mials in Exercise 27, and let p.t/ D 7 ! 12t ! 8t2 C 12t3.
Find the coordinate vector of p relative to B.

30� Let B be the basis of P2 consisting of the first three
Laguerre polynomials listed in Exercise 28, and let
p.t/ D 7 ! 8t C 3t2. Find the coordinate vector of p relative
to B.

31� Let S be a subset of an n-dimensional vector space V , and
suppose S contains fewer than n vectors. Explain why S
cannot span V .

32� Let H be an n-dimensional subspace of an n-dimensional
vector space V . Show that H D V .

33� If a 4 % 7 matrix A has rank 4, find nullity A, rank A, and
rank AT .

34� If a 6 % 3 matrix A has rank 3, find nullity A, rank A, and
rank AT .

35� Suppose a 5 % 9 matrix A has four pivot columns. Is Col
A D R5" Is Nul A D R4" Explain your answers.

36� Suppose a 5 % 6 matrix A has four pivot columns. What is
nullity A" Is Col A D R4" Why or why not"

37� If the nullity of a 5 % 6matrixA is 4, what are the dimensions
of the column and row spaces of A"

38� If the nullity of a 7 % 6matrixA is 5, what are the dimensions
of the column and row spaces of A"

39� If A is a 7 % 5 matrix, what is the largest possible rank of A"
If A is a 5 % 7 matrix, what is the largest possible rank of A"
Explain your answers.

40� If A is a 4 % 3 matrix, what is the largest possible dimension
of the row space of A" If A is a 3 % 4 matrix, what is the
largest possible dimension of the row space of A" Explain.

41� Explain why the space P of all polynomials is an infinite-
dimensional space.

42� Show that the spaceC.R/ of all continuous functions defined
on the real line is an infinite-dimensional space.

In Exercises 43–48, V is a nonzero finite-dimensional vector
space, and the vectors listed belong to V . Mark each statement
True or False �T�)�. Justify each answer. (These questions are
more difficult than those in Exercises 17–26.)

2 See Introduction to Functional Analysis, 2nd ed., by A. E. Taylor and David C. Lay (New York: John Wiley
& Sons, 1980), pp. 92–93. Other sets of polynomials are discussed there, too.
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DYNAMICAL SYSTEMS AND SPOTTED OWLS
In 1990, the northern spotted owl became the center of
a nationwide controversy over the use and misuse of the
majestic forests in the Pacific Northwest. Environmentalists
convinced the federal government that the owl was
threatened with extinction if logging continued in the old-
growth forests (with trees more than 200 years old), where
the owls prefer to live. The timber industry, anticipating the
loss of 30,000–100,000 jobs as a result of new government
restrictions on logging, argued that the owl should not be
classified as a “threatened species” and cited a number of
published scientific reports to support its case.1

The population of spotted owls continues to decline,
and it remains a species caught in the crossfire between eco-
nomic opportunities and conservation efforts. Mathemati-
cal ecologists help to analyze the effects on the spotted owl
population of factors such as logging techniques, wildfires,
and competition for habitat with the invasive barred owl.
The life cycle of a spotted owl divides naturally into three
stages: juvenile (up to 1 year old), subadult (1–2 years), and
adult (older than 2 years). The owls mate for life during
the subadult and adult stages, begin to breed as adults,
and live for up to 20 years. Each owl pair requires about
1000 hectares (4 square miles) for its own home territory.
A critical time in the life cycle is when the juveniles leave
the nest. To survive and become a subadult, a juvenile must
successfully find a new home range (and usually a mate).

1 “The Great Spotted Owl War,” Reader’s Digest, November 1992,
pp. 91–95.

A first step in studying the population dynamics is to
model the population at yearly intervals, at times denoted
by k D 0; 1; 2; : : : : Usually, one assumes that there is a
1:1 ratio of males to females in each life stage and counts
only the females. The population at year k can be described
by a vector xk D .jk; sk; ak/, where jk , sk , and ak are the
numbers of females in the juvenile, subadult, and adult
stages, respectively.

Using actual field data from demographic studies, R.
Lamberson and coworkers considered the following stage-
matrix model:2

2
4

jkC1

skC1

akC1

3
5 D

2
4

0 0 :33
:18 0 0

0 :71 :94

3
5
2
4

jk

sk

ak

3
5

Here the number of new juvenile females in year k C 1

is .33 times the number of adult females in year k (based
on the average birth rate per owl pair). Also, 18� of the
juveniles survive to become subadults, and 71� of the
subadults and 94� of the adults survive to be counted as
adults.

The stage-matrix model is a difference equation of
the form xkC1 D Axk. Such an equation is often called
a dynamical system (or a discrete linear dynamical

2R. H. Lamberson, R. McKelvey, B. R. Noon, and C. Voss, “A Dynamic
Analysis of the Viability of the Northern Spotted Owl in a Fragmented
Forest Environment,” Conservation Biology 6 (1992), 505–512. Also, a
private communication from Professor Lamberson, 1993.

2�7



2�8 CHAPTER 5 Eigenvalues and Eigenvectors

system) because it describes the changes in a system as
time passes.

The 18� juvenile survival rate in the Lamberson stage
matrix is the entry affected most by the amount of old-
growth forest available. Actually, 60� of the juveniles
normally survive to leave the nest, but in the Willow
Creek region of California studied by Lamberson and his
colleagues, only 30� of the juveniles that left the nest were
able to find new home ranges. The rest perished during the
search process.

A significant reason for the failure of owls to find new
home ranges is the increasing fragmentation of old-growth
timber stands due to clear-cutting of scattered areas on
the old-growth land. When an owl leaves the protective
canopy of the forest and crosses a clear-cut area, the risk of
attack by predators increases dramatically. Section 5.6 will
show that the model described in the chapter introduction
predicts the eventual demise of the spotted owl, but that if
50� of the juveniles who survive to leave the nest also find
new home ranges, then the owl population will thrive.

The goal of this chapter is to dissect the action of a linear transformation x 7!Ax into
elements that are easily visualized. All matrices in the chapter are square. The main
applications described here are to discrete dynamical systems, differential equations, and
Markov chains. However, the basic concepts—eigenvectors and eigenvalues—are useful
throughout pure and applied mathematics, and they appear in settings far more general
than we consider here. Eigenvalues are also used to study differential equations and
continuous dynamical systems, they provide critical information in engineering design,
and they arise naturally in fields such as physics and chemistry.

��� Eigenvectors and Eigenvalues
Although a transformation x 7!Ax may move vectors in a variety of directions, it often
happens that there are special vectors on which the action of A is quite simple.

(;A0P/( � Let A D
!

3 !2
1 0

"
, u D

!
!1

1

"
, and v D

!
2
1

"
. The images of u and

v under multiplication by A are shown in Figure 1. In fact, Av is just 2v. So A only
“stretches” or dilates v.

v

x1

x2

Av

Au

u 1

1

'*(63& 1 Effects of multiplication by A.
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This section studies equations such as

Ax D 2x or Ax D !4x

where special vectors are transformed by A into scalar multiples of themselves.

DEFINITION An eigenvector of an n " n matrix A is a nonzero vector x such that Ax D !x for
some scalar !. A scalar ! is called an eigenvalue ofA if there is a nontrivial solution
x of Ax D !x; such an x is called an eigenvector corresponding to !.1

It is easy to determine if a given vector is an eigenvector of a matrix. See Example
2. It is also easy to decide if a specified scalar is an eigenvalue. See Example 3.

(;A0P/( � Let A D
!

1 6
5 2

"
, u D

!
6
!5

"
, and v D

!
3
!2

"
. Are u and v eigen-

vectors of A"

62/8T,2N

Au D
!

1 6
5 2

"!
6
!5

"
D
!
!24

20

"
D !4

!
6
!5

"
D !4u

Av D
!

1 6
5 2

"!
3
!2

"
D
!
!9
11

"
¤ !

!
3
!2

"

Thus u is an eigenvector corresponding to an eigenvalue .!4/, but v is not an eigenvector
of A, because Av is not a multiple of v.

Au

Av

v

u

20

230 30
210

220

x1

x2

Au D !4u, but Av ¤ !v .

(;A0P/( � Show that 7 is an eigenvalue of matrix A in Example 2, and find the
corresponding eigenvectors.

62/8T,2N The scalar 7 is an eigenvalue of A if and only if the equation

Ax D 7x (1)

has a nontrivial solution. But (1) is equivalent to Ax ! 7x D 0, or

.A ! 7I /x D 0 (2)

To solve this homogeneous equation, form the matrix

A ! 7I D
!

1 6
5 2

"
!
!

7 0
0 7

"
D
!
!6 6

5 !5

"

The columns ofA ! 7I are obviously linearly dependent, so (2) has nontrivial solutions.
Thus 7 is an eigenvalue ofA. To find the corresponding eigenvectors, use row operations:

!
!6 6 0

5 !5 0

"
#
!

1 !1 0
0 0 0

"

The general solution has the form x2

!
1
1

"
. Each vector of this form with x2 ¤ 0 is an

eigenvector corresponding to ! D 7.

1Note that an eigenvector must be nonzero, by definition, but an eigenvalue may be zero. The case in which
the number 0 is an eigenvalue is discussed after Example 5.
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Warning: Although row reduction was used in Example 3 to find eigenvectors, it
cannot be used to find eigenvalues. An echelon form of a matrix A usually does not
display the eigenvalues of A.

The equivalence of equations (1) and (2) obviously holds for any! in place of! D 7.
Thus ! is an eigenvalue of an n " n matrix A if and only if the equation

.A ! !I /x D 0 (3)

has a nontrivial solution. The set of all solutions of (3) is just the null space of the matrix
A ! !I . So this set is a subspace of Rn and is called the eigenspace of A corresponding
to !. The eigenspace consists of the zero vector and all the eigenvectors corresponding
to !.

Example 3 shows that for matrix A in Example 2, the eigenspace corresponding to
! D 7 consists of all multiples of .1; 1/, which is the line through .1; 1/ and the origin.
From Example 2, you can check that the eigenspace corresponding to ! D !4 is the
line through .6;!5/. These eigenspaces are shown in Figure 2, along with eigenvectors
.1; 1/ and .3=2;!5=4/ and the geometric action of the transformation x 7!Ax on each
eigenspace.

x1

x2

Eigenspace
for l 5 7

Multiplication
by 7

Eigenspace
for l 5 24

Multiplication
by 24

2

2

(6, 25)

'*(63& 2 Eigenspaces for ! D !4 and ! D 7.

(;A0P/( � LetA D

2
4

4 !1 6
2 1 6
2 !1 8

3
5. An eigenvalue ofA is 2. Find a basis for the

corresponding eigenspace.

62/8T,2N Form

A ! 2I D

2
4

4 !1 6
2 1 6
2 !1 8

3
5 !

2
4

2 0 0
0 2 0
0 0 2

3
5 D

2
4

2 !1 6
2 !1 6
2 !1 6

3
5

and row reduce the augmented matrix for .A ! 2I /x D 0:
2
4

2 !1 6 0
2 !1 6 0
2 !1 6 0

3
5 #

2
4

2 !1 6 0
0 0 0 0
0 0 0 0

3
5
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At this point, it is clear that 2 is indeed an eigenvalue of A because the equation
.A ! 2I /x D 0 has free variables. The general solution is2

4
x1

x2

x3

3
5 D x2

2
4

1=2
1
0

3
5C x3

2
4
!3

0
1

3
5; x2 and x3 free

The eigenspace, shown in Figure 3, is a two-dimensional subspace of R3. A basis is8<
:

2
4

1
2
0

3
5;

2
4
!3

0
1

3
5
9=
;

Eigenspace for l5 2

Multiplication by A

x2

x1

x3

Eigenspace for l5 2

x2

x1

x3

'*(63& 3 A acts as a dilation on the eigenspace.

5easonable Answers

Remember that once you find a potential eigenvector v, you can easily check your
answer: just find Av and see if it is a multiple of v. For example, to check whether

v D
!

1
1

"
is an eigenvector ofA D

!
1 2
!1 !2

"
, noticeAv D

!
3
!3

"
, which

is not a multiple of v D
!

1
1

"
, establishing that v is not an eigenvector. It turns

out we had a sign error. The vector u D
!

1
!1

"
is a correct eigenvector for A

since Au D
!
!1

1

"
D !1

!
1
!1

"
D !1 u.

Numerical Notes

Example 4 shows a good method for manual computation of eigenvectors in
simple cases when an eigenvalue is known. Using a matrix program and row
reduction to find an eigenspace (for a specified eigenvalue) usually works, too, but
this is not entirely reliable. Roundoff error can lead occasionally to a reduced ech-
elon formwith the wrong number of pivots. The best computer programs compute
approximations for eigenvalues and eigenvectors simultaneously, to any desired
degree of accuracy, for matrices that are not too large. The size of matrices that
can be analyzed increases each year as computing power and software improve.
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The following theorem describes one of the few special cases in which eigenvalues
can be found precisely. Calculation of eigenvalues will also be discussed in Section 5.2.

THEOREM 1 The eigenvalues of a triangular matrix are the entries on its main diagonal.

PROOF For simplicity, consider the 3 " 3 case. If A is upper triangular, then A ! !I
has the form

A ! !I D

2
4

a11 a12 a13

0 a22 a23

0 0 a33

3
5 !

2
4

! 0 0
0 ! 0
0 0 !

3
5

D

2
4

a11 ! ! a12 a13

0 a22 ! ! a23

0 0 a33 ! !

3
5

The scalar ! is an eigenvalue of A if and only if the equation .A ! !I /x D 0 has a
nontrivial solution, that is, if and only if the equation has a free variable. Because of the
zero entries in A ! !I , it is easy to see that .A ! !I /x D 0 has a free variable if and
only if at least one of the entries on the diagonal of A ! !I is zero. This happens if and
only if ! equals one of the entries a11, a22, a33 in A. For the case in which A is lower
triangular, see Exercise 36.

(;A0P/( � Let A D

2
4

3 6 !8
0 0 6
0 0 2

3
5 and B D

2
4

4 0 0
!2 1 0

5 3 4

3
5. The eigenval-

ues of A are 3, 0, and 2. The eigenvalues of B are 4 and 1.

What does it mean for a matrix A to have an eigenvalue of 0, such as in Example 5"
This happens if and only if the equation

Ax D 0x (4)

has a nontrivial solution. But (4) is equivalent toAx D 0, which has a nontrivial solution
if and only if A is not invertible. Thus 0 is an eigenvalue of A if and only if A is not
invertible. This fact will be added to the Invertible Matrix Theorem in Section 5.2.

The following important theorem will be needed later. Its proof illustrates a typical
calculation with eigenvectors. One way to prove the statement “If P then Q” is to show
that P and the negation of Q leads to a contradiction. This strategy is used in the proof
of the theorem.

THEOREM 2 If v1; : : : ; vr are eigenvectors that correspond to distinct eigenvalues !1; : : : ; !r of
an n " n matrix A, then the set fv1; : : : ; vrg is linearly independent.

PROOF Suppose fv1; : : : ; vrg is linearly dependent. Since v1 is nonzero, Theorem 7 in
Section 1.7 says that one of the vectors in the set is a linear combination of the preceding
vectors. Let p be the least index such that vpC1 is a linear combination of the preceding
(linearly independent) vectors. Then there exist scalars c1; : : : ; cp such that

c1v1 C $ $ $C cpvp D vpC1 (5)
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Multiplying both sides of (5) by A and using the fact that Avk D !kvk for each k, we
obtain

c1Av1 C $ $ $C cpAvp D AvpC1

c1!1v1 C $ $ $C cp!pvp D !pC1vpC1 (6)

Multiplying both sides of (5) by !pC1 and subtracting the result from (6), we have

c1.!1 ! !pC1/v1 C $ $ $C cp.!p ! !pC1/vp D 0 (7)

Since fv1; : : : ; vpg is linearly independent, the weights in (7) are all zero. But none of
the factors !i ! !pC1 are zero, because the eigenvalues are distinct. Hence ci D 0 for
i D 1; : : : ; p. But then (5) says that vpC1 D 0, which is impossible. Hence fv1; : : : ; vrg
cannot be linearly dependent and therefore must be linearly independent.

Eigenvectors and Difference ETuations
This section concludes by showing how to construct solutions of the first-order difference
equation discussed in the chapter introductory example:

xkC1 D Axk .k D 0; 1; 2; : : :/ (8)

If A is an n " n matrix, then (8) is a recursive description of a sequence fxkg in Rn.
A solution of (8) is an explicit description of fxkg whose formula for each xk does not
depend directly on A or on the preceding terms in the sequence other than the initial
term x0.

The simplest way to build a solution of (8) is to take an eigenvector x0 and its
corresponding eigenvalue ! and let

xk D !kx0 .k D 1; 2; : : :/ (9)

This sequence is a solution because

Axk D A.!kx0/ D !k.Ax0/ D !k.!x0/ D !kC1x0 D xkC1

Linear combinations of solutions in the form of equation (9) are solutions, too! See
Exercise 41.

Practice Problems

1� Is 5 an eigenvalue of A D

2
4

6 !3 1
3 0 5
2 2 6

3
5"

2� If x is an eigenvector of A corresponding to !, what is A3x"
3� Suppose that b1 and b2 are eigenvectors corresponding to distinct eigenvalues !1

and !2, respectively, and suppose that b3 and b4 are linearly independent eigen-
vectors corresponding to a third distinct eigenvalue !3. Does it necessarily follow
that fb1; b2; b3; b4g is a linearly independent set" >Hint: Consider the equation
c1b1 C c2b2 C .c3b3 C c4b4/ D 0.@

4� If A is an n"n matrix and ! is an eigenvalue of A, show that 2! is an eigenvalue
of 2A.
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��� (xercises
1� Is ! D 2 an eigenvalue of

!
3 2
3 8

"
" Why or why not"

2� Is ! D !2 an eigenvalue of
!

7 3
3 !1

"
" Why or why not"

3� Is
!

1
4

"
an eigenvector of

!
!3 1
!3 8

"
" If so, find the eigen-

value.

4� Is
!
!1

1

"
an eigenvector of

!
4 2
2 4

"
" If so, find the eigen-

value.

5� Is

2
4

4
!3

1

3
5 an eigenvector of

2
4

3 7 9
!4 !5 1

2 4 4

3
5" If so, find

the eigenvalue.

6� Is

2
4

1
!2

1

3
5 an eigenvector of

2
4

2 6 7
3 2 7
5 6 4

3
5" If so, find the

eigenvalue.

7� Is ! D 4 an eigenvalue of

2
4

3 0 !1
2 3 1
!3 4 5

3
5" If so, find one

corresponding eigenvector.

8� Is ! D 3 an eigenvalue of

2
4

1 2 2
3 !2 1
0 1 1

3
5" If so, find one

corresponding eigenvector.

In Exercises 9–16, find a basis for the eigenspace corresponding
to each listed eigenvalue.

9� A D
!

9 0
2 3

"
, ! D 3; 9

10� A D
!

14 !4
16 !2

"
, ! D 6

11� A D
!

4 !2
!3 9

"
, ! D 10

12� A D
!

1 4
3 2

"
, ! D !2; 5

13� A D

2
4

4 0 1
!2 1 0
!2 0 1

3
5, ! D 1; 2; 3

14� A D

2
4

3 !1 3
!1 3 3

6 6 2

3
5, ! D !4

15� A D

2
4

8 3 !4
!1 4 4

2 6 !1

3
5, ! D 7

16� A D

2
664

3 0 2 0
1 3 1 0
0 1 1 0
0 0 0 4

3
775, ! D 4

Find the eigenvalues of the matrices in Exercises 17 and 18.

17�

2
4

0 0 0
0 2 5
0 0 !1

3
5 18�

2
4

8 0 0
!7 0 0

6 !5 !4

3
5

19� For A D

2
4

1 2 3
1 2 3
1 2 3

3
5, find one eigenvalue, with no cal-

culation. Justify your answer.

20� Without calculation, find one eigenvalue and two linearly

independent eigenvectors of A D

2
4

4 4 !4
4 4 !4
4 4 !4

3
5. Justify

your answer.

In Exercises 21–30, A is an n " n matrix. Mark each statement
True or False �T�)�. Justify each answer.

21� �T�)� If Ax D !x for some vector x, then ! is an eigenvalue
of A.

22� �T�)� If Ax D !x for some scalar !, then x is an eigenvector
of A.

23� �T�)�AmatrixA is invertible if and only if 0 is an eigenvalue
of A.

24� �T�)� A number c is an eigenvalue of A if and only if the
equation .A ! cI /x D 0 has a nontrivial solution.

25� �T�)� Finding an eigenvector of A may be difficult, but
checking whether a given vector is in fact an eigenvector is
easy.

26� �T�)� To find the eigenvalues ofA, reduceA to echelon form.

27� �T�)� If v1 and v2 are linearly independent eigenvectors, then
they correspond to distinct eigenvalues.

28� �T�)� The eigenvalues of a matrix are on its main diagonal.

29� �T�)� If v is an eigenvector with eigenvalue 2, then 2v is an
eigenvector with eigenvalue 4.

30� �T�)� An eigenspace of A is a null space of a certain matrix.

31� Explain why a 2 " 2 matrix can have at most two distinct
eigenvalues. Explain why an n " n matrix can have at most
n distinct eigenvalues.

32� Construct an example of a 2 " 2matrix with only one distinct
eigenvalue.
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33� Let ! be an eigenvalue of an invertible matrix A. Show that
!!1 is an eigenvalue of A!1. >Hint: Suppose a nonzero x
satisfies Ax D !x.@

34� Show that if A2 is the zero matrix, then the only eigenvalue
of A is 0.

35� Show that ! is an eigenvalue of A if and only if ! is an
eigenvalue of AT . >Hint: Find out how A ! !I and AT ! !I
are related.@

36� Use Exercise 35 to complete the proof of Theorem 1 for the
case when A is lower triangular.

37� Consider an n " n matrix A with the property that the row
sums all equal the same number s. Show that s is an eigen-
value of A. >Hint: Find an eigenvector.@

38� Consider an n " nmatrixAwith the property that the column
sums all equal the same number s. Show that s is an eigen-
value of A. >Hint: Use Exercises 35 and 37.@

In Exercises 39 and 40, let A be the matrix of the linear transfor-
mation T . Without writingA, find an eigenvalue ofA and describe
the eigenspace.

39� T is the transformation onR2 that reflects points across some
line through the origin.

40� T is the transformation on R3 that rotates points about some
line through the origin.

41� Let u and v be eigenvectors of a matrixA, with corresponding
eigenvalues ! and ", and let c1 and c2 be scalars. Define

xk D c1!kuC c2"kv .k D 0; 1; 2; : : :/

a. What is xkC1, by definition"

b. Compute Axk from the formula for xk , and show that
Axk D xkC1. This calculation will prove that the se-
quence fxkg defined above satisfies the difference equa-
tion xkC1 D Axk .k D 0; 1; 2; : : :/.

42� Describe how you might try to build a solution of a difference
equation xkC1 D Axk .k D 0; 1; 2; : : :/ if you were given the

initial x0 and this vector did not happen to be an eigenvector
of A. >Hint: How might you relate x0 to eigenvectors of A"@

43� Let u and v be the vectors shown in the figure, and suppose
u and v are eigenvectors of a 2 " 2 matrix A that correspond
to eigenvalues 2 and 3, respectively. Let T W R2 ! R2 be the
linear transformation given by T .x/ D Ax for each x in R2,
and letZ D uC v.Make a copy of the figure, and on the same
coordinate system, carefully plot the vectors T .u/, T .v/, and
T .Z/.

x1

x2

v

u

44� Repeat Exercise 43, assuming u and v are eigenvectors of A
that correspond to eigenvalues !1 and 3, respectively.

T In Exercises 45–48, use a matrix program to find the eigenval-
ues of the matrix. Then use the method of Example 4 with a row
reduction routine to produce a basis for each eigenspace.

45�

2
4

8 !10 !5
2 17 2
!9 !18 4

3
5

46�

2
664

9 !4 !2 !4
!56 32 !28 44
!14 !14 6 !14

42 !33 21 !45

3
775

47�

2
66664

4 !9 !7 8 2
!7 !9 0 7 14

5 10 5 !5 !10
!2 3 7 0 4
!3 !13 !7 10 11

3
77775

48�

2
66664

!4 !4 20 !8 !1
14 12 46 18 2
6 4 !18 8 1

11 7 !37 17 2
18 12 !60 24 5

3
77775

Solutions to Practice Problems

1� The number 5 is an eigenvalue of A if and only if the equation .A ! 5I /x D 0 has
a nontrivial solution. Form

A ! 5I D

2
4

6 !3 1
3 0 5
2 2 6

3
5 !

2
4

5 0 0
0 5 0
0 0 5

3
5 D

2
4

1 !3 1
3 !5 5
2 2 1

3
5

and row reduce the augmented matrix:
2
4

1 !3 1 0
3 !5 5 0
2 2 1 0

3
5 #

2
4

1 !3 1 0
0 4 2 0
0 8 !1 0

3
5 #

2
4

1 !3 1 0
0 4 2 0
0 0 !5 0

3
5
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Solutions to Practice Problems (Continued)

At this point, it is clear that the homogeneous system has no free variables. Thus
A ! 5I is an invertible matrix, which means that 5 is not an eigenvalue of A.

2� If x is an eigenvector of A corresponding to !, then Ax D !x and so

A2x D A.!x/ D !Ax D !2x

Again, A3x D A.A2x/ D A.!2x/ D !2Ax D !3x. The general pattern, Akx D
!kx, is proved by induction.

3� Yes. Suppose c1b1 C c2b2 C .c3b3 C c4b4/ D 0. Since any linear combination of
eigenvectors corresponding to the same eigenvalue is in the eigenspace for that
eigenvalue, c3b3 C c4b4 is either 0 or an eigenvector for !3. If c3b3 C c4b4 were an
eigenvector for !3, then by Theorem 2, fb1; b2; c3b3 C c4b4g would be a linearly
independent set, which would force c1 D c2 D 0 and c3b3 C c4b4 D 0, contradict-
ing that c3b3 C c4b4 is an eigenvector. Thus c3b3 C c4b4 must be 0, implying that
c1b1 C c2b2 D 0 also. By Theorem 2, fb1; b2g is a linearly independent set so
c1 D c2 D 0. Moreover, fb3; b4g is a linearly independent set so c3 D c4 D 0. Since
all of the coefficients c1, c2, c3, and c4 must be zero, it follows that fb1, b2, b3, b4g
is a linearly independent set.

4� Since ! is an eigenvalue of A, there is a nonzero vector x in Rn such that Ax D !x.
Multiplying both sides of this equation by 2 results in the equation 2.Ax/ D 2.!x/.
Thus .2A/x D .2!/x and hence 2! is an eigenvalue of 2A.

��� The &haracteristic ETuation
Useful information about the eigenvalues of a square matrix A is encoded in a special
scalar equation called the characteristic equation of A. A simple example will lead to
the general case.

(;A0P/( � Find the eigenvalues of A D
!

2 3
3 !6

"
.

62/8T,2N We must find all scalars ! such that the matrix equation

.A ! !I /x D 0

has a nontrivial solution. By the Invertible Matrix Theorem in Section 2.3, this problem
is equivalent to finding all ! such that the matrix A ! !I is not invertible, where

A ! !I D
!

2 3
3 !6

"
!
!

! 0
0 !

"
D
!

2 ! ! 3
3 !6 ! !

"

By Theorem 4 in Section 2.2, this matrix fails to be invertible precisely when its
determinant is zero. So the eigenvalues of A are the solutions of the equation

det.A ! !I / D det
!

2 ! ! 3
3 !6 ! !

"
D 0

Recall that

det
!

a b
c d

"
D ad ! bc
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So

det.A ! !I / D .2 ! !/.!6 ! !/ ! .3/.3/

D !12C 6! ! 2!C !2 ! 9

D !2 C 4! ! 21

D .! ! 3/.!C 7/

If det.A ! !I / D 0, then ! D 3 or ! D !7. So the eigenvalues of A are 3 and !7.

Determinants
The determinant in Example 1 transformed the matrix equation .A ! !l/ x D 0, which
involves two unknowns ! and x, into the scalar equation !2 C 4! ! 21 D 0, which
involves only one unknown. The same idea works for n " n matrices.

Before turning to larger matrices, recall from Section 3.1 that the matrix Aij is
obtained from A by deleting the i th row and j th column. The determinant of an n " n
matrix A can be computed by an expansion across any row or down any column. The
expansion across the i th row is given by

detA D .!1/iC1ai1 detAi1 C .!1/iC2ai2 detAi2 C $ $ $C .!1/iCnain detAin

The expansion down the j th column is given by

detA D .!1/1Cj a1j detA1j C .!1/2Cj a2j detA2j C $ $ $C .!1/nCj anj detAnj

(;A0P/( � Compute the determinant of

A D

2
4

2 3 1
4 0 !1
0 2 1

3
5

62/8T,2N Any row or column can be chosen for the expansion. For example,
expanding down the first column of A results in

detA D a11 detA11 ! a21 detA21 C a31 detA31

D 2 det
!

0 !1
2 1

"
! 4 det

!
3 1
2 1

"
C 0 det

!
3 1
0 !1

"

D 2.0 ! .!2//!4 .3 ! 2/C 0.!3 ! 0/D 0

The next theorem lists facts from Sections 3.1 and 3.2 and is included here for
convenient reference.

THEOREM 3 Properties of Determinants
Let A and B be n " n matrices.

a. A is invertible if and only if detA ¤ 0.

b. detAB D .detA/.detB/.

c. detAT D detA.

d. If A is triangular, then detA is the product of the entries on the main diagonal
of A.
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e. A row replacement operation on A does not change the determinant. A row
interchange changes the sign of the determinant. A row scaling also scales the
determinant by the same scalar factor.

Recall that A is invertible if and only if the equation Ax D 0 has only the trivial
solution. Notice that the number 0 is an eigenvalue of A if and only if there is a nonzero
vector x such thatAx D 0x D 0, which happens if and only if 0 D det.A ! 0I / D detA.
Hence A is invertible if and only if 0 is not an eigenvalue.

THEOREM The *nWertiCle Matrix Theorem (continued)
Let A be an n " n matrix. Then A is invertible if and only if

r. The number 0 is not an eigenvalue of A.

The &haracteristic ETuation
Theorem 3(a) shows how to determine when a matrix of the form A ! !I is not
invertible. The scalar equation det.A ! !I / D 0 is called the characteristic eTuation
of A, and the argument in Example 1 justifies the following fact.

A scalar ! is an eigenvalue of an n " n matrix A if and only if ! satisfies the
characteristic equation

det.A ! !I / D 0

(;A0P/( � Find the characteristic equation of

A D

2
664

5 !2 6 !1
0 3 !8 0
0 0 5 4
0 0 0 1

3
775

62/8T,2N Form A ! !I , and use Theorem 3(d):

det.A ! !I / D det

2
664

5 ! ! !2 6 !1
0 3 ! ! !8 0
0 0 5 ! ! 4
0 0 0 1 ! !

3
775

D .5 ! !/.3 ! !/.5 ! !/.1 ! !/

The characteristic equation is

.5 ! !/2.3 ! !/.1 ! !/ D 0
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or
.! ! 5/2.! ! 3/.! ! 1/ D 0

Expanding the product, we can also write

!4 ! 14!3 C 68!2 ! 130!C 75 D 0

5easonable Answers

If you want to verify ! is an eigenvalue of A, row reduce A ! !I . If you get a
pivot in every column, something is amiss—the scalar ! is not an eigenvalue of
A. Looking back at Example 3, notice that A ! 5I; A ! 3I , and A ! I all have at
least one column without a pivot; however, if ! is chosen to be any number other
than 5, 3, or 1, the matrix A ! !I has a pivot in every column.

In Examples 1 and 3, det .A ! !I / is a polynomial in !. It can be shown that if A is
an n " nmatrix, then det .A ! !I / is a polynomial of degree n called the characteristic
polynomial of A.

The eigenvalue 5 in Example 3 is said to have multiplicity 2 because .! ! 5/
occurs two times as a factor of the characteristic polynomial. In general, the (algebraic)
multiplicity of an eigenvalue ! is its multiplicity as a root of the characteristic equation.

(;A0P/( � The characteristic polynomial of a 6 " 6 matrix is !6 ! 4!5 ! 12!4.
Find the eigenvalues and their multiplicities.

62/8T,2N Factor the polynomial

!6 ! 4!5 ! 12!4 D !4.!2 ! 4! ! 12/ D !4.! ! 6/.!C 2/

The eigenvalues are 0 (multiplicity 4), 6 (multiplicity 1), and !2 (multiplicity 1).

We could also list the eigenvalues in Example 4 as 0; 0; 0; 0; 6, and !2, so that the
eigenvalues are repeated according to their multiplicities.

Because the characteristic equation for an n " n matrix involves an nth-degree
polynomial, the equation has exactly n roots, counting multiplicities, provided complex
roots are allowed. Such complex roots, called complex eigenvalues, will be discussed in
Section 5.5. Until then, we consider only real eigenvalues, and scalars will continue to
be real numbers.

The characteristic equation is important for theoretical purposes. In practical work,
however, eigenvalues of any matrix larger than 2 " 2 should be found by a computer,
unless the matrix is triangular or has other special properties. Although a 3 " 3 charac-
teristic polynomial is easy to compute by hand, factoring it can be difficult (unless theSTUDY GUIDE has advice on how

to factor a polynomial. matrix is carefully chosen). See the Numerical Notes at the end of this section.

6imilarit\
The next theorem illustrates one use of the characteristic polynomial, and it provides
the foundation for several iterative methods that approximate eigenvalues. If A and
B are n " n matrices, then A is similar to B if there is an invertible matrix P
such that P!1AP D B , or, equivalently, A D PBP!1. Writing Q for P!1, we have
Q!1BQ D A. So B is also similar to A, and we say simply that A and B are similar.
Changing A into P!1AP is called a similarity transIormation.
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THEOREM 4 If n " n matrices A and B are similar, then they have the same characteristic
polynomial and hence the same eigenvalues (with the same multiplicities).

PROOF If B D P!1AP, then

B ! !I D P!1AP ! !P!1P D P!1.AP ! !P / D P!1.A ! !I /P

Using the multiplicative property (b) in Theorem 3, we compute

det.B ! !I / D detŒP!1.A ! !I /P #

D det.P!1/ $ det.A ! !I / $ det.P / (1)

Since det.P!1/ $ det.P / D det.P!1P / D det I D 1, we see from equation (1) that
det.B ! !I / D det.A ! !I /.

Warnings:
1� The matrices !

2 1
0 2

"
and

!
2 0
0 2

"

are not similar even though they have the same eigenvalues.

2� Similarity is not the same as row equivalence. (IfA is row equivalent toB , then
B D EA for some invertible matrix E.) Row operations on a matrix usually
change its eigenvalues.

ASSlication to D\namical 6\stems
Eigenvalues and eigenvectors hold the key to the discrete evolution of a dynamical
system, as mentioned in the chapter introduction.

(;A0P/( � Let A D
!

:95 :03
:05 :97

"
. Analyze the long-term behavior (as k

increases) of the dynamical system defined by xkC1 D Axk .k D 0; 1; 2; : : :/, with

x0 D
!

:6
:4

"
.

62/8T,2N The first step is to find the eigenvalues of A and a basis for each
eigenspace. The characteristic equation for A is

0 D det
!

:95 ! ! :03
:05 :97 ! !

"
D .:95 ! !/.:97 ! !/ ! .:03/.:05/

D !2 ! 1:92!C :92

By the quadratic formula

! D 1:92˙
p

.!1:92/2 ! 4.:92/

2
D 1:92˙

p
:0064

2

D 1:92˙ :08

2
D 1 or :92
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It is readily checked that eigenvectors corresponding to ! D 1 and ! D :92 are
multiples of

v1 D
!

3
5

"
and v2 D

!
1
!1

"

respectively.
The next step is to write the given x0 in terms of v1 and v2. This can be done because

fv1; v2g is obviously a basis for R2. (Why") So there exist weights c1 and c2 such that

x0 D c1v1 C c2v2 D Œ v1 v2 #

!
c1

c2

"
(2)

In fact,

!
c1

c2

"
D Œ v1 v2 #

!1x0 D
!

3 1
5 !1

"!1!
:60
:40

"

D 1

!8

!
!1 !1
!5 3

"!
:60
:40

"
D
!

:125
:225

"
(3)

Because v1 and v2 in (3) are eigenvectors of A, with Av1 D v1 and Av2 D :92v2, we
easily compute each xk :

x1 D Ax0 D c1Av1 C c2Av2 Using linearity of x 7! Ax

D c1v1 C c2.:92/v2 v1 and v2 are eigenvectors.

x2 D Ax1 D c1Av1 C c2.:92/Av2

D c1v1 C c2.:92/2v2

and so on. In general,

xk D c1v1 C c2.:92/kv2 .k D 0; 1; 2; : : :/

Using c1 and c2 from (4),

xk D :125

!
3
5

"
C :225.:92/k

!
1
!1

"
.k D 0; 1; 2; : : :/ (4)

This explicit formula for xk gives the solution of the difference equation xkC1 D Axk .

As k !1, .:92/k tends to zero and xk tends to
!

:375
:625

"
D :125v1.

The calculations in Example 5 have an interesting application to a Markov chain
discussed in Section 5.9. Those who read that section may recognize that matrix A
in Example 5 above is the same as the migration matrix M in Section 5.9, x0 is the
initial population distribution between city and suburbs, and xk represents the population
distribution after k years.

Numerical Notes

1� Computer software such as Mathematica and Maple can use symbolic calcu-
lations to find the characteristic polynomial of a moderate-sized matrix. But
there is no formula or finite algorithm to solve the characteristic equation of a
general n " n matrix for n % 5.



312 CHAPTER 5 Eigenvalues and Eigenvectors

Numerical Notes �&ontinued�

2� The best numerical methods for finding eigenvalues avoid the characteristic
polynomial entirely. In fact, MATLAB finds the characteristic polynomial
of a matrix A by first computing the eigenvalues !1; : : : ; !n of A and then
expanding the product .! ! !1/.! ! !2/ $ $ $ .! ! !n/.

3� Several common algorithms for estimating the eigenvalues of a matrix A
are based on Theorem 4. The powerful 4R algorithm is discussed in the
exercises. Another technique, called Jacobi’s method, works when A D AT

and computes a sequence of matrices of the form

A1 D A and AkC1 D P!1
k AkPk .k D 1; 2; : : :/

Each matrix in the sequence is similar to A and so has the same eigenvalues
as A. The nondiagonal entries of AkC1 tend to zero as k increases, and the
diagonal entries tend to approach the eigenvalues of A.

4� Other methods of estimating eigenvalues are discussed in Section 5.8.

Practice Problem

Find the characteristic equation and eigenvalues of A D
!

1 !4
4 2

"
.

��� (xercises
Find the characteristic polynomial and the eigenvalues of the
matrices in Exercises 1–8.

1�
!

2 7
7 2

"
2�

!
8 4
4 8

"

3�
!

3 !2
1 !1

"
4�

!
5 !5
!2 3

"

5�
!

2 1
!1 4

"
6�

!
1 !4
4 6

"

7�
!

5 3
!4 4

"
8�

!
7 !2
2 3

"

Exercises 9–14 require techniques from Section 3.1. Find the char-
acteristic polynomial of each matrix using expansion across a row
or down a column. >Note: Finding the characteristic polynomial of
a 3 " 3 matrix is not easy to do with just row operations, because
the variable ! is involved.@

9�

2
4

1 0 !1
2 3 !1
0 6 0

3
5 10�

2
4

0 3 1
3 0 2
1 2 0

3
5

11�

2
4

6 0 0
5 4 3
1 0 2

3
5 12�

2
4

1 0 1
!3 6 1

0 0 4

3
5

13�

2
4

6 !2 0
!2 9 0

5 8 3

3
5 14�

2
4

3 !2 3
0 !1 0
6 7 !4

3
5

For the matrices in Exercises 15–17, list the eigenvalues, repeated
according to their multiplicities.

15�

2
664

7 !5 3 0
0 3 7 !5
0 0 5 !3
0 0 0 7

3
775 16�

2
664

5 0 0 0
8 !4 0 0
0 7 1 0
1 !5 2 1

3
775

17�

2
66664

3 0 0 0 0
!5 1 0 0 0

3 8 0 0 0
0 !7 2 1 0
!4 1 9 !2 3

3
77775

18� It can be shown that the algebraic multiplicity of an eigen-
value ! is always greater than or equal to the dimension of the
eigenspace corresponding to !. Find h in the matrix A below
such that the eigenspace for ! D 6 is two-dimensional:

A D

2
664

6 3 9 !5
0 9 h 2
0 0 6 8
0 0 0 7

3
775

19� Let A be an n " n matrix, and suppose A has n real eigenval-
ues, !1; : : : ; !n, repeated according to multiplicities, so that
det.A ! !I / D .!1 ! !/.!2 ! !/ $ $ $ .!n ! !/
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Explain why detA is the product of the n eigenvalues of
A. (This result is true for any square matrix when complex
eigenvalues are considered.)

20� Use a property of determinants to show that A and AT have
the same characteristic polynomial.

In Exercises 21–30, A and B are n " n matrices. Mark each
statement True or False �T�)�. Justify each answer.

21� �T�)� If 0 is an eigenvalue of A, then A is invertible.

22� �T�)� The zero vector is in the eigenspace of A associated
with an eigenvalue !.

23� �T�)� The matrix A and its transpose, AT, have different sets
of eigenvalues.

24� �T�)� The matrices A and B!1AB have the same sets of
eigenvalues for every invertible matrix B .

25� �T�)� If 2 is an eigenvalue ofA, thenA ! 2I is not invertible.

26� �T�)� If two matrices have the same set of eigenvalues, then
they are similar.

27� �T�)� If !C 5 is a factor of the characteristic polynomial of
A, then 5 is an eigenvalue of A.

28� �T�)� The multiplicity of a root r of the characteristic equa-
tion of A is called the algebraic multiplicity of r as an
eigenvalue of A.

29� �T�)� The eigenvalue of the n " n identity matrix is 1 with
algebraic multiplicity n.

30� �T�)� The matrix A can have more than n eigenvalues.

A widely used method for estimating eigenvalues of a general
matrix A is the QR algorithm. Under suitable conditions, this al-
gorithm produces a sequence of matrices, all similar to A, that be-
come almost upper triangular, with diagonal entries that approach

the eigenvalues of A. The main idea is to factor A (or another
matrix similar to A) in the form A D Q1R1, where QT

1 D Q!1
1

and R1 is upper triangular. The factors are interchanged to form
A1 D R1Q1, which is again factored asA1 D Q2R2; then to form
A2 D R2Q2, and so on. The similarity of A; A1; : : : follows from
the more general result in Exercise 31.

31� Show that if A D QR with Q invertible, then A is similar to
A1 D RQ.

32� Show that if A and B are similar, then detA D detB .

T 33� Construct a random integer-valued 4 " 4matrixA, and verify
that A and AT have the same characteristic polynomial (the
same eigenvalues with the same multiplicities). DoA andAT

have the same eigenvectors" Make the same analysis of a
5 " 5 matrix. Report the matrices and your conclusions.

T 34� Construct a random integer-valued 4 " 4 matrix A.
a. Reduce A to echelon form U with no row scaling, and

compute detA. (If A happens to be singular, start over
with a new random matrix.)

b. Compute the eigenvalues of A and the product of these
eigenvalues (as accurately as possible).

c. List the matrix A, and, to four decimal places, list the
pivots in U and the eigenvalues ofA. Compute detAwith
your matrix program, and compare it with the products
you found in (a) and (b).

T 35� Let A D

2
4
!6 28 21

4 !15 !12
!8 a 25

3
5. For each value of a in the

set f32; 31:9; 31:8; 32:1; 32:2g, compute the characteristic
polynomial of A and the eigenvalues. In each case, create a
graph of the characteristic polynomial p.t/ D det .A ! tI /
for 0 & t & 3. If possible, construct all graphs on one coor-
dinate system. Describe how the graphs reveal the changes in
the eigenvalues as a changes.

Solution to Practice Problem

The characteristic equation is

0 D det.A ! !I / D det
!

1 ! ! !4
4 2 ! !

"

D .1 ! !/.2 ! !/ ! .!4/.4/ D !2 ! 3!C 18

From the quadratic formula,

! D 3˙
p

.!3/2 ! 4.18/

2
D 3˙

p
!63

2

It is clear that the characteristic equation has no real solutions, so A has no real
eigenvalues. The matrixA is acting on the real vector spaceR2, and there is no nonzero
vector v in R2 such that Av D !v for some scalar !.
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��� Diagonali]ation
In many cases, the eigenvalue–eigenvector information contained within a matrix A can
be displayed in a useful factorization of the form A D PDP!1 where D is a diagonal
matrix. In this section, the factorization enables us to computeAk quickly for large values
of k, a fundamental idea in several applications of linear algebra. Later, in Sections 5.6
and 5.7, the factorization will be used to analyze (and decouple) dynamical systems.

The following example illustrates that powers of a diagonal matrix are easy to
compute.

(;A0P/( � If D D
!

5 0
0 3

"
, then D2 D

!
5 0
0 3

"!
5 0
0 3

"
D
!

52 0
0 32

"

and

D3 D DD2 D
!

5 0
0 3

" !
52 0
0 32

"
D
!

53 0
0 33

"

In general,

Dk D
!

5k 0
0 3k

"
for k % 1

If A D PDP!1 for some invertible P and diagonal D, then Ak is also easy to
compute, as the next example shows.

(;A0P/( � Let A D
!

7 2
!4 1

"
. Find a formula for Ak , given that A D PDP!1,

where

P D
!

1 1
!1 !2

"
and D D

!
5 0
0 3

"

62/8T,2N The standard formula for the inverse of a 2 " 2 matrix yields

P!1 D
!

2 1
!1 !1

"

Then, by associativity of matrix multiplication,

A2 D .PDP!1/.PDP!1/ D PD .P!1P /„ ƒ‚ …
I

DP!1 D PDDP!1

D PD2P!1 D
!

1 1
!1 !2

" !
52 0
0 32

" !
2 1
!1 !1

"

Again,

A3 D .PDP!1/A2 D .PDP!1/P„ƒ‚…
I

D2P!1 D PDD2P!1 D PD3P!1

In general, for k % 1,

Ak D PDkP!1 D
!

1 1
!1 !2

" !
5k 0
0 3k

" !
2 1
!1 !1

"

D
!

2 $ 5k ! 3k 5k ! 3k

2 $ 3k ! 2 $ 5k 2 $ 3k ! 5k

"
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A square matrix A is said to be diagonali]able if A is similar to a diagonal matrix,
that is, if A D PDP!1 for some invertible matrix P and some diagonal matrix D.
The next theorem gives a characterization of diagonalizable matrices and tells how to
construct a suitable factorization.

THEOREM 5 The DiaHonalization Theorem
An n " n matrix A is diagonalizable if and only if A has n linearly independent
eigenvectors.

In fact, A D PDP!1, with D a diagonal matrix, if and only if the columns of
P are n linearly independent eigenvectors of A. In this case, the diagonal entries
of D are eigenvalues of A that correspond, respectively, to the eigenvectors in P .

In other words, A is diagonalizable if and only if there are enough eigenvectors to
form a basis of Rn. We call such a basis an eigenvector basis of Rn.

PROOF First, observe that if P is any n " n matrix with columns v1; : : : ; vn, and if D
is any diagonal matrix with diagonal entries !1; : : : ; !n, then

AP D AŒ v1 v2 $ $ $ vn # D Œ Av1 Av2 $ $ $ Avn # (1)

while

PD D P

2
6664

!1 0 $ $ $ 0
0 !2 $ $ $ 0
:::

:::
:::

0 0 $ $ $ !n

3
7775 D Œ !1v1 !2v2 $ $ $ !nvn # (2)

Now suppose A is diagonalizable and A D PDP!1. Then right-multiplying this relation
by P , we have AP D PD. In this case, equations (1) and (2) imply that

Œ Av1 Av2 $ $ $ Avn # D Œ !1v1 !2v2 $ $ $ !nvn # (3)

Equating columns, we find that

Av1 D !1v1; Av2 D !2v2; : : : ; Avn D !nvn (4)

Since P is invertible, its columns v1; : : : ; vn must be linearly independent. Also, since
these columns are nonzero, the equations in (4) show that !1; : : : ; !n are eigenvalues
and v1; : : : ; vn are corresponding eigenvectors. This argument proves the “only if” parts
of the first and second statements, along with the third statement, of the theorem.

Finally, given any n eigenvectors v1; : : : ; vn, use them to construct the columns
of P and use corresponding eigenvalues !1; : : : ; !n to construct D. By equations
(1)–(3), AP D PD. This is true without any condition on the eigenvectors. If, in fact,
the eigenvectors are linearly independent, then P is invertible (by the Invertible Matrix
Theorem), and AP D PD implies that A D PDP!1.

Diagonali]ing 0atrices
(;A0P/( � Diagonalize the following matrix, if possible.

A D

2
4

1 3 3
!3 !5 !3

3 3 1

3
5

That is, find an invertible matrix P and a diagonal matrix D such that A D PDP!1.
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62/8T,2N There are four steps to implement the description in Theorem 5.

6WHS �� )inG WKH HigHnYaOXHs RI $� As mentioned in Section 5.2, the mechanics of
this step are appropriate for a computer when the matrix is larger than 2 " 2. To avoid
unnecessary distractions, the text will usually supply information needed for this step.
In the present case, the characteristic equation turns out to involve a cubic polynomial
that can be factored:

0 D det .A ! !I / D !!3 ! 3!2 C 4

D !.! ! 1/.!C 2/2

The eigenvalues are ! D 1 and ! D !2.

6WHS �� )inG WKrHH OinHarO\ inGHSHnGHnW HigHnYHFWRrs RI $� Three vectors are needed
because A is a 3 " 3 matrix. This is the critical step. If it fails, then Theorem 5 says
that A cannot be diagonalized. The method in Section 5.1 produces a basis for each
eigenspace:

Basis for ! D 1W v1 D

2
4

1
!1

1

3
5

Basis for ! D !2W v2 D

2
4
!1

1
0

3
5 and v3 D

2
4
!1

0
1

3
5

You can check that fv1; v2; v3g is a linearly independent set.
6WHS �� &RnsWrXFW 3 IrRP WKH YHFWRrs in sWHS �� The vectors may be listed in any order.
Using the order chosen in step 2, form

P D
#
v1 v2 v3

$
D

2
4

1 !1 !1
!1 1 0

1 0 1

3
5

6WHS �� &RnsWrXFW ' IrRP WKH FRrrHsSRnGing HigHnYaOXHs� In this step, it is essential that
the order of the eigenvalues matches the order chosen for the columns of P . Use the
eigenvalue ! D !2 twice, once for each of the eigenvectors corresponding to ! D !2:

D D

2
4

1 0 0
0 !2 0
0 0 !2

3
5

It is a good idea to check that P and D really work. To avoid computing P!1,
simply verify that AP D PD. This is equivalent to A D PDP!1 when P is invertible.
(However, be sure that P is invertible!) Compute

AP D

2
4

1 3 3
!3 !5 !3

3 3 1

3
5
2
4

1 !1 !1
!1 1 0

1 0 1

3
5 D

2
4

1 2 2
!1 !2 0

1 0 !2

3
5

PD D

2
4

1 !1 !1
!1 1 0

1 0 1

3
5
2
4

1 0 0
0 !2 0
0 0 !2

3
5 D

2
4

1 2 2
!1 !2 0

1 0 !2

3
5
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(;A0P/( � Diagonalize the following matrix, if possible.

A D

2
4

2 4 3
!4 !6 !3

3 3 1

3
5

62/8T,2N The characteristic equation of A turns out to be exactly the same as that
in Example 3:

0 D det .A ! !I / D !!3 ! 3!2 C 4 D !.! ! 1/.!C 2/2

The eigenvalues are ! D 1 and ! D !2. However, it is easy to verify that each
eigenspace is only one-dimensional:

Basis for ! D 1W v1 D

2
4

1
!1

1

3
5

Basis for ! D !2W v2 D

2
4
!1

1
0

3
5

There are no other eigenvalues, and every eigenvector ofA is a multiple of either v1 or v2.
Hence it is impossible to construct a basis ofR3 using eigenvectors ofA. By Theorem 5,
A is not diagonalizable.

The following theorem provides a suĴcient condition for a matrix to be
diagonalizable.

THEOREM 6 An n " n matrix with n distinct eigenvalues is diagonalizable.

PROOF Let v1; : : : ; vn be eigenvectors corresponding to the n distinct eigenvalues of a
matrixA. Then fv1; : : : ; vng is linearly independent, by Theorem 2 in Section 5.1. Hence
A is diagonalizable, by Theorem 5.

It is not necessary for an n " n matrix to have n distinct eigenvalues in order to be
diagonalizable. The 3 " 3 matrix in Example 3 is diagonalizable even though it has only
two distinct eigenvalues.

(;A0P/( � Determine if the following matrix is diagonalizable.

A D

2
4

5 !8 1
0 0 7
0 0 !2

3
5

62/8T,2N This is easy! Since the matrix is triangular, its eigenvalues are obviously 5,
0, and!2. Since A is a 3 " 3 matrix with three distinct eigenvalues, A is diagonalizable.

0atrices Whose Eigenvalues Are Not Distinct
If an n " nmatrixA has n distinct eigenvalues, with corresponding eigenvectors v1; : : : ;
vn, and if P D Œ v1 $ $ $ vn #, then P is automatically invertible because its columns
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are linearly independent, by Theorem 2. When A is diagonalizable but has fewer than n
distinct eigenvalues, it is still possible to build P in a way that makes P automatically
invertible, as the next theorem shows.1

THEOREM 7 Let A be an n " n matrix whose distinct eigenvalues are !1; : : : ; !p .

a. For 1 & k & p, the dimension of the eigenspace for !k is less than or equal to
the multiplicity of the eigenvalue !k .

b. The matrix A is diagonalizable if and only if the sum of the dimensions of
the eigenspaces equals n, and this happens if and only if (i) the characteristic
polynomial factors completely into linear factors and (ii) the dimension of the
eigenspace for each !k equals the multiplicity of !k .

c. If A is diagonalizable and Bk is a basis for the eigenspace corresponding to !k

for each k, then the total collection of vectors in the sets B1; : : : ;Bp forms an
eigenvector basis for Rn.

(;A0P/( � Diagonalize the following matrix, if possible.

A D

2
664

5 0 0 0
0 5 0 0
1 4 !3 0
!1 !2 0 !3

3
775

62/8T,2N Since A is a triangular matrix, the eigenvalues are 5 and !3, each
with multiplicity 2. Using the method in Section 5.1, we find a basis for each
eigenspace.

Basis for ! D 5W v1 D

2
664
!8

4
1
0

3
775 and v2 D

2
664
!16

4
0
1

3
775

Basis for ! D !3W v3 D

2
664

0
0
1
0

3
775 and v4 D

2
664

0
0
0
1

3
775

The set fv1; : : : ; v4g is linearly independent, by Theorem 7. So the matrix P D
Œ v1 $ $ $ v4 # is invertible, and A D PDP!1, where

P D

2
664
!8 !16 0 0

4 4 0 0
1 0 1 0
0 1 0 1

3
775 and D D

2
664

5 0 0 0
0 5 0 0
0 0 !3 0
0 0 0 !3

3
775

1 The proof of Theorem 7 is somewhat lengthy but not difficult. For instance, see S. Friedberg, A. Insel, and
L. Spence, Linear Algebra, 4th ed. (Englewood Cliffs, NJ: Prentice-Hall, 2002), Section 5.2.
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Practice Problems

1� Compute A8, where A D
!

4 !3
2 !1

"
.

2� LetA D
!
!3 12
!2 7

"
, v1 D

!
3
1

"
, and v2 D

!
2
1

"
. Suppose you are told that v1 and

v2 are eigenvectors of A. Use this information to diagonalize A.

3� Let A be a 4 " 4 matrix with eigenvalues 5, 3, and !2, and suppose you know that
the eigenspace for ! D 3 is two-dimensional. Do you have enough information to
determine if A is diagonalizable"

��� (xercises
In Exercises 1 and 2, let A D PDP!1 and compute A4.

1� P D
!

2 5
1 3

"
, D D

!
3 0
0 1

"

2� P D
!

2 !3
!3 5

"
, D D

!
1 0
0 !1

"

In Exercises 3 and 4, use the factorization A D PDP!1 to com-
pute Ak , where k represents an arbitrary positive integer.

3�
!

a 0
3.a ! b/ b

"
D
!

1 0
3 1

"!
a 0
0 b

"!
1 0
!3 1

"

4�
!

15 !36
6 !15

"
D
!

2 3
1 1

" !
!3 0

0 3

" !
!1 3

1 !2

"

In Exercises 5 and 6, the matrix A is factored in the form PDP!1.
Use the Diagonalization Theorem to find the eigenvalues of A and
a basis for each eigenspace.

5�

2
4

2 2 1
1 3 1
1 2 2

3
5 D

2
4

1 1 2
1 0 !1
1 !1 0

3
5
2
4

5 0 0
0 1 0
0 0 1

3
5
2
4

1=4 1=2 1=4
1=4 1=2 !3=4
1=4 !1=2 1=4

3
5

6�

2
4

7 !1 1
6 2 3
0 0 5

3
5 D

2
4

2 1 1
5 2 3
1 0 0

3
5
2
4

5 0 0
0 5 0
0 0 4

3
5
2
4

0 0 1
3 !1 !1
!2 1 !1

3
5

Diagonalize the matrices in Exercises 7–20, if possible. The
eigenvalues for Exercises 11–16 are as follows: (11) ! D 1; 2; 3;
(12) ! D 1; 4; (13) ! D 5; 1; (14) ! D 3; 4; (15) ! D 3; 1; (16)
! D 2; 1. For Exercise 18, one eigenvalue is ! D 5 and one eigen-
vector is .!2; 1; 2/.

7�
!

1 0
6 !1

"
8�

!
5 1
0 5

"

9�
!

3 !1
1 5

"
10�

!
3 6
4 1

"

11�

2
4
!1 4 !2
!3 4 0
!3 1 3

3
5 12�

2
4

3 !1 !1
!1 3 !1
!1 !1 3

3
5

13�

2
4

2 2 !1
1 3 !1
!1 !2 2

3
5 14�

2
4

4 0 2
2 3 4
0 0 3

3
5

15�

2
4
!7 24 !16
!2 7 !4

2 !6 5

3
5 16�

2
4

0 !4 !6
!1 0 !3

1 2 5

3
5

17�

2
4

4 0 0
1 4 0
0 0 5

3
5 18�

2
4
!7 !16 4

6 13 !2
12 16 1

3
5

19�

2
664

5 !3 0 9
0 3 1 !2
0 0 2 0
0 0 0 2

3
775 20�

2
664

2 0 0 0
0 2 0 0
0 0 2 0
1 0 0 2

3
775

In Exercises 21–28, A; P , and D are n " n matrices. Mark each
statement True or False �T�)�. Justify each answer. (Study Theo-
rems 5 and 6 and the examples in this section carefully before you
try these exercises.)

21� �T�)�A is diagonalizable ifA D PDP!1 for some matrixD
and some invertible matrix P .

22� �T�)� If Rn has a basis of eigenvectors of A, then A is
diagonalizable.

23� �T�)� A is diagonalizable if and only if A has n eigenvalues,
counting multiplicities.

24� �T�)� If A is diagonalizable, then A is invertible.

25� �T�)� A is diagonalizable if A has n eigenvectors.

26� �T�)� If A is diagonalizable, then A has n distinct
eigenvalues.

27� �T�)� If AP D PD, with D diagonal, then the nonzero
columns of P must be eigenvectors of A.

28� �T�)� If A is invertible, then A is diagonalizable.
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29� A is a 5 " 5 matrix with two eigenvalues. One eigenspace
is three-dimensional, and the other eigenspace is two-
dimensional. Is A diagonalizable" Why"

30� A is a 3 " 3 matrix with two eigenvalues. Each eigenspace is
one-dimensional. Is A diagonalizable" Why"

31� A is a 4 " 4 matrix with three eigenvalues. One eigenspace
is one-dimensional, and one of the other eigenspaces is two-
dimensional. Is it possible that A is not diagonalizable" Jus-
tify your answer.

32� A is a 7 " 7 matrix with three eigenvalues. One eigenspace is
two-dimensional, and one of the other eigenspaces is three-
dimensional. Is it possible that A is not diagonalizable" Jus-
tify your answer.

33� Show that if A is both diagonalizable and invertible, then so
is A!1.

34� Show that if A has n linearly independent eigenvectors, then
so does AT . >Hint: Use the Diagonalization Theorem.@

35� A factorization A D PDP!1 is not unique. Demonstrate this

for the matrix A in Example 2. With D1 D
!

3 0
0 5

"
, use

the information in Example 2 to find a matrix P1 such that
A D P1D1P!1

1 .

36� With A and D as in Example 2, find an invertible P2 unequal
to the P in Example 2, such that A D P2DP!1

2 .

37� Construct a nonzero 2 " 2 matrix that is invertible but not
diagonalizable.

38� Construct a nondiagonal 2 " 2 matrix that is diagonalizable
but not invertible.

Diagonalize the matrices in Exercises 39–42. Use your matrix
program’s eigenvalue command to find the eigenvalues, and then
compute bases for the eigenspaces as in Section 5.1.

T 39�

2
664
!6 4 0 9
!3 0 1 6
!1 !2 1 0
!4 4 0 7

3
775 40�T

2
664

0 13 8 4
4 9 8 4
8 6 12 8
0 5 0 !4

3
775

T 41�

2
66664

11 !6 4 !10 !4
!3 5 !2 4 1
!8 12 !3 12 4

1 6 !2 3 !1
8 !18 8 !14 !1

3
77775

T 42�

2
66664

4 4 2 3 !2
0 1 !2 !2 2
6 12 11 2 !4
9 20 10 10 !6

15 28 14 5 !3

3
77775

Solutions to Practice Problems

1� det .A ! !I / D !2 ! 3!C 2 D .! ! 2/.! ! 1/. The eigenvalues are 2 and 1, and

the corresponding eigenvectors are v1 D
!

3
2

"
and v2 D

!
1
1

"
. Next, form

P D
!

3 1
2 1

"
; D D

!
2 0
0 1

"
; and P!1 D

!
1 !1
!2 3

"

Since A D PDP!1,

A8 D PD8P!1 D
!

3 1
2 1

"!
28 0
0 18

"!
1 !1
!2 3

"

D
!

3 1
2 1

"!
256 0

0 1

"!
1 !1
!2 3

"

D
!

766 !765
510 !509

"

2� Compute Av1 D
!
!3 12
!2 7

"!
3
1

"
D
!

3
1

"
D 1 $ v1, and

Av2 D
!
!3 12
!2 7

"!
2
1

"
D
!

6
3

"
D 3 $ v2

So, v1 and v2 are eigenvectors for the eigenvalues 1 and 3, respectively. Thus

A D PDP!1; where P D
!

3 2
1 1

"
and D D

!
1 0
0 3

"
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ARTIFICIAL INTELLIGENCE AND MACHINE
LEARNING
Can you tell a puppy from a kitten regardless of breed or
coloring" Of course! Both may be furry bundles of joy,
but one is clearly a feline and one is clearly a canine
to the human eye. Simple. But, as blatantly obvious
as it may seem to our trained eyes that are capable of
interpreting meaning in the pixels of an image, this turns
out to be a significant challenge for a machine. With the
advancements in artificial intelligence (AI) and machine
learning, computers are rapidly improving their capability
to identify the creature on the left in the picture above as a
puppy and the one on the right as a cat.

Many industries are now using AI technology to speed
up the process of what once took hours of mindless work,
such as post office scanners that can read bar codes and
handwriting on envelopes to sort the mail with precision
and speed. Nordstrom is using machine learning to design,
display, organize, and recommend clothing ensembles to
customers, exemplifying how even in creative aesthetic
fields machine learning can be used to interpret color and
shape patterns in pixels and organize visual possibilities
into that which our eyes register as pleasing.

When calling a service desk number, one is often
greeted by a machine that asks a series of questions and
provides suggestions. Only persistence in interacting with
this machine gets the caller through to a real person.
More and more service calls are answered by machines,
making it easier for customers’ simple questions to
be answered succinctly without waiting time and the
obnoxious jingles of hold music. Google has designed
an AI assistant that will handle making service calls for
you too—booking a restaurant or hair appointment on your
behalf.

AI and machine learning comprise developing systems
that interpret external data correctly, learn from such data,
and use that learning to achieve specific goals and tasks
through flexibility and adaptation. Often, the driving engine
behind these techniques is linear algebra. In Section 6.2,
we see a simple way to design a matrix so that matrix
multiplication can identify the correct pattern of blue and
white squares. In Sections 6.5, 6.6, and 6.8, we explore
techniques used in machine learning.

373
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In order to find an approximate solution to an inconsistent system of equations that has
no actual solution, a well-defined notion of nearness is needed. Section 6.1 introduces
the concepts of distance and orthogonality in a vector space. Sections 6.2 and 6.3 show
how orthogonality can be used to identify the point within a subspace W that is nearest
to a point y lying outside of W. By taking W to be the column space of a matrix,
Section 6.5 develops a method for producing approximate (“least-squares”) solutions
for inconsistent linear systems, an important technique in machine learning, which is
discussed in Sections 6.6 and 6.8.

Section 6.4 provides another opportunity to see orthogonal projections at work,
creating a matrix factorization widely used in numerical linear algebra. The remaining
sections examine some of the many least-squares problems that arise in applications,
including those in vector spaces more general than Rn.

��� ,nner Product� /ength� and 2rthogonalit\
Geometric concepts of length, distance, and perpendicularity, which are well known for
R2 andR3, are defined here forRn. These concepts provide powerful geometric tools for
solving many applied problems, including the least-squares problems mentioned above.
All three notions are defined in terms of the inner product of two vectors.

The ,nner Product
If u and v are vectors in Rn, then we regard u and v as n ! 1 matrices. The transpose
uT is a 1 ! n matrix, and the matrix product uT v is a 1 ! 1 matrix, which we write as
a single real number (a scalar) without brackets. The number uT v is called the inner
product of u and v, and often it is written as u!v. This inner product, mentioned in the
exercises for Section 2.1, is also referred to as a dot product. If

u D

2
6664

u1

u2

:::
un

3
7775 and v D

2
6664

v1

v2

:::
vn

3
7775

then the inner product of u and v is

Œ u1 u2 " " " un !

2
6664

v1

v2

:::
vn

3
7775 D u1v1 C u2v2 C " " "C unvn

(;A0P/( � Compute u!v and v!u for u D

2
4

2
#5
#1

3
5 and v D

2
4

3
2
#3

3
5.
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62/8T,2N

u!v D uT v D Œ 2 #5 #1 !

2
4

3
2
#3

3
5 D .2/.3/C .#5/.2/C .#1/.#3/ D #1

v!u D vT u D Œ 3 2 #3 !

2
4

2
#5
#1

3
5 D .3/.2/C .2/.#5/C .#3/.#1/ D #1

It is clear from the calculations in Example 1why u!v D v!u. This commutativity of
the inner product holds in general. The following properties of the inner product are eas-
ily deduced from properties of the transpose operation in Section 2.1. (See Exercises 29
and 30 at the end of this section.)

THEOREM 1 Let u, v, and Z be vectors in Rn, and let c be a scalar. Then

a. u!v D v!u
b. .uC v/!Z D u!ZC v!Z
c. .cu/!v D c.u!v/ D u!.cv/

d. u!u $ 0, and u!u D 0 if and only if u D 0

Properties (b) and (c) can be combined several times to produce the following useful
rule:

.c1u1 C " " "C cpup/!Z D c1.u1 !Z/C " " "C cp.up !Z/

The /ength of a 9ector
If v is in Rn, with entries v1; : : : ; vn, then the square root of v!v is defined because v!v
is nonnegative.

DEFINITION The length (or norm) of v is the nonnegative scalar kvk defined by

kvk D
p
v!v D

q
v2

1 C v2
2 C " " "C v2

n; and kvk2 D v!v

Suppose v is in R2, say, v D
!

a
b

"
. If we identify v with a geometric point in the

plane, as usual, then kvk coincides with the standard notion of the length of the line
segment from the origin to v. This follows from the Pythagorean Theorem applied to a
triangle such as the one in Figure 1.

A similar calculation with the diagonal of a rectangular box shows that the definition
of length of a vector v in R3 coincides with the usual notion of length.

|a|

|b|

x1

x2

(a, b)

!a2 1 b2

0

'*(63& 1

Interpretation of kvk as length.
For any scalar c, the length of cv is jcj times the length of v. That is,

kcvk D jcjkvk

(To see this, compute kcvk2 D .cv/! .cv/ D c2v!v D c2kvk2 and take square roots.)
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A vector whose length is 1 is called a unit vector. If we divide a nonzero vector v
by its length—that is, multiply by 1=kvk—we obtain a unit vector u because the length
of u is .1=kvk/kvk. The process of creating u from v is sometimes called normali]ing
v, and we say that u is in the same direction as v.

Several examples that follow use the space-saving notation for (column) vectors.

(;A0P/( � Let v D .1;#2; 2; 0/. Find a unit vector u in the same direction as v.

62/8T,2N First, compute the length of v:

kvk2 D v!v D .1/2 C .#2/2 C .2/2 C .0/2 D 9

kvk D
p

9 D 3

Then, multiply v by 1=kvk to obtain

u D 1

kvkv D
1

3
v D 1

3

2
664

1
#2

2
0

3
775 D

2
664

1=3
#2=3

2=3
0

3
775

To check that kuk D 1, it suffices to show that kuk2 D 1.

kuk2 D u!u D
#

1
3

$2 C ## 2
3

$2 C # 2
3

$2 C .0/2

D 1
9
C 4

9
C 4

9
C 0 D 1

(;A0P/( � LetW be the subspace ofR2 spanned by x D . 2
3
; 1/. Find a unit vector

] that is a basis for W .

62/8T,2N W consists of all multiples of x, as in Figure 2(a). Any nonzero vector in
W is a basis for W . To simplify the calculation, “scale” x to eliminate fractions. That is,
multiply x by 3 to get

y D
!

2
3

"

Now compute kyk2 D 22 C 32 D 13, kyk D
p

13, and normalize y to get

] D 1p
13

!
2
3

"
D
!

2=
p

13

3=
p

13

"

See Figure 2(b). Another unit vector is .#2=
p

13;#3=
p

13/.

(a)

x1

x2

x

W

1

1

(b)

x1

x2

y

z

1

1

'*(63& 2

Normalizing a vector to produce a
unit vector.

Distance in Rn

We are ready now to describe how close one vector is to another. Recall that if a and
b are real numbers, the distance on the number line between a and b is the number
ja # bj. Two examples are shown in Figure 3. This definition of distance in R has a
direct analogue in Rn.

|2 2 8| 5 |26| 5 6   or   |8 2 2| 5 |6| 5 6 |(23) 2 4| 5 |27| 5 7   or   |4 2 (23)| 5 |7| 5 7

6 units apart

a b a b

7 units apart
1 32 4 5 6 7 8 9 1 30 22123 22 4 5

'*(63& 3 Distances in R.
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DEFINITION For u and v inRn, the distance betZeen u and v, written as dist.u; v/, is the length
of the vector u # v. That is,

dist.u; v/ D ku # vk

In R2 and R3, this definition of distance coincides with the usual formulas for the
Euclidean distance between two points, as the next two examples show.

(;A0P/( � Compute the distance between the vectors u D .7; 1/ and v D .3; 2/.

62/8T,2N Calculate

u # v D
!

7
1

"
#
!

3
2

"
D
!

4
#1

"

ku # vk D
p

42 C .#1/2 D
p

17

The vectors u, v, and u # v are shown in Figure 4. When the vector u # v is added
to v, the result is u. Notice that the parallelogram in Figure 4 shows that the distance
from u to v is the same as the distance from u # v to 0.

||u 2 v||

x1

x2

v

u

u v

2v

1

1

2

'*(63& 4 The distance between u and v is
the length of u # v.

(;A0P/( � If u D .u1; u2; u3/ and v D .v1; v2; v3/, then

dist.u; v/ D ku # vk D
p

.u # v/!.u # v/

D
p

.u1 # v1/2 C .u2 # v2/2 C .u3 # v3/2

2rthogonal 9ectors
The rest of this chapter depends on the fact that the concept of perpendicular lines in

||u 2(2 v)||

||u 2 v||

v

0

u

2v

'*(63& 5
ordinary Euclidean geometry has an analogue in Rn.

Consider R2 or R3 and two lines through the origin determined by vectors u and
v. The two lines shown in Figure 5 are geometrically perpendicular if and only if the
distance from u to v is the same as the distance from u to#v. This is the same as requiring
the squares of the distances to be the same. Now

Œ dist.u;#v/ !
2 D ku # .#v/k2 D kuC vk2
D .uC v/! .uC v/

D u!.uC v/C v! .uC v/ Theorem 1(b)

D u!uC u!vC v!uC v!v Theorem 1(a), (b)

D kuk2 C kvk2 C 2u!v Theorem 1(a) (1)



378 CHAPTER 6 Orthogonality and Least Squares

The same calculations with v and #v interchanged show that

Œdist.u; v/!2 D kuk2 C k # vk2 C 2u! .#v/

D kuk2 C kvk2 # 2u!v
The two squared distances are equal if and only if 2u!v D #2u!v, which happens if and
only if u!v D 0.

This calculation shows that when vectors u and v are identified with geometric
points, the corresponding lines through the points and the origin are perpendicular if
and only if u!v D 0. The following definition generalizes to Rn this notion of perpen-
dicularity (or orthogonality, as it is commonly called in linear algebra).

DEFINITION Two vectors u and v in Rn are orthogonal (to each other) if u!v D 0.

Observe that the zero vector is orthogonal to every vector in Rn because 0T v D 0
for all v.

The next theorem provides a useful fact about orthogonal vectors. The proof follows
immediately from the calculation in (1) and the definition of orthogonality. The right
triangle shown in Figure 6 provides a visualization of the lengths that appear in the
theorem.

THEOREM 2 The PythaHorean Theorem
Two vectors u and v are orthogonal if and only if kuC vk2 D kuk2 C kvk2.

2rthogonal &omSlements
To provide practice using inner products, we introduce a concept here that will be of use
in Section 6.3 and elsewhere in the chapter. If a vector ] is orthogonal to every vector in
a subspace W of Rn, then ] is said to be orthogonal to W . The set of all vectors ] that
are orthogonal to W is called the orthogonal complement of W and is denoted by W ?

(and read as “W perpendicular” or simply “W perp”).

v

u 1 v

||u 1 v|| u

||v||

||u||

0

'*(63& 6

(;A0P/( � LetW be a plane through the origin inR3, and letL be the line through
the origin and perpendicular to W . If ] and Z are nonzero, ] is on L, and Z is in W ,
then the line segment from 0 to ] is perpendicular to the line segment from 0 to Z; that
is, ]!Z D 0. See Figure 7. So each vector on L is orthogonal to every Z in W . In fact, L
consists of all vectors that are orthogonal to the Z’s in W , and W consists of all vectors
orthogonal to the ]’s in L. That is,

z
L

w

0

W

'*(63& 7

A plane and line through 0 as
orthogonal complements.

L D W ? and W D L?

The following two facts aboutW ?, withW a subspace ofRn, are needed later in the
chapter. Proofs are suggested in Exercises 37 and 38. Exercises 35–39 provide excellent
practice using properties of the inner product.

1� A vector x is in W ? if and only if x is orthogonal to every vector in a set that
spans W .

2� W ? is a subspace of Rn.
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The next theorem and Exercise 39 verify the claims made in Section 4.5 concerning
the subspaces shown in Figure 8.

A

0 0

Row A

Nul A

Col A

Nul A
T

'*(63& 8 The fundamental subspaces determined
by an m ! n matrix A.

Remark: A common way to prove that two sets, say S and T , are equal is to show that
S is a subset of T and T is a subset of S . The proof of the next theorem that Nul A D
(Row A)? is established by showing that Nul A is a subset of (Row A)? and (Row A)?

is a subset of Nul A. That is, an arbitrary element x in Nul A is shown to be in (Row
A)?, and then an arbitrary element x in (Row A)? is shown to be in Nul A.

THEOREM 3 Let A be an m ! n matrix. The orthogonal complement of the row space of A is
the null space of A, and the orthogonal complement of the column space of A is
the null space of AT :

.RowA/? D NulA and .ColA/? D NulAT

PROOF The row–column rule for computing Ax shows that if x is in NulA, then x is
orthogonal to each row ofA (with the rows treated as vectors inRn/. Since the rows ofA
span the row space, x is orthogonal to RowA. Conversely, if x is orthogonal to RowA,
then x is certainly orthogonal to each row of A, and hence Ax D 0. This proves the first
statement of the theorem. Since this statement is true for any matrix, it is true for AT .
That is, the orthogonal complement of the row space of AT is the null space of AT . This
proves the second statement, because RowAT D ColA.

Angles in R� and R� �2Stional�
If u and v are nonzero vectors in eitherR2 orR3, then there is a nice connection between
their inner product and the angle # between the two line segments from the origin to the
points identified with u and v. The formula is

u!v D kuk kvk cos# (2)

To verify this formula for vectors in R2, consider the triangle shown in Figure 9, with
sides of lengths kuk, kvk, and ku # vk. By the law of cosines,

ku # vk2 D kuk2 C kvk2 # 2kuk kvk cos#

(u1, u2)

(v1, v2)

||u 2 v||

||v||

||u|| q

'*(63& � The angle between two vectors.
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which can be rearranged to produce

kuk kvk cos# D 1

2

%
kuk2 C kvk2 # ku # vk2

&

D 1

2

%
u2

1 C u2
2 C v2

1 C v2
2 # .u1 # v1/2 # .u2 # v2/2

&

D u1v1 C u2v2

D u!v

The verification for R3 is similar. When n > 3, formula (2) may be used to deıne the
angle between two vectors in Rn. In statistics, for instance, the value of cos# defined
by (2) for suitable vectors u and v is what statisticians call a correlation coeĴcient.

Practice Problems

1� Let a D
!
#2

1

"
and b D

!
#3

1

"
. Compute

a!b
a!a and

'
a!b
a!a

(
a.

2� Let c D

2
4

4=3
#1
2=3

3
5 and d D

2
4

5
6
#1

3
5.

a. Find a unit vector u in the direction of c.
b. Show that d is orthogonal to c.
c. Use the results of (a) and (b) to explain why d must be orthogonal to the unit

vector u.
3� Let W be a subspace of Rn. Exercise 38 establishes that W ? is also a subspace of

Rn. Prove that dim WC dim W ? D n.

��� (xercises
Compute the quantities in Exercises 1–8 using the vectors

u D
!
#1

2

"
, v D

!
2
3

"
, Z D

2
4

3
#1
#5

3
5, x D

2
4

6
#2

3

3
5

1� u!u, v!u, and v!u
u!u 2� Z!Z, x!Z, and x!Z

Z!Z

3�
1

Z!ZZ 4�
1

u!uu

5�
)u!v
v!v

*
v 6�

)x "Z
x " x

*
x

7� kZk 8� kxk

In Exercises 9–12, find a unit vector in the direction of the given
vector.

9�
!
#30

40

"
10�

2
4

3
6
#3

3
5

11�

2
4

2=9
1=3
1

3
5 12�

!
8=3
1

"

13� Find the distance between x D
!

10
#3

"
and y D

!
#1
#5

"
.

14� Find the distance between u D

2
4

0
#1

3

3
5 and ] D

2
4
#7
#5

7

3
5.

Determine which pairs of vectors in Exercises 15–18 are
orthogonal.

15� a D
!

8
#5

"
, b D

!
#2
#3

"
16� x D

2
4

4
#2

5

3
5, y D

2
4

11
#1
#9

3
5

17� u D

2
664

3
2
#5

0

3
775, v D

2
664
#4

1
#2

6

3
775 18� Z D

2
664

3
#6

7
8

3
775, ] D

2
664
#9

6
17
#7

3
775

In Exercises 19–28, all vectors are in Rn. Mark each statement
True or False �T�)�. Justify each answer.

19� �T�)� v " v D kvk2.

20� �T�)� u " v # v " u D 0.
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21� �T�)� If the distance from u to v equals the distance from u
to #v, then u and v are orthogonal.

22� �T�)� If kuk2 C kvk2 D kuC vk2, then u and v are
orthogonal.

23� �T�)� If vectors v1; : : : ; vp span a subspace W and if x is
orthogonal to each vj for j D 1; : : : ; p, then x is in W ?.

24� �T�)� If x is orthogonal to every vector in a subspace W then
x is in W ?.

25� �T�)� For any scalar c; kcvk D ckvk.
26� �T�)� For any scalar c; u " .cv/ D c.u " v/.

27� �T�)� For a square matrix A, vectors in Col A are orthogonal
to vectors in Nul A.

28� �T�)� For an m ! n matrix A, vectors in the null space of A
are orthogonal to vectors in the row space of A.

29� Use the transpose definition of the inner product to verify
parts (b) and (c) of Theorem 1. Mention the appropriate facts
from Chapter 2.

30� Let u D .u1; u2; u3/. Explain why u!u $ 0. When is
u!u D 0"

31� Let u D

2
4

3
#4
#1

3
5 and v D

2
4
#8
#7

4

3
5. Compute and compare

u!v, kuk2, kvk2, and kuC vk2. Do not use the Pythagorean
Theorem.

32� Verify the parallelogram law for vectors u and v in Rn:

kuC vk2 C ku # vk2 D 2kuk2 C 2kvk2

33� Let v D
!

a
b

"
. Describe the set H of vectors

!
x
y

"
that are

orthogonal to v. >Hint: Consider v D 0 and v ¤ 0.@

34� Let u D

2
4

5
#6

7

3
5, and let W be the set of all x in R3 such that

u!x D 0. What theorem in Chapter 4 can be used to show that
W is a subspace of R3" Describe W in geometric language.

35� Suppose a vector y is orthogonal to vectors u and v. Show
that y is orthogonal to the vector uC v.

36� Suppose y is orthogonal to u and v. Show that y is orthogonal
to everyZ in Span fu; vg. >Hint:An arbitraryZ in Span fu; vg
has the form Z D c1uC c2v. Show that y is orthogonal to
such a vector Z.@

w

0

yv

u

Span{u, v}

37� Let W D Span fv1; : : : ; vpg. Show that if x is orthogonal to
each vj , for 1 % j % p, then x is orthogonal to every vector
in W .

38� Let W be a subspace of Rn, and let W ? be the set of all
vectors orthogonal to W . Show that W ? is a subspace of Rn

using the following steps.
a. Take ] inW ?, and let u represent any element ofW . Then

]!u D 0. Take any scalar c and show that c] is orthogonal
to u. (Since u was an arbitrary element of W , this will
show that c] is in W ?.)

b. Take ]1 and ]2 in W ?, and let u be any element of
W . Show that ]1 C ]2 is orthogonal to u. What can you
conclude about ]1 C ]2" Why"

c. Finish the proof that W ? is a subspace of Rn.

39� Show that if x is in both W and W ?, then x D 0.

T 40� Construct a pair u, v of random vectors in R4, and let

A D

2
664

:5 :5 :5 :5
:5 :5 #:5 #:5
:5 #:5 :5 #:5
:5 #:5 #:5 :5

3
775

a. Denote the columns of A by a1; : : : ; a4. Compute
the length of each column, and compute a1 !a2,
a1 !a3; a1 !a4; a2 !a3; a2 !a4, and a3 !a4.

b. Compute and compare the lengths of u, Au, v, and Av.

c. Use equation (2) in this section to compute the cosine of
the angle between u and v. Compare this with the cosine
of the angle between Au and Av.

d. Repeat parts (b) and (c) for two other pairs of random
vectors. What do you conjecture about the effect of A on
vectors"

T 41� Generate random vectors x, y, and v inR4 with integer entries
(and v ¤ 0), and compute the quantities

)x!v
v!v

*
v;
)y!v
v!v

*
v;

.xC y/!v
v!v v;

.10x/!v
v!v v

Repeat the computations with new random vectors x and y.
What do you conjecture about the mapping x 7! T .x/ D)x!v
v!v

*
v (for v ¤ 0)" Verify your conjecture algebraically.

T 42� Let A D

2
66664

#6 3 #27 #33 #13
6 #5 25 28 14
8 #6 34 38 18

12 #10 50 41 23
14 #21 49 29 33

3
77775
. Construct a

matrix N whose columns form a basis for NulA, and con-
struct a matrix R whose rows form a basis for RowA (see
Section 4.6 for details). Perform a matrix computation with
N and R that illustrates a fact from Theorem 3.
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Solutions to Practice Problems

1� a!b D 7, a!a D 5. Hence
a!b
a!a D

7

5
, and

'
a!b
a!a

(
a D 7

5
a D

!
#14=5

7=5

"
.

2� a. Scale c, multiplying by 3 to get y D

2
4

4
#3

2

3
5. Compute kyk2 D 29

and kyk D
p

29. The unit vector in the direction of both c and y is

u D 1

kyky D

2
4

4=
p

29

#3=
p

29

2=
p

29

3
5.

b. d is orthogonal to c, because

d!c D

2
4

5
6
#1

3
5!

2
4

4=3
#1
2=3

3
5 D 20

3
# 6 # 2

3
D 0

c. d is orthogonal to u, because u has the form kc for some k, and

d!u D d! .kc/ D k.d!c/ D k.0/ D 0

3� IfW ¤ f0g, let fb1; : : : ; bpg be a basis forW , where 1 % p % n. LetA be thep ! n
matrix having rows bT

1 ; : : : ; bT
p . It follows that W is the row space of A. Theorem

3 implies that W ? D (Row A/? D Nul A and hence dim W ? D dim Nul A. Thus,
dimW C dimW ? D dim RowAC dim Nul A D rankAC dim Nul A D n, by the
Rank Theorem. If W D f0g, then W ? D Rn, and the result follows.

��� 2rthogonal 6ets
A set of vectors fu1; : : : ; upg inRn is said to be an orthogonal set if each pair of distinct
vectors from the set is orthogonal, that is, if ui !uj D 0 whenever i ¤ j .

(;A0P/( � Show that fu1; u2; u3g is an orthogonal set, where

u1 D

2
4

3
1
1

3
5; u2 D

2
4
#1

2
1

3
5; u3 D

2
4
#1=2
#2
7=2

3
5

62/8T,2N Consider the three possible pairs of distinct vectors, namely fu1; u2g,
fu1; u3g, and fu2; u3g.

u1 !u2 D 3.#1/C 1.2/C 1.1/ D 0

u1 !u3 D 3
#
# 1

2

$
C 1.#2/C 1

#
7
2

$
D 0

u2 !u3 D #1
#
# 1

2

$
C 2.#2/C 1

#
7
2

$
D 0

Each pair of distinct vectors is orthogonal, and so fu1; u2; u3g is an orthogonal set. See
Figure 1; the three line segments are mutually perpendicular.

u1

u2

u3

x2

x1

x3

'*(63& 1

THEOREM 4 If S D fu1; : : : ; upg is an orthogonal set of nonzero vectors in Rn, then S is
linearly independent and hence is a basis for the subspace spanned by S .
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PROOF If 0 D c1u1 C " " "C cpup for some scalars c1; : : : ; cp , then

0 D 0!u1 D .c1u1 C c2u2 C " " "C cpup/!u1

D .c1u1/!u1 C .c2u2/!u1 C " " "C .cpup/!u1

D c1.u1 ! u1/C c2.u2 ! u1/C " " "C cp.up ! u1/

D c1.u1 ! u1/

because u1 is orthogonal to u2; : : : ; up . Since u1 is nonzero, u1 !u1 is not zero and so
c1 D 0. Similarly, c2; : : : ; cp must be zero. Thus S is linearly independent.

DEFINITION An orthogonal basis for a subspace W of Rn is a basis for W that is also an
orthogonal set.

The next theorem suggests why an orthogonal basis is much nicer than other bases.
The weights in a linear combination can be computed easily.

THEOREM 5 Let fu1; : : : ; upg be an orthogonal basis for a subspace W of Rn. For each y in W ,
the weights in the linear combination

y D c1u1 C " " "C cpup

are given by

cj D
y!uj

uj ! uj
.j D 1; : : : ; p/

PROOF As in the preceding proof, the orthogonality of fu1; : : : ; upg shows that
y!u1 D .c1u1 C c2u2 C " " "C cpup/!u1 D c1.u1 ! u1/

Since u1 !u1 is not zero, the equation above can be solved for c1. To find cj for j D
2; : : : ; p, compute y!uj and solve for cj .

(;A0P/( � The set S D fu1; u2; u3g in Example 1 is an orthogonal basis for R3.

Express the vector y D

2
4

6
1
#8

3
5 as a linear combination of the vectors in S .

62/8T,2N Compute

y!u1 D 11; y!u2 D #12; y!u3 D #33

u1 ! u1 D 11; u2 ! u2 D 6; u3 ! u3 D 33=2

By Theorem 5,

y D y!u1

u1 ! u1
u1 C

y!u2

u2 ! u2
u2 C

y!u3

u3 ! u3
u3

D 11

11
u1 C

#12

6
u2 C

#33

33=2
u3

D u1 # 2u2 # 2u3

Notice how easy it is to compute the weights needed to build y from an orthogonal
basis. If the basis were not orthogonal, it would be necessary to solve a system of linear
equations in order to find the weights, as in Chapter 1.

We turn next to a construction that will become a key step in many calculations
involving orthogonality, and it will lead to a geometric interpretation of Theorem 5.
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An 2rthogonal ProMection
Given a nonzero vector u in Rn, consider the problem of decomposing a vector y in Rn

into the sum of two vectors, one a multiple of u and the other orthogonal to u. We wish
to write

y D OyC ] (1)

where Oy D ˛u for some scalar ˛ and ] is some vector orthogonal to u. See Figure 2.
Given any scalar ˛, let ] D y # ˛u, so that (1) is satisfied. Then y # Oy is orthogonal to
u if and only if

0 D .y # ˛u/!u D y!u # .˛u/!u D y!u # ˛.u!u/

y

ˆz 5 y 2 y

ŷ 5 projW y

0

W

'*(63& 2

Finding ˛ to make y # Oy
orthogonal to u.

That is, (1) is satisfied with ] orthogonal to u if and only if ˛ D y!u
u!u and Oy D y!u

u!uu.
The vector Oy is called the orthogonal proMection oI y onto u, and the vector ] is called
the component oI y orthogonal to u.

If c is any nonzero scalar and if u is replaced by cu in the definition of Oy, then the
orthogonal projection of y onto cu is exactly the same as the orthogonal projection of
y onto u (Exercise 39). Hence this projection is determined by the subspace L spanned
by u (the line through u and 0). Sometimes Oy is denoted by projL y and is called the
orthogonal proMection oI y onto L. That is,

Oy D projL y D
y!u
u!uu (2)

(;A0P/( � Let y D
!

7
6

"
and u D

!
4
2

"
. Find the orthogonal projection of y onto

u. Then write y as the sum of two orthogonal vectors, one in Span fug and one orthogonal
to u.

62/8T,2N Compute

y!u D
!

7
6

"
!
!

4
2

"
D 40

u!u D
!

4
2

"
!
!

4
2

"
D 20

The orthogonal projection of y onto u is

Oy D y!u
u!uu D

40

20
u D 2

!
4
2

"
D
!

8
4

"

and the component of y orthogonal to u is

y # Oy D
!

7
6

"
#
!

8
4

"
D
!
#1

2

"

The sum of these two vectors is y. That is,!
7
6

"

"
y

D
!

8
4

"

"
Oy

C
!
#1

2

"

"
.y # Oy/

This decomposition of y is illustrated in Figure 3. Note: If the calculations above are
correct, then fOy; y # Oyg will be an orthogonal set. As a check, compute

Oy!.y # Oy/ D
!

8
4

"
!
!
#1

2

"
D #8C 8 D 0
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x1

x2
y

u

ŷ

L 5 Span{u}

3

1 8

6

yy 2 ˆ

'*(63& 3 The orthogonal projection of y onto a
line L through the origin.

Since the line segment in Figure 3 between y and Oy is perpendicular to L, by con-
struction of Oy, the point identified with Oy is the closest point ofL to y. (This can be proved
from geometry. We will assume this for R2 now and prove it for Rn in Section 6.3.)

(;A0P/( � Find the distance in Figure 3 from y to L.

62/8T,2N The distance from y to L is the length of the perpendicular line segment
from y to the orthogonal projection Oy. This length equals the length of y # Oy. Thus the
distance is

ky # Oyk D
p

.#1/2 C 22 D
p

5

A Geometric ,nterSretation of Theorem �
The formula for the orthogonal projection Oy in (2) has the same appearance as each of the
terms in Theorem 5. Thus Theorem 5 decomposes a vector y into a sum of orthogonal
projections onto one-dimensional subspaces.

It is easy to visualize the case in which W D R2 D Span fu1; u2g, with u1 and u2

orthogonal. Any y in R2 can be written in the form

y D y!u1

u1 ! u1
u1 C

y!u2

u2 ! u2
u2 (3)

The first term in (3) is the projection of y onto the subspace spanned by u1 (the line
through u1 and the origin), and the second term is the projection of y onto the subspace
spanned by u2. Thus (3) expresses y as the sum of its projections onto the (orthogonal)
axes determined by u1 and u2. See Figure 4.

0

y

u1

u2

ŷ2 5 projection of y onto u2

ŷ1 5 projection of y onto u1

'*(63& 4 A vector decomposed into the
sum of two projections.
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Theorem 5 decomposes each y in Span fu1; : : : ; upg into the sum of p projections
onto one-dimensional subspaces that are mutually orthogonal.

DecomSosing a Force into &omSonent Forces
The decomposition in Figure 4 can occur in physics when some sort of force is applied to
an object. Choosing an appropriate coordinate system allows the force to be represented
by a vector y in R2 or R3. Often the problem involves some particular direction of
interest, which is represented by another vector u. For instance, if the object is moving
in a straight line when the force is applied, the vector u might point in the direction of
movement, as in Figure 5. A key step in the problem is to decompose the force into
a component in the direction of u and a component orthogonal to u. The calculations
would be analogous to those previously made in Example 3.

u

y

'*(63& 5

2rthonormal 6ets
A set fu1; : : : ; upg is an orthonormal set if it is an orthogonal set of unit vectors. If W
is the subspace spanned by such a set, then fu1; : : : ; upg is an orthonormal basis for
W , since the set is automatically linearly independent, by Theorem 4.

The simplest example of an orthonormal set is the standard basis fe1; : : : ; eng forRn.
Any nonempty subset of fe1; : : : ; eng is orthonormal, too. Here is a more complicated
example.

(;A0P/( � Show that fv1; v2; v3g is an orthonormal basis of R3, where

v1 D

2
64

3=
p

11

1=
p

11

1=
p

11

3
75; v2 D

2
64
#1=
p

6

2=
p

6

1=
p

6

3
75; v3 D

2
64
#1=
p

66

#4=
p

66

7=
p

66

3
75

62/8T,2N Compute

v1 !v2 D #3=
p

66C 2=
p

66C 1=
p

66 D 0

v1 !v3 D #3=
p

726 # 4=
p

726C 7=
p

726 D 0

v2 !v3 D 1=
p

396 # 8=
p

396C 7=
p

396 D 0

Thus fv1; v2; v3g is an orthogonal set. Also,
v1 !v1 D 9=11C 1=11C 1=11 D 1

v2 !v2 D 1=6C 4=6C 1=6 D 1

v3 !v3 D 1=66C 16=66C 49=66 D 1

which shows that v1, v2, and v3 are unit vectors. Thus fv1; v2; v3g is an orthonormal set.
Since the set is linearly independent, its three vectors form a basis for R3. See Figure 6.

v3

v2

x1

v1

x3

x2

'*(63& 6
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When the vectors in an orthogonal set of nonzero vectors are normalized to have
unit length, the new vectors will still be orthogonal, and hence the new set will be
an orthonormal set. See Exercise 40. It is easy to check that the vectors in Figure 6
(Example 5) are simply the unit vectors in the directions of the vectors in Figure 1
(Example 1).

Matrices whose columns form an orthonormal set are important in applications
and in computer algorithms for matrix computations. Their main properties are given
in Theorems 6 and 7.

THEOREM 6 An m ! n matrix U has orthonormal columns if and only if U TU D I .

PROOF To simplify notation, we suppose that U has only three columns, each a vector
inRm. The proof of the general case is essentially the same. LetU D Œ u1 u2 u3 ! and
compute

U TU D

2
64
uT

1

uT
2

uT
3

3
75%u1 u2 u3

&
D

2
64
uT

1 u1 uT
1 u2 uT

1 u3

uT
2 u1 uT

2 u2 uT
2 u3

uT
3 u1 uT

3 u2 uT
3 u3

3
75 (4)

The entries in the matrix at the right are inner products, using transpose notation. The
columns of U are orthogonal if and only if

uT
1 u2 D uT

2 u1 D 0; uT
1 u3 D uT

3 u1 D 0; uT
2 u3 D uT

3 u2 D 0 (5)

The columns of U all have unit length if and only if

uT
1 u1 D 1; uT

2 u2 D 1; uT
3 u3 D 1 (6)

The theorem follows immediately from (4)–(6).

THEOREM 7 Let U be an m ! n matrix with orthonormal columns, and let x and y be in Rn.
Then

a. kU xk D kxk
b. .U x/!.U y/ D x!y
c. .U x/! .U y/ D 0 if and only if x!y D 0

Properties (a) and (c) say that the linear mapping x 7! U x preserves lengths and or-
thogonality. These properties are crucial for many computer algorithms. See Exercise 33
for the proof of Theorem 7.

(;A0P/( � Let U D

2
64

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
75 and x D

!p
2
3

"
. Notice that U has or-

thonormal columns and

U TU D
!

1=
p

2 1=
p

2 0
2=3 #2=3 1=3

"2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5 D

!
1 0
0 1

"

Verify that kU xk D kxk.
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62/8T,2N

U x D

2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5
!p

2
3

"
D

2
4

3
#1

1

3
5

kU xk D
p

9C 1C 1 D
p

11

kxk D
p

2C 9 D
p

11

Theorems 6 and 7 are particularly useful when applied to square matrices. An
orthogonal matrix is a square invertible matrix U such that U!1 D U T . By Theo-
rem 6, such a matrix has orthonormal columns.1 It is easy to see that any square matrix
with orthonormal columns is an orthogonal matrix. Surprisingly, such a matrix must
have orthonormal rows, too. See Exercises 35 and 36. Orthogonal matrices will appear
frequently in Chapter 7.

(;A0P/( � The matrix

U D

2
64

3=
p

11 #1=
p

6 #1=
p

66

1=
p

11 2=
p

6 #4=
p

66

1=
p

11 1=
p

6 7=
p

66

3
75

is an orthogonal matrix because it is square and because its columns are orthonormal,
by Example 5. Verify that the rows are orthonormal, too!

Practice Problems

1� Let u1 D
!
#1=
p

5

2=
p

5

"
and u2 D

!
2=
p

5

1=
p

5

"
. Show that fu1; u2g is an orthonormal

basis for R2.

2� Let y and L be as in Example 3 and Figure 3. Compute the orthogonal projection Oy
of y onto L using u D

!
2
1

"
instead of the u in Example 3.

3� Let U and x be as in Example 6, and let y D
!
#3
p

2
6

"
. Verify that U x!U y D x!y.

4� Let U be an n ! n matrix with orthonormal columns. Show that det U D Ƅ1.

��� (xercises
In Exercises 1–6, determine which sets of vectors are orthogonal.

1�

2
4
#1

4
#3

3
5,
2
4

5
2
1

3
5,
2
4

3
#4
#7

3
5 2�

2
4

1
#2

1

3
5,
2
4

0
1
2

3
5,
2
4
#5
#2

1

3
5

3�

2
4

2
#7
#1

3
5,
2
4
#6
#3

9

3
5,
2
4

3
1
#1

3
5 4�

2
4

2
#5
#3

3
5,
2
4

0
0
0

3
5,
2
4

4
2
6

3
5

5�

2
664

3
#2

1
3

3
775,

2
664
#1

3
#3

4

3
775,

2
664

3
8
7
0

3
775 6�

2
664

5
#4

0
3

3
775,

2
664
#4

1
#3

8

3
775,

2
664

3
3
5
#1

3
775

In Exercises 7–10, show that fu1; u2g or fu1; u2; u3g is an orthog-
onal basis for R2 or R3, respectively. Then express x as a linear
combination of the u’s.

7� u1 D
!

2
#3

"
, u2 D

!
6
4

"
, and x D

!
9
#7

"

1A better name might be orthonormal matrix, and this term is found in some statistics texts. However,
orthogonal matrix is the standard term in linear algebra.
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8� u1 D
!

3
1

"
, u2 D

!
#2

6

"
, and x D

!
#4

3

"

9� u1 D

2
4

1
0
#1

3
5, u2 D

2
4

1
#4

1

3
5, u3 D

2
4

4
2
4

3
5, and x D

2
4

6
4
#2

3
5

10� u1 D

2
4

4
#4

0

3
5, u2 D

2
4

2
2
#1

3
5, u3 D

2
4

1
1
4

3
5, and x D

2
4

3
#4

7

3
5

11� Compute the orthogonal projection of
!

1
7

"
onto the line

through
!
#4

2

"
and the origin.

12� Compute the orthogonal projection of
!
#3

4

"
onto the line

through
!

1
#3

"
and the origin.

13� Let y D
!

2
3

"
and u D

!
4
#7

"
. Write y as the sum of two

orthogonal vectors, one in Span fug and one orthogonal to u.

14� Let y D
!

2
6

"
and u D

!
6
1

"
. Write y as the sum of a vector

in Span fug and a vector orthogonal to u.

15� Let y D
!

3
1

"
and u D

!
8
6

"
. Compute the distance from y to

the line through u and the origin.

16� Let y D
!
#1

7

"
and u D

!
1
3

"
. Compute the distance from y

to the line through u and the origin.

In Exercises 17–22, determine which sets of vectors are orthonor-
mal. If a set is only orthogonal, normalize the vectors to produce
an orthonormal set.

17�

2
4

1=3
1=3
1=3

3
5,
2
4
#1=2

0
1=2

3
5 18�

2
4

0
0
1

3
5,
2
4

0
#1

0

3
5

19�
!
#:6

:8

"
,
!

:8
:6

"
20�

2
4

4=3
7=3
4=3

3
5,
2
4

7=3
#4=3

0

3
5

21�

2
4

1=
p

10

3=
p

20

3=
p

20

3
5,
2
4

3=
p

10

#1=
p

20

#1=
p

20

3
5,
2
4

0

#1=
p

2

1=
p

2

3
5

22�

2
4

1=
p

18

4=
p

18

1=
p

18

3
5,
2
4

1=
p

2
0

#1=
p

2

3
5,
2
4
#2=3

1=3
#2=3

3
5

In Exercises 23–32, all vectors are in Rn. Mark each statement
True or False �T�)�. Justify each answer.

23� �T�)� Not every linearly independent set in Rn is an orthog-
onal set.

24� �T�)� Not every orthogonal set in Rn is linearly independent.

25� �T�)� If y is a linear combination of nonzero vectors from an
orthogonal set, then the weights in the linear combination can
be computed without row operations on a matrix.

26� �T�)� If a set S D fu1; : : : ; upg has the property that
ui " uj D 0 whenever i ¤ j , then S is an orthonormal set.

27� �T�)� If the vectors in an orthogonal set of nonzero vectors
are normalized, then some of the new vectors may not be
orthogonal.

28� �T�)� If the columns of an m ! n matrix A are orthonormal,
then the linear mapping x 7! Ax preserves lengths.

29� �T�)� A matrix with orthonormal columns is an orthogonal
matrix.

30� �T�)� The orthogonal projection of y onto v is the same as the
orthogonal projection of y onto cv whenever c ¤ 0.

31� �T�)� If L is a line through 0 and if Oy is the orthogonal
projection of y onto L, then kOyk gives the distance from y
to L.

32� �T�)� An orthogonal matrix is invertible.

33� Prove Theorem 7. >Hint: For (a), compute kU xk2, or prove
(b) first.@

34� Suppose W is a subspace of Rn spanned by n nonzero
orthogonal vectors. Explain why W D Rn.

35� Let U be a square matrix with orthonormal columns. Explain
why U is invertible. (Mention the theorems you use.)

36� Let U be an n ! n orthogonal matrix. Show that the rows of
U form an orthonormal basis of Rn.

37� Let U and V be n ! n orthogonal matrices. Explain why
UV is an orthogonal matrix. >That is, explain why UV is
invertible and its inverse is .UV /T .@

38� Let U be an orthogonal matrix, and construct V by inter-
changing some of the columns of U . Explain why V is an
orthogonal matrix.

39� Show that the orthogonal projection of a vector y onto a lineL
through the origin in R2 does not depend on the choice of the
nonzero u in L used in the formula for Oy. To do this, suppose
y and u are given and Oy has been computed by formula (2) in
this section. Replace u in that formula by cu, where c is an
unspecified nonzero scalar. Show that the new formula gives
the same Oy.

40� Let fv1; v2g be an orthogonal set of nonzero vectors, and let
c1, c2 be any nonzero scalars. Show that fc1v1; c2v2g is also
an orthogonal set. Since orthogonality of a set is defined in
terms of pairs of vectors, this shows that if the vectors in
an orthogonal set are normalized, the new set will still be
orthogonal.
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41� Given u ¤ 0 inRn, letL D Span fug. Show that the mapping
x 7! projL x is a linear transformation.

42� Given u ¤ 0 in Rn, let L D Span fug. For y in Rn, the
reĲection oI y in L is the point reflL y defined by

reflL y D 2 projL y # y

See the figure, which shows that reflL y is the sum of
Oy D projL y and Oy # y. Show that the mapping y 7! reflL y
is a linear transformation.

x1

x2 y

u

ŷ

L 5 Span{u}

yy 2 ˆ ref lL y

yy 2ˆ

The reflection of y in a line through the origin.

T 43� Show that the columns of the matrix A are orthogonal by
making an appropriate matrix calculation. State the calcula-
tion you use.

A D

2
66666666664

#6 #3 6 1
#1 2 1 #6

3 6 3 #2
6 #3 6 #1
2 #1 2 3
#3 6 3 2
#2 #1 2 #3

1 2 1 6

3
77777777775

T 44� In parts (a)–(d), let U be the matrix formed by normalizing
each column of the matrix A in Exercise 43.
a. Compute U TU and U U T . How do they differ"

b. Generate a random vector y in R8, and compute
p D U U Ty and ] D y # p. Explain why p is in ColA.
Verify that ] is orthogonal to p.

c. Verify that ] is orthogonal to each column of U .

d. Notice that y D pC ], with p in ColA. Explain why ] is
in .ColA/?. (The significance of this decomposition of y
will be explained in the next section.)

Solutions to Practice Problems

1� The vectors are orthogonal because

u1 ! u2 D #2=5C 2=5 D 0

They are unit vectors because

ku1k2 D .#1=
p

5/2 C .2=
p

5/2 D 1=5C 4=5 D 1

ku2k2 D .2=
p

5/2 C .1=
p

5/2 D 4=5C 1=5 D 1

In particular, the set fu1; u2g is linearly independent, and hence is a basis for R2

since there are two vectors in the set.

2� When y D
!

7
6

"
and u D

!
2
1

"
,

Oy D y!u
u!uu D

20

5

!
2
1

"
D 4

!
2
1

"
D
!

8
4

"

This is the same Oy found in Example 3. The orthogonal projection does not depend
on the u chosen on the line. See Exercise 39.

3� U y D

2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5
!
#3
p

2
6

"
D

2
4

1
#7

2

3
5

Also, from Example 6, x D
!p

2
3

"
and U x D

2
4

3
#1

1

3
5. Hence

U x!U y D 3C 7C 2 D 12; and x!y D #6C 18 D 12
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4� Since U is an n ! n matrix with orthonormal columns, by Theorem 6, U T U D I .STUDY GUIDE offers additional
resources for mastering the
concepts around an orthogonal
basis.

Taking the determinant of the left side of this equation, and applying Theorems 5
and 6 from Section 3.2 results in detU T U D .detU T /.detU / D .detU /.detU / D
.detU /2. Recall det I D 1. Putting the two sides of the equation back together
results in (det U )2 D 1 and hence det U D Ƅ1.

��� 2rthogonal ProMections
The orthogonal projection of a point inR2 onto a line through the origin has an important
analogue in Rn. Given a vector y and a subspace W in Rn, there is a vector Oy in W such
that (1) Oy is the unique vector in W for which y # Oy is orthogonal to W , and (2) Oy is the
unique vector in W closest to y. See Figure 1. These two properties of Oy provide the key
to finding least-squares solutions of linear systems.

To prepare for the first theorem, observe that whenever a vector y is written as a
linear combination of vectors u1; : : : ; un inRn, the terms in the sum for y can be grouped
into two parts so that y can be written as

y D ]1 C ]2

where ]1 is a linear combination of some of the ui and ]2 is a linear combination of
the rest of the ui . This idea is particularly useful when fu1; : : : ; ung is an orthogonal
basis. Recall from Section 6.1 that W ? denotes the set of all vectors orthogonal to a

y

ŷ 5 projW y0

W

'*(63& 1
subspace W .

(;A0P/( � Let fu1; : : : ; u5g be an orthogonal basis for R5 and let

y D c1u1 C " " "C c5u5

Consider the subspace W D Span fu1; u2g, and write y as the sum of a vector ]1 in W
and a vector ]2 in W ?.

62/8T,2N Write

y D c1u1 C c2u2„ ƒ‚ …
]1

C c3u3 C c4u4 C c5u5„ ƒ‚ …
]2

]1 D c1u1 C c2u2 is in Span fu1; u2gwhere

]2 D c3u3 C c4u4 C c5u5 is in Span fu3; u4; u5g:and

To show that ]2 is in W ?, it suffices to show that ]2 is orthogonal to the vectors in the
basis fu1; u2g for W . (See Section 6.1.) Using properties of the inner product, compute

]2 !u1 D .c3u3 C c4u4 C c5u5/!u1

D c3u3 ! u1 C c4u4 ! u1 C c5u5 ! u1

D 0

because u1 is orthogonal to u3, u4, and u5. A similar calculation shows that ]2 !u2 D 0.
Thus ]2 is in W ?.

The next theorem shows that the decomposition y D ]1 C ]2 in Example 1 can be
computed without having an orthogonal basis for Rn. It is enough to have an orthogonal
basis only for W .
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THEOREM 8 The OrthoHonal Decomposition Theorem
LetW be a subspace ofRn. Then each y inRn can be written uniquely in the form

y D OyC ] (1)

where Oy is in W and ] is in W ?. In fact, if fu1; : : : ; upg is any orthogonal basis of
W , then

Oy D y!u1

u1 ! u1
u1 C " " "C

y!up

up ! up
up (2)

and ] D y # Oy.

The vector Oy in (2) is called the orthogonal proMection oI y onto W and often is
written as projW y. See Figure 2. When W is a one-dimensional subspace, the formula
for Oy matches the formula given in Section 6.2.

y

ˆz 5 y 2 y

ŷ 5 projW y

0

W

'*(63& 2 The orthogonal projection
of y onto W .

PROOF Let fu1; : : : ; upg be any orthogonal basis for W , and define Oy by (2).1 Then Oy
is in W because Oy is a linear combination of the basis u1; : : : ; up . Let ] D y # Oy. Since
u1 is orthogonal to u2; : : : ; up , it follows from (2) that

]!u1 D .y # Oy/!u1 D y!u1 #
'
y!u1

u1 ! u1

(
u1 ! u1 # 0 # " " " # 0

D y!u1 # y!u1 D 0

Thus ] is orthogonal to u1. Similarly, ] is orthogonal to each uj in the basis forW . Hence
] is orthogonal to every vector in W . That is, ] is in W ?.

To show that the decomposition in (1) is unique, suppose y can also be written as
y D Oy1 C ]1, with Oy1 in W and ]1 in W ?. Then OyC ] D Oy1 C ]1 (since both sides equal
y/, and so

Oy # Oy1 D ]1 # ]
This equality shows that the vector v D Oy # Oy1 is in W and in W ? (because ]1 and ]
are both in W ?, and W ? is a subspace). Hence v!v D 0, which shows that v D 0. This
proves that Oy D Oy1 and also ]1 D ].

The uniqueness of the decomposition (1) shows that the orthogonal projection Oy
depends only on W and not on the particular basis used in (2).

1We may assume that W is not the zero subspace, for otherwise W ? D Rn and (1) is simply y D 0C y.
The next section will show that any nonzero subspace of Rn has an orthogonal basis.
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(;A0P/( � Let u1 D

2
4

2
5
#1

3
5, u2 D

2
4
#2

1
1

3
5, and y D

2
4

1
2
3

3
5. Observe that fu1; u2g

is an orthogonal basis for W D Span fu1; u2g. Write y as the sum of a vector in W and
a vector orthogonal to W .

62/8T,2N The orthogonal projection of y onto W is

Oy D y!u1

u1 ! u1
u1 C

y!u2

u2 ! u2
u2

D 9

30

2
4

2
5
#1

3
5C 3

6

2
4
#2

1
1

3
5 D 9

30

2
4

2
5
#1

3
5C 15

30

2
4
#2

1
1

3
5 D

2
4
#2=5

2
1=5

3
5

Also

y # Oy D

2
4

1
2
3

3
5 #

2
4
#2=5

2
1=5

3
5 D

2
4

7=5
0

14=5

3
5

Theorem 8 ensures that y # Oy is in W ?. To check the calculations, however, it is a good
idea to verify that y # Oy is orthogonal to both u1 and u2 and hence to all of W . The
desired decomposition of y is

y D

2
4

1
2
3

3
5 D

2
4
#2=5

2
1=5

3
5C

2
4

7=5
0

14=5

3
5

A Geometric ,nterSretation of the 2rthogonal
ProMection
When W is a one-dimensional subspace, the formula (2) for projW y contains just one
term. Thus, when dimW > 1, each term in (2) is itself an orthogonal projection of y
onto a one-dimensional subspace spanned by one of the u’s in the basis for W . Figure 3
illustrates this whenW is a subspace ofR3 spanned by u1 and u2. Here Oy1 and Oy2 denote
the projections of y onto the lines spanned by u1 and u2, respectively. The orthogonal
projection Oy of y onto W is the sum of the projections of y onto one-dimensional sub-
spaces that are orthogonal to each other. The vector Oy in Figure 3 corresponds to the
vector y in Figure 4 of Section 6.2, because now it is Oy that is in W .

y2

x3 x2

0

ˆ

y 5 u1 1ˆ ˆ ˆ

y1 u1

u2

y . u1
u1 . u1

ˆ

––––– u2 5 y1 1 y2

y . u2
u2 . u2
–––––

x1

'*(63& 3 The orthogonal projection of y is the
sum of its projections onto one-dimensional
subspaces that are mutually orthogonal.
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ProSerties of 2rthogonal ProMections
If fu1; : : : ; upg is an orthogonal basis for W and if y happens to be in W , then the
formula for projW y is exactly the same as the representation of y given in Theorem 5 in
Section 6.2. In this case, projW y D y.

If y is in W D Span fu1; : : : ; upg, then projW y D y.

This fact also follows from the next theorem.

THEOREM 9 The Best Approximation Theorem
Let W be a subspace of Rn, let y be any vector in Rn, and let Oy be the orthogonal
projection of y onto W . Then Oy is the closest point in W to y, in the sense that

ky # Oyk < ky # vk (3)

for all v in W distinct from Oy.

The vector Oy in Theorem 9 is called the best approximation to y by elements oIW .
Later sections in the text will examine problems where a given y must be replaced, or
approximated, by a vector v in some fixed subspace W . The distance from y to v, given
by ky # vk, can be regarded as the “error” of using v in place of y. Theorem 9 says that
this error is minimized when v D Oy.

Inequality (3) leads to a new proof that Oy does not depend on the particular orthogo-
nal basis used to compute it. If a different orthogonal basis for W was used to construct
an orthogonal projection of y, then this projection would also be the closest point in W
to y, namely Oy.

PROOF Take v inW distinct from Oy. See Figure 4. Then Oy # v is inW . By the Orthogo-
nal Decomposition Theorem, y # Oy is orthogonal toW . In particular, y # Oy is orthogonal
to Oy # v (which is in W ). Since

y # v D .y # Oy/C .Oy # v/

the Pythagorean Theorem gives

ky # vk2 D ky # Oyk2 C kOy # vk2

(See the right triangle outlined in teal in Figure 4. The length of each side is labeled.)
Now kOy # vk2 > 0 because Oy # v ¤ 0, and so inequality (3) follows immediately.

y

v
|| ||y 2 vˆ

0
||y 2 y||ˆ

ŷ ||y 2 v||

W

'*(63& 4 The orthogonal projection
of y onto W is the closest point in W
to y.
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(;A0P/( � If u1 D

2
4

2
5
#1

3
5, u2 D

2
4
#2

1
1

3
5, y D

2
4

1
2
3

3
5, and W D Span fu1; u2g,

as in Example 2, then the closest point in W to y is

Oy D y!u1

u1 ! u1
u1 C

y!u2

u2 ! u2
u2 D

2
4
#2=5

2
1=5

3
5

(;A0P/( � The distance from a point y in Rn to a subspace W is defined as the
distance from y to the nearest point inW . Find the distance from y toW D Span fu1; u2g,
where

y D

2
4
#1
#5
10

3
5; u1 D

2
4

5
#2

1

3
5; u2 D

2
4

1
2
#1

3
5

62/8T,2N By the Best Approximation Theorem, the distance from y toW is ky # Oyk,
where Oy D projW y. Since fu1; u2g is an orthogonal basis for W ,

Oy D 15

30
u1 C

#21

6
u2 D

1

2

2
4

5
#2

1

3
5 # 7

2

2
4

1
2
#1

3
5 D

2
4
#1
#8

4

3
5

y # Oy D

2
4
#1
#5
10

3
5 #

2
4
#1
#8

4

3
5 D

2
4

0
3
6

3
5

ky # Oyk2 D 32 C 62 D 45

The distance from y to W is
p

45 D 3
p

5.

The final theorem in this section shows how formula (2) for projW y is simplified
when the basis for W is an orthonormal set.

THEOREM 10 If fu1; : : : ; upg is an orthonormal basis for a subspace W of Rn, then

projW y D .y!u1/u1 C .y!u2/u2 C " " "C .y!up/up (4)

If U D Œ u1 u2 " " " up !, then

projW y D U U Ty for all y in Rn (5)

PROOF Formula (4) follows immediately from (2) in Theorem 8. Also, (4) shows
that projW y is a linear combination of the columns of U using the weights y!u1,
y!u2; : : : ; y!up . The weights can be written as uT

1 y; uT
2 y; : : : ; uT

py, showing that they
are the entries in U Ty and justifying (5).

Suppose U is an n ! p matrix with orthonormal columns, and let W be the column
space of U . Then

U TU x D Ipx D x for all x in Rp Theorem 6

U U Ty D projW y for all y in Rn Theorem 10

If U is an n ! n (square) matrix with orthonormal columns, then U is an orthogonal
matrix, the column space W is all of Rn, and U U Ty D Iy D y for all y in Rn.
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Although formula (4) is important for theoretical purposes, in practice it usually
involves calculations with square roots of numbers (in the entries of the ui /. Formula (2)
is recommended for hand calculations.

Example 9 of Section 2.1 illustrates how matrix multiplication and transposition
are used to detect a specified pattern illustrated using blue and white squares. Now
that we have more experience working with bases for W and W ?, we are ready to
discuss how to set up the matrix M in Figure 6. Let Z be the vector generated from
a pattern of blue and white squares by turning each blue square into a 1 and each
white square into a 0, and then lining up each column below the column before it. See
Figure 5.

0 1 0

0 1 0

1 1 1

w 5

0

0

1

1

1

1

0

0

1

'*(63& 5 Creating a vector from colored squares.

Let W D span fZg. Choose a basis fv1; v2; : : : ; vn!1g for W ?. Create the matrix

B D

2
6664

v1
T

v2
T

:::
vn!1

T

3
7775. Notice Bu D 0 if and only if u is orthogonal to a set of basis vectors

for W ?, which happens if and only if u is in W. Set M D BT B . Then uT Mu D
uT BT Bu D .Bu/T Bu. By Theorem 1, .Bu/T Bu D 0 if and only ifBu D 0, and hence
uT Mu D 0 if and only if u 2 W. But there are only two vectors inW consisting of zeros
and ones: 1Z D Z and 0Z D 0. Thus we can conclude that if uT Mu D 0, but uT u ¤ 0,
then u D Z. See Figure 6.

(;A0P/( � Find a matrix M that can be used in Figure 6 to identify the perp
symbol.

62/8T,2N First change the symbol into a vector. Set Z D Œ0 0 1 1 1 1 0 0 1!T .
Next set W D span fZg and find a basis for W ?: solving xTZ D 0 creates the homoge-
neous system of equations:

x3 C x4 C x5 C x6 C x9 D 0

Treating x3 as the basic variable and the remaining variables as free variables we get
a basis for W ?. Transposing each vector in the basis and inserting it as a row of B
we get
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w 5

1
0
1
1
1
1
1
0
1

wTMw 5 2 and wTw 5 7

This pattern is not the perpendicular symbol since wTMw Þ 0.

w 5

0
0
1
1
1
1
0
0
1

wTMw 5 0 and wTw 5 5

This pattern is the perpendicular symbol since wTMw 5 0, but wTw Þ 0.

'*(63& 6 How AI detects the perp symbol.

B D

2
66666666664

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 #1 1 0 0 0 0 0
0 0 #1 0 1 0 0 0 0
0 0 #1 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 #1 0 0 0 0 0 1

3
77777777775

and M D BT B D

2
6666666666664

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 4 #1 #1 #1 0 0 #1
0 0 #1 1 0 0 0 0 0
0 0 #1 0 1 0 0 0 0
0 0 #1 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 #1 0 0 0 0 0 1

3
7777777777775

Notice ZT MZ D 0, but ZTZ ¤ 0.

Practice Problems

1� Let u1 D

2
4
#7

1
4

3
5, u2 D

2
4
#1

1
#2

3
5, y D

2
4
#9

1
6

3
5, andW D Span fu1; u2g. Use the fact

that u1 and u2 are orthogonal to compute projW y.
2� Let W be a subspace of Rn. Let x and y be vectors in Rn and let ] D xC y. If u is

the projection of x onto W and v is the projection of y onto W , show that uC v is
the projection of ] onto W .
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��� (xercises
In Exercises 1 and 2, you may assume that fu1; : : : ; u4g is an
orthogonal basis for R4.

1� u1 D

2
664

0
1
#4
#1

3
775, u2 D

2
664

3
5
1
1

3
775, u3 D

2
664

1
0
1
#4

3
775, u4 D

2
664

5
#3
#1

1

3
775,

x D

2
664

10
#8

2
0

3
775. Write x as the sum of two vectors, one in

Span fu1; u2; u3g and the other in Span fu4g.

2� u1 D

2
664

1
2
1
1

3
775, u2 D

2
664
#2

1
#1

1

3
775, u3 D

2
664

1
1
#2
#1

3
775, u4 D

2
664
#1

1
1
#2

3
775,

v D

2
664

4
5
#2

2

3
775. Write v as the sum of two vectors, one in

Span fu1g and the other in Span fu2; u3; u4g.

In Exercises 3–6, verify that fu1; u2g is an orthogonal set, and then
find the orthogonal projection of y onto Span fu1; u2g.

3� y D

2
4
#1

4
3

3
5, u1 D

2
4

1
1
0

3
5, u2 D

2
4
#1

1
0

3
5

4� y D

2
4

4
3
#2

3
5, u1 D

2
4

3
4
0

3
5, u2 D

2
4
#4

3
0

3
5

5� y D

2
4
#1

2
6

3
5, u1 D

2
4

3
#1

2

3
5, u2 D

2
4

1
#1
#2

3
5

6� y D

2
4
#1

5
3

3
5, u1 D

2
4

4
#1

1

3
5, u2 D

2
4

1
#1
#5

3
5

In Exercises 7–10, let W be the subspace spanned by the u’s, and
write y as the sum of a vector in W and a vector orthogonal to W .

7� y D

2
4

1
3
5

3
5, u1 D

2
4

1
3
#2

3
5, u2 D

2
4

5
1
4

3
5

8� y D

2
4
#1

6
4

3
5, u1 D

2
4

1
1
1

3
5, u2 D

2
4
#1

4
#3

3
5

9� y D

2
664

4
3
3
#1

3
775, u1 D

2
664

1
1
0
1

3
775, u2 D

2
664
#1

3
1
#2

3
775, u3 D

2
664
#1

0
1
1

3
775

10� y D

2
664

3
4
5
4

3
775, u1 D

2
664

1
1
0
#1

3
775, u2 D

2
664

1
0
1
1

3
775, u3 D

2
664

0
#1

1
#1

3
775

In Exercises 11 and 12, find the closest point to y in the subspace
W spanned by v1 and v2.

11� y D

2
664

3
1
5
1

3
775, v1 D

2
664

3
1
#1

1

3
775, v2 D

2
664

1
#1

1
#1

3
775

12� y D

2
664

4
3
4
7

3
775, v1 D

2
664

2
1
#2

1

3
775, v2 D

2
664

1
1
1
#1

3
775

In Exercises 13 and 14, find the best approximation to ] by vectors
of the form c1v1 C c2v2.

13� ] D

2
664

3
#7

2
3

3
775, v1 D

2
664

2
#1
#3

1

3
775, v2 D

2
664

1
1
0
#1

3
775

14� ] D

2
664

2
4
0
#1

3
775, v1 D

2
664

2
0
#1
#3

3
775, v2 D

2
664

5
#2

4
2

3
775

15� Let y D

2
4

5
#9

5

3
5, u1 D

2
4
#3
#5

1

3
5, u2 D

2
4
#3

2
1

3
5. Find the dis-

tance from y to the plane in R3 spanned by u1 and u2.

16� Let y, v1, and v2 be as in Exercise 12. Find the distance from
y to the subspace of R4 spanned by v1 and v2.

17� Let y D

2
4

4
8
1

3
5, u1 D

2
4

2=3
1=3
2=3

3
5, u2 D

2
4
#2=3

2=3
1=3

3
5, and

W D Span fu1; u2g.
a. Let U D Œ u1 u2 !. Compute U TU and U U T .

b. Compute projW y and .U U T /y.

18� Let y D
!

7
9

"
, u1 D

!
1=
p

10

#3=
p

10

"
, and W D Span fu1g.

a. Let U be the 2 ! 1 matrix whose only column is u1.
Compute U TU and U U T .

b. Compute projW y and .U U T /y.

19� Let u1 D

2
4

1
1
1

3
5, u2 D

2
4

1
#2

1

3
5, and u3 D

2
4

0
0
1

3
5. Note that

u1 and u2 are orthogonal but that u3 is not orthogonal to u1 or
u2. It can be shown that u3 is not in the subspace W spanned
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by u1 and u2. Use this fact to construct a nonzero vector v in
R3 that is orthogonal to u1 and u2.

20� Let u1 and u2 be as in Exercise 19, and let u3 D

2
4

1
0
0

3
5. It can

be shown that u4 is not in the subspace W spanned by u1 and
u2. Use this fact to construct a nonzero vector v in R3 that is
orthogonal to u1 and u2.

In Exercises 21–30, all vectors and subspaces are inRn. Mark each
statement True or False �T�)�. Justify each answer.

21� �T�)� If ] is orthogonal to u1 and to u2 and if W D
Span fu1; u2g, then ] must be in W ?.

22� �T�)� For each y and each subspaceW, the vector y # projW y
is orthogonal to W .

23� �T�)� The orthogonal projection Oy of y onto a subspace W
can sometimes depend on the orthogonal basis for W used to
compute Oy.

24� �T�)� If y is in a subspace W, then the orthogonal projection
of y onto W is y itself.

25� �T�)� The best approximation to y by elements of a subspace
W is given by the vector y # projW y.

26� �T�)� IfW is a subspace ofRn and if v is in bothW andW ?,
then v must be the zero vector.

27� �T�)� In the Orthogonal Decomposition Theorem, each term
in formula (2) for Oy is itself an orthogonal projection of y onto
a subspace of W.

28� �T�)� If y D ]1 C ]2, where ]1 is in a subspaceW and ]2 is in
W ?, then ]1 must be the orthogonal projection of y onto W.

29� �T�)� If the columns of an n ! p matrix U are orthonormal,
thenU U T y is the orthogonal projection of y onto the column

space of U .

30� �T�)� If an n ! p matrix U has orthonormal columns, then
U U T x D x for all x in Rn.

31� Let A be an m ! n matrix. Prove that every vector x in Rn

can be written in the form x D pC u, where p is in RowA
and u is in NulA. Also, show that if the equation Ax D b
is consistent, then there is a unique p in RowA such that
Ap D b.

32� Let W be a subspace of Rn with an orthogonal basis
fZ1; : : : ;Zpg, and let fv1; : : : ; vqg be an orthogonal basis for
W ?.
a. Explain why fZ1; : : : ;Zp; v1; : : : ; vqg is an orthogonal

set.

b. Explain why the set in part (a) spans Rn.

c. Show that dimW C dimW ? D n.

In Exercises 33–36, first change the given pattern into a vector Z
of zeros and ones and then use the method illustrated in Example
5 to find a matrix M so that ZT MZ D 0, but uT Mu ¤ 0 for all
other nonzero vectors u of zeros and ones.

33� 34�

35� 36�

T 37� Let U be the 8 ! 4 matrix in Exercise 43 in Section 6.2. Find
the closest point to y D .1; 1; 1; 1; 1; 1; 1; 1/ in ColU . Write
the keystrokes or commands you use to solve this problem.

T 38� Let U be the matrix in Exercise 37. Find the distance from
b D .1; 1; 1; 1;#1;#1;#1;#1/ to ColU .

Solution to Practice Problems

1� Compute

projW y D y!u1

u1 ! u1
u1 C

y!u2

u2 ! u2
u2 D

88

66
u1 C

#2

6
u2

D 4

3

2
4
#7

1
4

3
5 # 1

3

2
4
#1

1
#2

3
5 D

2
4
#9

1
6

3
5 D y

In this case, y happens to be a linear combination of u1 and u2, so y is in W . The
closest point in W to y is y itself.

2� Using Theorem 10, letU be amatrix whose columns consist of an orthonormal basis
for W . Then projW ]D U U T ]D U U T (xC y)D U U T xC U U T y D projW xC
projW y D uC v.
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Solutions to Practice Problems

1� First, compute

ATA D

2
4

1 1 1
#3 5 7
#3 1 2

3
5
2
4

1 #3 #3
1 5 1
1 7 2

3
5 D

2
4

3 9 0
9 83 28
0 28 14

3
5

AT b D

2
4

1 1 1
#3 5 7
#3 1 2

3
5
2
4

5
#3
#5

3
5 D

2
4
#3
#65
#28

3
5

Next, row reduce the augmented matrix for the normal equations, ATAx D AT b:
2
4

3 9 0 #3
9 83 28 #65
0 28 14 #28

3
5 &

2
4

1 3 0 #1
0 56 28 #56
0 28 14 #28

3
5 & " " " &

2
4

1 0 #3=2 2
0 1 1=2 #1
0 0 0 0

3
5

The general least-squares solution is x1 D 2C 3
2
x3, x2 D #1 # 1

2
x3, with x3 free.

For one specific solution, take x3 D 0 (for example), and get

Ox D

2
4

2
#1

0

3
5

To find the least-squares error, compute

Ob D AOx D

2
4

1 #3 #3
1 5 1
1 7 2

3
5
2
4

2
#1

0

3
5 D

2
4

5
#3
#5

3
5

It turns out that Ob D b, so kb # Obk D 0. The least-squares error is zero because b
happens to be in ColA.

2� If b is orthogonal to the columns of A, then the projection of b onto the column
space of A is 0. In this case, a least-squares solution Ox of Ax D b satisfies AOx D 0.

��� 0achine /earning and /inear 0odels

0achine /earning
Machine learning uses linear models in situations where the machine is being trained to
predict the outcome (dependent variables) based on the values of the inputs (independent
variables). Themachine is given a set of training datawhere the values of the independent
and dependent variables are known. The machine then learns the relationship between
the independent variables and the dependent variables. One type of learning is to fit a
curve, such as a least-squares line or parabola, to the data. Once the machine has learned
the pattern from the training data, it can then estimate the value of the output based on a
given value for the input.

Muntaser Safan
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/east�6Tuares /ines
A common task in science and engineering is to analyze and understand relationships
among several quantities that vary. This section describes a variety of situations in which
data are used to build or verify a formula that predicts the value of one variable as a
function of other variables. In each case, the problem will amount to solving a least-
squares problem.

For easy application of the discussion to real problems that you may encounter later
in your career, we choose notation that is commonly used in the statistical analysis of
scientific and engineering data. Instead of Ax D b, we write Xˇ D y and refer to X as
the design matrix, ˇ as the parameter vector, and y as the observation vector.

The simplest relation between two variables x and y is the linear equation
y D ˇ0 C ˇ1x.1 Experimental data often produce points .x1; y1/; : : : ; .xn; yn/ that,
when graphed, seem to lie close to a line. We want to determine the parameters ˇ0 and
ˇ1 that make the line as “close” to the points as possible.

Suppose ˇ0 and ˇ1 are fixed, and consider the line y D ˇ0 C ˇ1x in Figure 1.
Corresponding to each data point .xj ; yj / there is a point .xj ; ˇ0 C ˇ1xj / on the line
with the same x-coordinate. We call yj the observed value of y and ˇ0 C ˇ1xj the
predicted y-value (determined by the line). The difference between an observed y-value
and a predicted y-value is called a residual.

ResidualResidual
Point on line

Data pointy

xjx1 xn

x
y 5 b0 1 b1x

(xj, b0 1 b1xj)

(xj, yj)

'*(63& 1 Fitting a line to experimental data.

There are several ways to measure how “close” the line is to the data. The usual
choice (primarily because the mathematical calculations are simple) is to add the squares
of the residuals. The least-sTuares line is the line y D ˇ0 C ˇ1x that minimizes the
sum of the squares of the residuals. This line is also called a line oI regression oI y
on x, because any errors in the data are assumed to be only in the y-coordinates. The
coefficients ˇ0, ˇ1 of the line are called (linear) regression coeĴcients.2

If the data points were on the line, the parameters ˇ0 and ˇ1 would satisfy the
equations

Predicted 2bserved
y-value y-value

ˇ0 C ˇ1x1  y1

ˇ0 C ˇ1x2  y2

:::
:::

ˇ0 C ˇ1xn  yn

1 This notation is commonly used for least-squares lines instead of y D mxC b.
2 If the measurement errors are in x instead of y, simply interchange the coordinates of the data .xj ; yj /
before plotting the points and computing the regression line. If both coordinates are subject to possible error,
then you might choose the line that minimizes the sum of the squares of the orthogonal (perpendicular)
distances from the points to the line.
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We can write this system as

Xˇ D y; where X D

2
6664

1 x1

1 x2
:::

:::

1 xn

3
7775 ; ˇ D

!
ˇ0

ˇ1

"
; y D

2
6664

y1

y2
:::

yn

3
7775 (1)

Of course, if the data points don’t lie on a line, then there are no parameters ˇ0, ˇ1 for
which the predicted y-values in Xˇ equal the observed y-values in y, and Xˇ D y has
no solution. This is a least-squares problem, Ax D b, with different notation!

The square of the distance between the vectors Xˇ and y is precisely the sum of
the squares of the residuals. The ˇ that minimizes this sum also minimizes the distance
between Xˇ and y. Computing the least-squares solution of Xˇ D y is equivalent to
ınding the ˇ that determines the least-squares line in Figure 1.

(;A0P/( � Find the equation y D ˇ0 C ˇ1x of the least-squares line that best fits
the data points .2; 1/, .5; 2/, .7; 3/, and .8; 3/.

62/8T,2N Use the x-coordinates of the data to build the design matrix X in (1) and
the y-coordinates to build the observation vector y:

X D

2
664

1 2
1 5
1 7
1 8

3
775; y D

2
664

1
2
3
3

3
775

For the least-squares solution of Xˇ D y, obtain the normal equations (with the new
notation):

XTXˇ D XTy

That is, compute

XTX D
!

1 1 1 1
2 5 7 8

"
2
664

1 2
1 5
1 7
1 8

3
775 D

!
4 22

22 142

"

XTy D
!

1 1 1 1
2 5 7 8

"
2
664

1
2
3
3

3
775 D

!
9

57

"

The normal equations are
!

4 22
22 142

"!
ˇ0

ˇ1

"
D
!

9
57

"

Hence
!

ˇ0

ˇ1

"
D
!

4 22
22 142

"!1!
9

57

"
D 1

84

!
142 #22
#22 4

"!
9

57

"
D 1

84

!
24
30

"
D
!

2=7
5=14

"

Thus the least-squares line has the equation

y D 2

7
C 5

14
x

See Figure 2.
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2

4

y

x
8642 91 753

3

1

Data points
Least-squares line

'*(63& 2 The least-squares line y D 2
7
C 5

14
x.

(;A0P/( � If amachine learns the data fromExample 1 by creating a least-squares
line, what outcome will it predict for the inputs 4 and 6"

62/8T,2N The machine would perform the same calculations as in Example 1 to
arrive at the least-squares line

y D 2

7
C 5

14
x

as a reasonable pattern to use to predict the outcomes.

For the value x D 4, the machine will predict an output of y D 2

7
C 5

14
.4/ D 12

7
.

For the value x D 6, the machine will predict an output of y D 2

7
C 5

14
.6/ D 17

7
.

See Figure 3.

2

Learning data points
Input 6 Output 17

7

Learned line
Predicted point

Machine Learned Output

4

y

x
8642 91 753

3

1

'*(63& 3 Machine-learned output.

A common practice before computing a least-squares line is to compute the average
x of the original x-values and form a new variable x" D x # x. The new x-data are said
to be in mean-deviation Iorm. In this case, the two columns of the design matrix will
be orthogonal. Solution of the normal equations is simplified, just as in Example 4 in
Section 6.5. See Exercises 23 and 24.

The General /inear 0odel
In some applications, it is necessary to fit data points with something other than a straight
line. In the examples that follow, the matrix equation is still Xˇ D y, but the specific
form of X changes from one problem to the next. Statisticians usually introduce a
residual vector !, defined by ! D y #Xˇ, and write

y D Xˇ C !

Any equation of this form is referred to as a linearmodel. OnceX and y are determined,
the goal is to minimize the length of !, which amounts to finding a least-squares solution
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of Xˇ D y. In each case, the least-squares solution Ǒ is a solution of the normal
equations

XTXˇ D XTy

/east�6Tuares Fitting of 2ther &urves
When data points .x1; y1/; : : : ; .xn; yn/ on a scatter plot do not lie close to any line, it
may be appropriate to postulate some other functional relationship between x and y.

The next two examples show how to fit data by curves that have the general
form

y D ˇ0f0.x/C ˇ1f1.x/C " " "C ˇkfk.x/ (2)

where f0; : : : ; fk are known functions and ˇ0; : : : ; ˇk are parameters that must be
determined. As we will see, equation (2) describes a linear model because it is linear
in the unknown parameters.

For a particular value of x, (2) gives a predicted, or “fitted,” value of y. The
difference between the observed value and the predicted value is the residual. The
parameters ˇ0; : : : ; ˇk must be determined so as to minimize the sum of the squares
of the residuals.

(;A0P/( � Suppose data points .x1; y1/; : : : ; .xn; yn/ appear to lie along some
sort of parabola instead of a straight line. For instance, if the x-coordinate denotes the
production level for a company, and y denotes the average cost per unit of operating at
a level of x units per day, then a typical average cost curve looks like a parabola that
opens upward (Figure 4). In ecology, a parabolic curve that opens downward is used to

Units produced

A
ve

ra
ge

 c
os

t
pe

r u
ni

t

x

y

'*(63& 4

Average cost curve.
model the net primary production of nutrients in a plant, as a function of the surface area
of the foliage (Figure 5). Suppose we wish to approximate the data by an equation of the
form

y D ˇ0 C ˇ1x C ˇ2x2 (3)

Describe the linear model that produces a “least-squares fit” of the data by equation (3).

62/8T,2N Equation (3) describes the ideal relationship. Suppose the actual values of
the parameters are ˇ0, ˇ1, ˇ2. Then the coordinates of the first data point .x1; y1/ satisfy
an equation of the form

y1 D ˇ0 C ˇ1x1 C ˇ2x2
1 C "1

where "1 is the residual error between the observed value y1 and the predicted y-value
ˇ0 C ˇ1x1 C ˇ2x2

1 . Each data point determines a similar equation:

Surface area
of foliage

x

y
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'*(63& 5

Production of nutrients.

y1 D ˇ0 C ˇ1x1 C ˇ2x2
1 C "1

y2 D ˇ0 C ˇ1x2 C ˇ2x2
2 C "2

:::
:::

yn D ˇ0 C ˇ1xn C ˇ2x2
n C "n
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It is a simple matter to write this system of equations in the form y D Xˇ C !. To find
X , inspect the first few rows of the system and look for the pattern.

2
6664

y1

y2

:::
yn

3
7775 D

2
66664

1 x1 x2
1

1 x2 x2
2

:::
:::

:::

1 xn x2
n

3
77775

2
64

ˇ0

ˇ1

ˇ2

3
75 C

2
66664

"1

"2

:::

"n

3
77775

y D X ˇ C !

(;A0P/( � If data points tend to follow a pattern such as in Figure 6, then an

x

y

'*(63& 6

Data points along a cubic curve.

appropriate model might be an equation of the form

y D ˇ0 C ˇ1x C ˇ2x2 C ˇ3x3

Such data, for instance, could come from a company’s total costs, as a function of the
level of production. Describe the linear model that gives a least-squares fit of this type
to data .x1; y1/; : : : ; .xn; yn/.

62/8T,2N By an analysis similar to that in Example 2, we obtain

Observation Design Parameter Residual
vector matrix vector vector

y D

2
66664

y1

y2

:::

yn

3
77775

; X D

2
66664

1 x1 x2
1 x3

1

1 x2 x2
2 x3

2
:::

:::
:::

:::

1 xn x2
n x3

n

3
77775

; ˇ D

2
66664

ˇ0

ˇ1

ˇ2

ˇ3

3
77775

; ! D

2
66664

"1

"2

:::

"n

3
77775

0ultiSle 5egression
Suppose an experiment involves two independent variables—say, u and v—and one
dependent variable, y. A simple equation for predicting y from u and v has the form

y D ˇ0 C ˇ1uC ˇ2v (4)

A more general prediction equation might have the form

y D ˇ0 C ˇ1uC ˇ2v C ˇ3u2 C ˇ4uv C ˇ5v2 (5)

This equation is used in geology, for instance, to model erosion surfaces, glacial cirques,
soil pH, and other quantities. In such cases, the least-squares fit is called a trend
surface.

Equations (4) and (5) both lead to a linear model because they are linear in the
unknown parameters (even though u and v are multiplied). In general, a linear model
will arise whenever y is to be predicted by an equation of the form

y D ˇ0f0.u; v/C ˇ1f1.u; v/C " " "C ˇkfk.u; v/

with f0; : : : ; fk any sort of known functions and ˇ0; : : : ; ˇk unknown weights.
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(;A0P/( � In geography, local models of terrain are constructed from data
.u1; v1; y1/; : : : ; .un; vn; yn/, where uj , vj , and yj are latitude, longitude, and altitude,
respectively. Describe the linear model based on (4) that gives a least-squares fit to such
data. The solution is called the least-squares plane. See Figure 7.

'*(63& 7 A least-squares plane.

62/8T,2N We expect the data to satisfy the following equations:

y1 D ˇ0 C ˇ1u1 C ˇ2v1 C "1

y2 D ˇ0 C ˇ1u2 C ˇ2v2 C "2

:::
:::

yn D ˇ0 C ˇ1un C ˇ2vn C "n

This system has the matrix form y D Xˇ C !, where

Observation Design Parameter Residual
vector matrix vector vector

y D

2
6664

y1

y2

:::
yn

3
7775 ; X D

2
6664

1 u1 v1

1 u2 v2

:::
:::

:::
1 un vn

3
7775 ; ˇ D

2
4

ˇ0

ˇ1

ˇ2

3
5; ! D

2
6664

"1

"2

:::
"n

3
7775

Example 5 shows that the linear model for multiple regression has the same abstract
form as the model for the simple regression in the earlier examples. Linear algebra gives
us the power to understand the general principle behind all the linear models. Once X
is defined properly, the normal equations for ˇ have the same matrix form, no matterSTUDY GUIDE offers additional

resources for understanding
the geometry of a linear model.

how many variables are involved. Thus, for any linear model where XTX is invertible,
the least-squares Ǒ is given by .XTX/!1XTy.

Practice Problem

When the monthly sales of a product are subject to seasonal fluctuations, a curve that
approximates the sales data might have the form

y D ˇ0 C ˇ1x C ˇ2 sin .2#x=12/

where x is the time in months. The term ˇ0 C ˇ1x gives the basic sales trend, and
the sine term reflects the seasonal changes in sales. Give the design matrix and the
parameter vector for the linear model that leads to a least-squares fit of the equation
above. Assume the data are .x1; y1/; : : : ; .xn; yn/.
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��� (xercises
In Exercises 1–4, find the equation y D ˇ0 C ˇ1x of the least-
squares line that best fits the given data points.

1� .0; 1/, .1; 1/, .2; 2/, .3; 2/

2� .1; 0/, .2; 2/, .3; 7/, .4; 9/

3� .#1; 0/, .0; 1/, .1; 2/, .2; 4/

4� .2; 3/, .3; 2/, .5; 1/, .6; 0/

5� If a machine learns the least-squares line that best fits the data
in Exercise 1, what will the machine pick for the value of y
when x D 4"

6� If a machine learns the least-squares line that best fits the data
in Exercise 2, what will the machine pick for the value of y
when x D 3"

7� If a machine learns the least-squares line that best fits the data
in Exercise 1, what will the machine pick for the value of y
when x D 3" How closely does this match the data point at
x D 3 fed into the machine"

8� If a machine learns the least-squares line that best fits the data
in Exercise 2, what will the machine pick for the value of y
when x D 4" How closely does this match the data point at
x D 4 fed into the machine"

9� If you enter the data from Exercise 1 into a machine and it
returns a y value of 20 when x D 2:5, should you trust the
machine" Justify your answer.

10� If you enter the data from Exercise 2 into a machine and it
returns a y value of #1 when x D 1:5, should you trust the
machine" Justify your answer.

11� Let X be the design matrix used to find the least-squares line
to fit data .x1; y1/; : : : ; .xn; yn/. Use a theorem in Section 6.5
to show that the normal equations have a unique solution
if and only if the data include at least two data points with
different x-coordinates.

12� Let X be the design matrix in Example 2 corresponding to a
least-squares fit of a parabola to data .x1; y1/; : : : ; .xn; yn/.
Suppose x1, x2, and x3 are distinct. Explain why there is only
one parabola that fits the data best, in a least-squares sense.
(See Exercise 11.)

13� A certain experiment produces the data .1; 2:5/, .2; 4:3/,
.3; 5:5/, .4; 6:1/, .5; 6:1/. Describe the model that produces
a least-squares fit of these points by a function of the form

y D ˇ1x C ˇ2x2

Such a function might arise, for example, as the revenue from
the sale of x units of a product, when the amount offered for
sale affects the price to be set for the product.
a. Give the design matrix, the observation vector, and the

unknown parameter vector.
T b. Find the associated least-squares curve for the data.

c. If a machine learned the curve you found in (b), what
output would it provide for an input of x D 6"

14� A simple curve that oftenmakes a goodmodel for the variable
costs of a company, as a function of the sales level x, has
the form y D ˇ1x C ˇ2x2 C ˇ3x3. There is no constant term
because fixed costs are not included.
a. Give the design matrix and the parameter vector for the

linear model that leads to a least-squares fit of the equation
above, with data .x1; y1/; : : : ; .xn; yn/.

T b. Find the least-squares curve of the form above to fit
the data .4; 1:58/, .6; 2:08/, .8; 2:5/, .10; 2:8/, .12; 3:1/,
.14; 3:4/, .16; 3:8/, and .18; 4:32/, with values in thou-
sands. If possible, produce a graph that shows the data
points and the graph of the cubic approximation.

c. If a machine learned the curve you found in (b), what
output would it provide for an input of x D 9"

15� A certain experiment produces the data .1; 7:9/, .2; 5:4/, and
.3;#:9/. Describe the model that produces a least-squares fit
of these points by a function of the form

y D A cos x C B sin x

16� Suppose radioactive substances A andB have decay constants
of .02 and .07, respectively. If a mixture of these two sub-
stances at time t D 0 containsMA grams of A andMB grams
of B, then a model for the total amount y of the mixture
present at time t is

y DMAe!:02t CMBe!:07t .6/

Suppose the initial amounts MA and MB are unknown, but a
scientist is able tomeasure the total amounts present at several
times and records the following points .ti ; yi /: .10; 21:34/,
.11; 20:68/, .12; 20:05/, .14; 18:87/, and .15; 18:30/.
a. Describe a linear model that can be used to estimate MA

and MB.
T b. Find the least-squares curve based on (6).

Halley’s Comet last appeared in 1986 and will reappear in
2061.
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T 17� According to Kepler’s first law, a comet should have an ellip-
tic, parabolic, or hyperbolic orbit (with gravitational attrac-
tions from the planets ignored). In suitable polar coordinates,
the position .r; #/ of a comet satisfies an equation of the form

r D ˇ C e.r " cos#/

where ˇ is a constant and e is the eccentricity of the orbit,
with 0 % e < 1 for an ellipse, e D 1 for a parabola, and e > 1
for a hyperbola. Suppose observations of a newly discovered
comet provide the data below. Determine the type of orbit,
and predict where the comet will be when # D 4:6 (radians).3

# .88 1.10 1.42 1.77 2.14

r 3.00 2.30 1.65 1.25 1.01

T 18� A healthy child’s systolic blood pressure p (in millimeters of
mercury) and weightw (in pounds) are approximately related
by the equation

ˇ0 C ˇ1 lnw D p

Use the following experimental data to estimate the systolic
blood pressure of a healthy child weighing 100 pounds.

w 44 61 81 113 131

lnw 3.78 4.11 4.39 4.73 4.88

p 91 98 103 110 112

T 19� To measure the takeoff performance of an airplane, the hori-
zontal position of the plane was measured every second, from
t D 0 to t D 12. The positions (in feet) were: 0, 8.8, 29.9,
62.0, 104.7, 159.1, 222.0, 294.5, 380.4, 471.1, 571.7, 686.8,
and 809.2.
a. Find the least-squares cubic curve y D ˇ0 C ˇ1t C

ˇ2t2 C ˇ3t3 for these data.

b. If a machine learned the curve given in part (a), what
would it estimate the velocity of the plane to be when
t D 4:5 seconds"

20� Let x D 1

n
.x1 C " " "C xn/ and y D 1

n
.y1 C " " "C yn/.

Show that the least-squares line for the data
.x1; y1/; : : : ; .xn; yn/must pass through .x; y/. That is, show
that x and y satisfy the linear equation y D Ǒ0 C Ǒ1x. >Hint:
Derive this equation from the vector equation y D X Ǒ C !.
Denote the first column of X by 1. Use the fact that the
residual vector ! is orthogonal to the column space of X and
hence is orthogonal to 1.@

3 The basic idea of least-squares fitting of data is due to K. F. Gauss (and,
independently, to A. Legendre), whose initial rise to fame occurred in
1801 when he used the method to determine the path of the asteroid Ceres.
Forty days after the asteroid was discovered, it disappeared behind the sun.
Gauss predicted it would appear ten months later and gave its location. The
accuracy of the prediction astonished the European scientific community.

Given data for a least-squares problem, .x1; y1/; : : : ; .xn; yn/, the
following abbreviations are helpful:
P

x DPn
iD1 xi ;

P
x2 DPn

iD1 x2
i ;P

y DPn
iD1 yi ;

P
xy DPn

iD1 xi yi

The normal equations for a least-squares line y D Ǒ0 C Ǒ1x may
be written in the form

n Ǒ0 C Ǒ1
P

x DPy

Ǒ
0

P
x C Ǒ1

P
x2 DP xy

.7/

21� Derive the normal equations (7) from the matrix form given
in this section.

22� Use a matrix inverse to solve the system of equations in (7)
and thereby obtain formulas for Ǒ0 and Ǒ1 that appear inmany
statistics texts.

23� a. Rewrite the data in Example 1 with new x-coordinates
in mean deviation form. Let X be the associated design
matrix. Why are the columns of X orthogonal"

b. Write the normal equations for the data in part (a), and
solve them to find the least-squares line, y D ˇ0 C ˇ1x",
where x" D x # 5:5.

24� Suppose the x-coordinates of the data .x1; y1/; : : : ; .xn; yn/
are in mean deviation form, so that

P
xi D 0. Show that if

X is the design matrix for the least-squares line in this case,
then XTX is a diagonal matrix.

Exercises 25 and 26 involve a design matrix X with two or more
columns and a least-squares solution Ǒ of y D Xˇ. Consider the
following numbers.

(i) kX Ǒ k2—the sum of the squares of the “regression term.”
Denote this number by SS(R).

(ii) ky #X Ǒ k2—the sum of the squares for the error term. De-
note this number by SS(E).

(iii)
kyk2—the “total” sum of the squares of the y-values. Denote
this number by SS(T).

Every statistics text that discusses regression and the linear model
y D Xˇ C ! introduces these numbers, though terminology and
notation vary somewhat. To simplify matters, assume that the
mean of the y-values is zero. In this case, SS(T) is proportional
to what is called the variance of the set of y-values.

25� Justify the equation SS(T) D SS(R)C SS(E). >Hint: Use
a theorem, and explain why the hypotheses of the theo-
rem are satisfied.@ This equation is extremely important in
statistics, both in regression theory and in the analysis of
variance.

26� Show that kX Ǒ k2  Ǒ T XTy. >Hint: Rewrite the left side
and use the fact that Ǒ satisfies the normal equations.@ This
formula for SS(R) is used in statistics. From this and from
Exercise 25, obtain the standard formula for SS(E):

SS(E) D yT y # Ǒ T XT y
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Solution to Practice Problem (Continued)

Each of these equations determines Oy. For example,

5

4
D E.e1; Oy/ D

!
1 0

"# 2 !1
1 2

$#
c1

c2

$
D 2c1 ! c2 D 2c1 ! .1 ! c1/ D 3c1 ! 1

Thus, c1 D 3
4
; and so c2 D 1

4
; and Oy D

"
3
4
1
4

#
: As a check, compute

E.e2; Oy/ D
!

0 1
"# 2 !1

1 2

$" 3
4
1
4

#
D
!

1 2
"" 3

4
1
4

#
D 5

4

This solves the game forB . The optimal row strategy Ox forA needs a 0 in the first entry
(for the deleted first row); the optimal column strategy Oy for A needs 0’s in entries 2
and 4 (for the two deleted columns). Thus

Ox D

2
664

0
1
4
3
4

3
775 and Oy D

2
66664

3
4

0
1
4

0

3
77775

��� /inear Programming Geometric 0ethod
Since the 1950s, the variety and size of industrial linear programming problems have
grown along with the dramatic increase in computing power. Still, at their core, linear
programming problems have a concise mathematical description, discussed in this sec-
tion. The final example in the section presents a geometric view of linear programming
that is important for visualizing the algebraic approach needed for larger problems.

Generally speaking, a linear programming problem involves a system of linear
inequalities in variables x1; : : : ; xn and a linear functional f fromRn intoR. The system
typically has many free variables, and the problem is to find a solution x that maximizes
or minimizes f .x/:

(;A0P/( � The Shady-Lane grass seed company blends two types of seed mix-
tures, EverGreen and QuickGreen. Each bag of EverGreen contains 3 pounds of fescue
seed, 1 pound of rye seed, and 1 pound of bluegrass seed. Each bag of QuickGreen
contains 2 pounds of fescue seed, 2 pounds of rye seed, and 1 pound of bluegrass seed.
The company has 1,200 pounds of fescue seed, 800 pounds of rye seed, and 450 pounds
of bluegrass seed available to put into its mixtures. The company makes a profit of �2 on
each bag of EverGreen and �3 on each bag of QuickGreen that it produces. Set up the
mathematical problem that determines the number of bags of each mixture that Shady-
Lane should make in order to maximize its profit.

62/8T,2N The phrase “maximize : : : profit” identifies the goal or objective of the
problem. The first step, then, is to create a formula for the profit. Begin by naming the
quantities that can vary. Let x1 be the number of bags of EverGreen and x2 the number

Muntaser Safan
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of bags of QuickGreen that are produced. Since the profit on each bag of EverGreen is
�2 and the profit on each bag of QuickGreen is �3, the total profit (in dollars) is

2x1 C 3x2 (profit function)

The next step is to write inequalities or equalities that x1 and x2 must satisfy, one for each
of the ingredients that are in limited supply. Notice that each bag of EverGreen requires
3 pounds of fescue seed and each bag ofQuickGreen requires 2 pounds of fescue seed. So
the total amount of fescue seed required is 3x1 C 2x2 pounds. Since only 1,200 pounds
are available, x1 and x2 must satisfy

3x1 C 2x2 " 1;200 (fescue)

Similarly, EverGreen needs 1 pound of rye seed per bag, QuickGreen needs 2 pounds
per bag, and only 800 pounds of rye seed are available. Thus, the total amount of rye
seed required is x1 C 2x2, and x1 and x2 must satisfy

x1 C 2x2 " 800 (rye)

As for the bluegrass seed, EverGreen requires 1 pound per bag and QuickGreen requires
1 pound per bag. Since 450 pounds are available,

x1 C x2 " 450 (bluegrass)

Of course, x1 and x2 cannot be negative, so x1 and x2 must also satisfy

x1 # 0 and x2 # 0

The problem is summarized mathematically as

Maximize 2x1 C 3x2 (profit function)

subject to 3x1 C 2x2 " 1;200 (fescue)

x1 C 2x2 " 800 (rye)

x1 C x2 " 450 (bluegrass)

and x1 # 0; x2 # 0:

(;A0P/( � An oil refining company has two refineries that produce three grades
of unleaded gasoline. Each day refinery A produces 12,000 gallons of regular, 4,000
gallons of premium, and 1,000 gallons of super, at a cost of �3,500. Each day refinery B
produces 4,000 gallons of regular, 4,000 gallons of premium, and 5,000 gallons of super,
at a cost of �3,000. An order is received for 48,000 gallons of regular, 32,000 gallons of
premium, and 20,000 gallons of super. Set up a mathematical problem that determines
the number of days each refinery should operate in order to fill the order at the least cost.

62/8T,2N Suppose that refinery A operates x1 days and refinery B operates x2 days.
The cost of doing this is 3;500x1 C 3;000x2 dollars. The problem is to find a production
schedule .x1; x2/ that minimizes this cost and also ensures that the required gasoline is
produced.

Since refinery A produces 12,000 gallons of regular each day and refinery B
produces 4,000 gallons of regular each day, the total produced is 12;000x1 C 4;000x2.
The total should be at least 48,000 gallons. That is,

12;000x1 C 4,000x2 # 48;000
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Similarly, for the premium,

4;000x1 C 4;000x2 # 32;000

and, for the super,
1;000x1 C 5;000x2 # 20;000

As in Example 1, x1 and x2 cannot be negative, so x1 # 0 and x2 # 0.
The problem is summarized mathematically as

Minimize 3;500x1 C 3;000x2 (cost function)

subject to 12;000x1 C 4;000x2 # 48;000 (regular)

4;000x1 C 4;000x2 # 32;000 (premium)

1;000x1 C 5;000x2 # 20;000 (super)

and x1 # 0; x2 # 0:

The examples show how a linear programming problem involves finding the maxi-
mum (or minimum) of a linear function, called the obMective Iunction, subject to certain
linear constraints. In many situations, the constraints take the form of linear inequalities
and the variables are restricted to nonnegative values. Here is a precise statement of the
so-called canonical form of a linear programming problem.

DEFINITION
Given b D

2
64

b1

:::
bm

3
75 in Rm, c D

2
64

c1

:::
cn

3
75 in Rn, and an m $ n matrix A D

!
aij

"
, the

canonical linear programming problem is the following:

Find an n-tuple x D

2
64

x1

:::
xn

3
75 in Rn to maximize

f .x1; : : : ; xn/ D c1x1 C c2x2 C % % %C cnxn

subject to the constraints

a11x1 C a12x2 C % % % C a1nxn " b1

a21x1 C a22x2 C % % % C a2nxn " b2

:::
am1x1 C am2x2 C % % % C amnxn " bm

and
xj # 0 for j D 1; : : : ; n

This may be restated in vector-matrix notation1 as follows:

Maximize f .x/ D cTx (1)

subject to the constraints Ax " b (2)

and x # 0 (3)

where an inequality between two vectors applies to each of their coordinates.
Any vector x that satisfies (2) and (3) is called a Ieasible solution, and the set

of all feasible solutions, denoted by F , is called the Ieasible set. A vector x in F
is an optimal solution if f .x/ D maxx2F f .x/.

1 Some authors write cTx as c ! x, using the dot product.
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The canonical statement of the problem is really not as restrictive as it might seem.
To minimize a function h.x/, replace it with the problem of maximizing the function
!h.x/. A constraint inequality of the sort

ai1x1 C % % %C ainxn # bi

can be replaced by
!ai1x1 ! % % % ! ainxn " !bi

An equality constraint
ai1x1 C % % %C ainxn D bi

can be replaced by two inequalities

ai1x1 C % % %C ainxn " bi

!ai1x1 ! % % % ! ainxn " !bi

With an arbitrary canonical linear programming problem, two things can go wrong.
If the constraint inequalities are inconsistent, then F is the empty set. If the objective
function takes on arbitrarily large values inF , then the desired maximum does not exist.
In the former case, the problem is said to be inIeasible; in the latter case, the problem is
called unbounded.

(;A0P/( � The problem

Maximize 5x

subject to x " 3

!x " !4
x # 0

is infeasible, since there is no x such that x " 3 and x # 4.

(;A0P/( � The problem

Maximize 5x

subject to !x " 3

x # 0

is unbounded. The values of 5x may be arbitrarily large, as x is only required to satisfy
x # 0 (and x # !3).

Fortunately, these are the only two things that can go wrong.

THEOREM 6 If the feasible set F is nonempty and if the objective function is bounded above
on F , then the canonical linear programming problem has at least one optimal
solution. Furthermore, at least one of the optimal solutions is an extreme point of
F .2

2 The feasible set is the solution of a system of linear inequalities. Geometrically, this corresponds to the
intersection of a finite number of (closed) half-spaces, sometimes called a polyhedral set. Intuitively, the
extreme points correspond to the “corner points,” or vertices, of this polyhedral set. The notion of an extreme
point is discussed more fully in Section 8.5.

A proof of Theorem 6 is in Steven R. Lay, Convex Sets and Their Applications (New York: John
Wiley & Sons, 1982; Mineola, NY: Dover Publications, 2007), p. 171.
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Theorem 6 describes when an optimal solution exists, and it suggests a possible
technique for finding one. That is, evaluate the objective function at each of the extreme
points of F and select the point that gives the largest value. This works well in simple
cases such as the next two examples. The geometric approach is limited to two or three
dimensions, but it provides an important visualization of the nature of the solution set
and how the objective function interacts with the feasible set to identify extreme points.

(;A0P/( � Maximize f .x1; x2/ D 2x1 C 3x2

subject to x1 " 30
x2 " 20

x1 C 2x2 " 54
and x1 # 0; x2 # 0:

62/8T,2N Figure 1 shows the shaded pentagonal feasible set, obtained by graphing
each of the constraint inequalities. (For simplicity, points in this section are displayed as
ordered pairs or triples.) There are five extreme points, corresponding to the five vertices
of the feasible set. They are found by solving the appropriate pairs of linear equations.
For example, the extreme point .14; 20/ is found by solving the linear system x1 C
2x2 D 54 and x2 D 20. The table below shows the value of the objective function at
each extreme point. Evidently, the maximum is 96 at x1 D 30 and x2 D 12.

x1(0, 0) (30, 0)

(30, 12)

(0, 20) (14, 20)

x2

(0, 0)
(30, 0)
(30, 12)
(14, 20)
(0, 20)

0
60
96
88
60

(x1, x2) 2x113x2

'*(63& 1

Another geometric technique that can be used when the problem involves two
variables is to graph several level lines for the objective function. These are parallel
lines, and the objective function has a constant value on each line. (See Figure 2.) The

x1

f (x1, x2) 5 30 f (x1, x2) 5 60

f (x1, x2) 5 96

x2

'*(63& 2
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values of the objective function f .x1; x2/ increase as .x1; x2/ moves from left to right.
The level line farthest to the right that still intersects the feasible set is the line through
the vertex .30; 12/. Thus, the point .30; 12/ yields the maximum value of f .x1; x2/ over
the feasible set.

(;A0P/( � Maximize f .x1; x2; x3/ D 2x1 C 3x2 C 4x3

subject to x1 C x2 C x3 " 50

x1 C 2x2 C 4x3 " 80

and x1 # 0; x2 # 0; x3 # 0:

62/8T,2N Each of the five inequalities above determines a “half-space” in R3—a
plane together with all points on one side of the plane. The feasible set of this linear
programming problem is the intersection of these half-spaces, which is a convex set in
the first octant of R3.

When the first inequality is changed to an equality, the graph is a plane that intercepts

x1

x2

x3

50

0
50

50

'*(63& 3
each coordinate axis 50 units from the origin and determines the equilateral triangular
region shown in Figure 3. Since .0; 0; 0/ satisfies the inequality, so do all the other points
“below” the plane. In a similar fashion, the second (in)equality determines a triangular
region on a plane (shown in Figure 4) that passes somewhat closer to the origin. The two
planes intersect in a line that contains segment EB .

The quadrilateral surface BCDE forms a boundary of the feasible set, because it
is below the equilateral triangular region. Beyond EB, however, the two planes change
position relative to the origin, so the planar region ABE forms another bounding surface
for the feasible set. The vertices of the feasible set are the points A, B , C , D, E, and 0
(the origin). See Figure 5, which has all sides of the feasible set shaded except the large
“top” piece. To find the coordinates of B , solve the system

x1

x2

x3

E
B

80

20

0 40

'*(63& 4 8̂
<
:̂

x1 C x2 C x3 D 50

x1 C 2x2 C 4x3 D 80

x3 D 0

)
(

x1 C x2 D 50

x1 C 2x2 D 80

x1

x2

x3

40 500

D

50
A

(40, 0, 10) E B (20, 30, 0)

80

20

50

C

'*(63& 5
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Obtain x2 D 30, and find that B is .20; 30; 0/. For E, solve
8̂
<
:̂

x1 C x2 C x3 D 50

x1 C 2x2 C 4x3 D 80

x2 D 0

)
(

x1 C x3 D 50

x1 C 4x3 D 80

Obtain x3 D 10, and find that E D .40; 0; 10/.
Now that the feasible set and its extreme points are clearly seen, the next step is

to examine the objective function f .x1; x2; x3/ D 2x1 C 3x2 C 4x3. The sets on which
f is constant are planes, rather than lines, all having .2; 3; 4/ as a normal vector to the
plane. This normal vector has a direction different from the normal vectors .1; 1; 1/ and
.1; 2; 4/ to the two faces BCDE and ABE. So the level sets of f are not parallel to any
of the bounding surfaces of the feasible set. Figure 6 shows just the feasible set and a
level set on which f has the value 120. This plane passes through C , E, and the point
.30; 20; 0/ on the edge of the feasible set between A and B , which shows that the vertex
B is “above” this level plane. In fact, f .20; 30; 0/ D 130. Thus the unique solution of
the linear programming problem is at B D .20; 30; 0/.

x1

x2

x3

C
400

D

A

(40, 0, 10) E 
B (20, 30, 0)

(30, 20, 0)

50

20

f (x1, x2, x3) 5 120

'*(63& 6

Practice Problems

1� Consider the following problem:

Maximize 2x1 C x2

subject to x1 ! 2x2 # !8

3x1 C 2x2 " 24

and x1 # 0; x2 # 0:

Write this problem in the form of a canonical linear programming problem: Maxi-
mize cTx subject to Ax " b and x # 0. Specify A, b, and c.

2� Graph the feasible set for Practice Problem 1.
3� Find the extreme points of the feasible set in Practice Problem 2.
4� Use the answer to Practice Problem 3 to find the solution to the linear programming

problem in Practice Problem 1.
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��� (xercises
1� Betty plans to invest a total of �12,000 in mutual funds, cer-

tificates of deposit (CDs), and a high-yield savings account.
Because of the risk involved in mutual funds, she wants to
invest no more in mutual funds than the sum of her CDs and
savings. She also wants the amount in savings to be at least
half the amount in CDs. Her expected returns are 11� on
the mutual funds, 8� on the CDs and 6� on savings. How
much money should Betty invest in each area in order to have
the largest return on her investments" Set this up as a linear
programming problem in the following form: Maximize cTx
subject to Ax " b and x # 0. Do not find the solution.

2� A dog breeder decides to feed his dogs a combination of two
dog foods: Pixie Power and Misty Might. He wants the dogs
to receive four nutritional factors each month. The amounts
of these factors (a, b, c, and d) contained in 1 bag of each dog
food are shown in the following chart, together with the total
amounts needed.

a b c d

Pixie Power 3 2 1 2

Misty Might 2 4 3 1

Needed 28 30 20 25

The costs per bag are �50 for Pixie Power and �40 for Misty
Might. Howmany bags of each dog food should be blended to
meet the nutritional requirements at the lowest cost" Set this
up as a linear programming problem in the following form:
Minimize cTx subject to Ax # b and x # 0. Do not find the
solution.

In Exercises 3–6, find vectors b and c and matrix A so that each
problem is set up as a canonical linear programming problem:
Maximize cTx subject to Ax " b and x # 0. Do not find the
solution.

3� Maximize 3x1 C 4x2 ! 2x3

subject to x1 C 2x2 " 20

3x2 C 5x3 # 10

and x1 # 0; x2 # 0; x3 # 0:

4� Maximize 3x1 C x2 C 5x3

subject to 5x1 C 7x2 C x3 " 25
2x1 C 3x2 C 4x3 D 40

and x1 # 0; x2 # 0; x3 # 0:

5� Minimize 7x1 ! 3x2 C x3

subject to x1 ! 4x2 # 35
x2 ! 2x3 D 20

and x1 # 0; x2 # 0; x3 # 0:

6� Minimize x1 C 5x2 ! 2x3

subject to 2x1 C x2 C 4x3 " 27
x1 ! 6x2 C 3x3 # 40

and x1 # 0; x2 # 0; x3 # 0:

In Exercises 7–10, solve the linear programming problems.

7� Maximize 80x1 C 65x2

subject to 2x1 C x2 " 32
x1 C x2 " 18
x1 C 3x2 " 24

and x1 # 0; x2 # 0:

8� Minimize 5x1 C 3x2

subject to 2x1 C 5x2 # 10
3x1 C x2 # 6
x1 C 7x2 # 7

and x1 # 0; x2 # 0:

9� Maximize 2x1 C 7x2

subject to !2x1 C x2 " !4
x1 ! 2x2 " !4

and x1 # 0; x2 # 0:

10� Maximize 5x1 C 12x2

subject to x1 ! x2 " 3
!x1 C 2x2 " !4

and x1 # 0; x2 # 0:

In Exercises 11–14, mark each statement True or False �T�)�.
Justify each answer.

11� �T�)� In a canonical linear programming problem, a nonneg-
ative vector x is a feasible solution if it satisfies Ax " b.

12� �T�)� If a canonical linear programming problem does not
have an optimal solution, then either the objective function is
not bounded on the feasible set F or F is the empty set.

13� �T�)� A vector x is an optimal solution of a canonical linear
programming problem if f .x/ is equal to the maximum value
of the linear functional f on the feasible set F .

14� �T�)� If x is an optimal solution of a canonical linear pro-
gramming problem, then x is an extreme point of the feasible
set.

15� Solve the linear programming problem in Example 1.

16� Solve the linear programming problem in Example 2.

17� The Benri Company manufactures two kinds of kitchen gad-
gets: invertible widgets and collapsible whammies. The pro-
duction process is divided into three departments: fabricating,
packing, and shipping. The hours of labor required for each
operation and the hours available in each department each day
are shown below.

:idgets :hammies Time available

Fabricating 5.0 2.0 200

Packing 0.2 0.4 16

Shipping 0.2 0.2 10
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Suppose that the profit on each widget is �20 and the profit
on each whammy is �26. How many widgets and how many
whammies should be made each day to maximize the com-
pany’s profit"

Exercises 18–21 use the notion of a convex set, studied in Section
8.3. A set S in Rn is convex if, for each p and T in S , the line
segment between p and T lies in S . >This line segment is the set of
points of the form .1 ! t /pC tT for 0 " t " 1.@

18� Let F be the feasible set of all solutions x of a linear pro-
gramming problem Ax " b with x # 0. Assume that F is
nonempty. Show thatF is a convex set inRn. >Hint:Consider
points p and T in F and t such that 0 " t " 1. Show that
.1 ! t /pC tT is in F .@

19� Let v D
#

a
b

$
and x D

#
x1

x2

$
. The inequality ax1 C bx2 " c

for some real number c may be written as vTx " c. The set S
of all x that satisfy this inequality is called a closed halI-space
of R2. Show that S is convex. >See the Hint for Exercise 18.@

20� The feasible set in Example 5 is the intersection of five
closed half-spaces. By Exercise 19, these half-spaces are
convex sets. Show that the intersection of any five convex
sets S1; : : : ; S5 in Rn is a convex set.

21� If c is in Rn and if f is defined on Rn by f .x/ D cTx,
then f is called a linear functional, and for any real number
d , fx W f .x/ D dg is called a level set of f . (See level sets
in Figure 2 of Example 5.) Show that any such level set is
convex.

Solutions to Practice Problems

1� The first inequality has the wrong direction, so multiply by !1. This gives the
following problem:

Maximize 2x1 C x2

subject to !x1 C 2x2 " 8
3x1 C 2x2 " 24

and x1 # 0; x2 # 0:

This corresponds to the canonical form

Maximize cTx subject to Ax " b and x # 0

when

b D
#

8
24

$
; x D

#
x1

x2

$
; c D

#
2
1

$
; and A D

#
!1 2

3 2

$

2� To graph the inequality !x1 C 2x2 " 8, first graph the corresponding equality
!x1 C 2x2 D 8. The intercepts are easy to find: .0; 4/ and .!8; 0/. Figure 7 shows
the straight line through these two points.

The graph of the inequality consists of this line together with all points on one
side of the line. To determine which side, pick a point not on the line to see if its
coordinates satisfy the inequality. For example, try the origin, .0; 0/. The inequality

!.0/C 2.0/ " 8

is a true statement. Thus the origin and all other points below the line satisfy the
inequality. As another example, substituting the coordinates of the point .0; 8/ into
the inequality produces a false statement:

!.0/C 2.8/ " 8

Thus .0; 8/ and all other points above the line do not satisfy the inequality. Figure 7
shows small arrows beneath the graph of !x1 C 2x2 D 8, to indicate which side is
to be included.

For the inequality
3x1 C 2x2 " 24
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'*(63& 7 Graph of !x1 C 2x2 " 8.

draw the graph of 3x1 C 2x2 D 24, using the intercepts .0; 12/ and .8; 0/ or two
other convenient points. Since .0; 0/ satisfies the inequality, the feasible set is on
the side of the line containing the origin. The inequality x1 # 0 gives the right half-
plane, and the inequality x2 # 0 gives the upper half-plane. All of these are graphed
in Figure 8, and their common solution is the shaded feasible set.

x2

x1

16

8

8 1628

28

'*(63& 8 Graph of the feasible set.

3� There are four extreme points in the feasible set:

1� The origin: .0; 0/

2� The x2-intercept of the first equality: .0; 4/

3� The x1-intercept of the second equality: .8; 0/

4� The intersection of the two equalities.

For the fourth extreme point, solve the system of equations !x1 C 2x2 D 8 and
3x1 C 2x2 D 24 to obtain x1 D 4 and x2 D 6.

4� To find the maximum value of the objective function 2x1 C x2, evaluate it at each
of the four extreme points of the feasible set.

2x1 C x2

.0; 0/

.0; 4/

.8; 0/

.4; 6/

2.0/C 1.0/ D 0

2.0/C 1.4/ D 4

2.8/C 1.0/ D 16

2.4/C 1.6/ D 14
 max

The maximum value is 16, attained when x1 D 8 and x2 D 0.
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